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1 PQ
�������������������R⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−Δpu + γ(x)|u|p−2u =
α

α + β
|u|α−2u|v|β , x ∈ Ω,

−Δpv + γ(x)|v|p−2v =
β

α + β
|u|α|v|β−2v, x ∈ Ω,

|∇u|p−2 ∂u

∂η
= λg(x)|u|q−2u, |∇v|p−2 ∂v

∂η
= μh(x)|v|q−2v, x ∈ ∂Ω

(1.1)

S���T�, �U 2 < p < α + β < p∗ (p < N �, p∗ = pN
N−p ; p ≥ N �, p∗ = ∞)

Δpu = div(|∇u|p−2∇u), 1 < q < p. Ω ⊂ R
N ��������. g(x), h(x) ∈ C(Ω̄) ���

�����, T Ω �� �ÆV ‖g‖∞ = ‖h‖∞ = 1, γ(x) � Ω �S�����. ! S, S̄ "#�

W 1,p
0 (Ω)  ! Lα+β(Ω) $ W 1,p

0 (Ω)  ! Lq(∂Ω) �W%X�.

��&"����������, #'YZ($%&' [2, 4–7]. �)[(*U) P.S. ��,

�"�), &+,�*, +,�)-. -#., T� [7] U, YZ. Nehari /0$ P.S. ��/1%

02 (1.1) ���30 Neumann �����12��S���T�. � [4] YZ. Nehari /0

/1%02 (1.1) ���30 Dirichlet �����12��S���T�. T�456�\U,∫
Ω

c(x)φα+1dx ≤ 0

�2](�� (^7 c(x) � , φ ���30 Neumann �����12 p-Laplacian ���3

�-_`48�S-_��), 5�6'9:)-_`*'. T� [3] UYZ. Nehari �)/1

% p = 2 �7����R, 89%�;:�;���T�. ��<<
2 < p < α + β,

T&9:�� ∫
Ω

c(x)φα+1dx ≤ 0

$-_`*'�==>, ?. Nehari �),  !�*T�@>A��>89%��R (1.1) T
p > 2 �aB�52�;:S�. ?)^��)�@C8.ABC� [3, 4, 8].

bc 1.1 2DE�ÆV
0 < |λ| p

p−q + |μ| p
p−q < C1(α, β, p, q, S, S̄),

dDE (1.1) aB�52&"��;:S�.

2 efgh
< Ω ⊂ R

n ��2������, ! Y = W 1,p
0 (Ω) × W 1,p

0 (Ω), F�FG�G

‖(u, v)‖Y =
( ∫

Ω

|∇u|p + γ(x)|u|pdx +
∫

Ω

|∇v|p + γ(x)|v|pdx

) 1
p

.

bi 2.1 (H�) IJH (u, v) ∈ Y ���R (1.1) �H�, 2D4KL (z, w) ∈ Y , �∫
Ω

|∇u|p−2∇u · ∇zdx +
∫

Ω

γ(x)|u|p−2uzdx

= λ

∫
∂Ω

g(x)|u|q−2uzdx +
α

α + β

∫
Ω

|u|α−2u|v|βzdx,
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∫
Ω

|∇v|p−2∇v · ∇wdx +
∫

Ω

γ(x)|v|p−2uwdx

= μ

∫
∂Ω

h(x)|v|q−2uwdx +
β

α + β

∫
Ω

|v|β−2v|u|αwdx.

�F

K(u, v) = λ

∫
∂Ω

g(x)|u|qds + μ

∫
∂Ω

h(x)|v|qds,

J(u, v) =
1
p
‖(u, v)‖p

Y − 1
α + β

∫
Ω

|u|α|v|βdx − 1
q
K(u, v).

TUmDE (1.1) @��"6V. 4KL�� f : Y 	−→ R, IJ. f ′(u, v)(h1, h2) WT f T
(u, v) ∈ Y XU (h1, h2) ∈ Y �V� Gateaux Y�, F!

f (1)(u, v)h1 = f ′(u + εh1, v)|ε=0, f (2)(u, v)h2 = f ′(u, v + δh2)|δ=0.

WX J �Y�,Z�DE (1.1) �H�. Z

Λ = {(u, v) ∈ Y \(0, 0) : 〈J ′(u, v), (u, v)〉 = 0}.
[\1][m Λ B\]^

Λ =
{

(u, v) ∈ Y \(0, 0)
∣∣∣∣ ‖(u, v)‖p

Y −
∫

Ω

|u|α|v|βdx − K(u, v) = 0
}

.

�F Φ(u, v) = 〈J ′(u, v), (u, v)〉, 4KL� (u, v) ∈ Λ, ?.�^�

〈Φ′(u, v), (u, v)〉 = p‖(u, v)‖p
Y − (α + β)

∫
Ω

|u|α|v|βdx − qK(u, v)

= (p − α − β)
∫

Ω

|u|α|v|βdx − (q − p)K(u, v) (2.1)

= (p − q)‖(u, v)‖p
Y (α + β − q)

∫
Ω

|u|α|v|βdx. (2.2)

IJ4*> Λ ($2>_"

Λ+ = {(u, v) ∈ Λ, 〈Φ′(u, v), (u, v)〉 > 0},
Λ− = {(u, v) ∈ Λ, 〈Φ′(u, v), (u, v)〉 < 0},
Λ0 = {(u, v) ∈ Λ, 〈Φ′(u, v), (u, v)〉 = 0}.

_`][B8, a (u, v) ∈ Λ+, K(u, v) > 0. 5a (u, v) ∈ Λ−, WX∫
Ω

|u|α|v|βdx > 0.

nc 2.1 << (u0, v0) � J T Λ U�b`� (u0, v0) 
∈ Λ0, d J ′(u0, v0) = 0.

ÆaEC� [1].

nc 2.2 a 0 < |λ| p
p−q + |μ| p

p−q < C(α, β, p, q, S, S̄), �U S, S̄ "#� W 1,p
0 (Ω)  !

Lα+β(Ω) $ W 1,p
0 (Ω)  ! Lq(∂Ω) �W%X�

C(α, β, q, S, S̄) =
(

α + β − q

p − q
Sα+β

) p
p−α−β

×
(

α + β − p

α + β − q
S̄−q

) p
p−q

,

d Λ0 = ∅.
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op cÆ. 2D�T (λ, μ) ∈ R
2\{(0, 0)} ÆV 0 < |λ| p

p−q + |μ| p
p−q < C(α, β, q, S, S̄), b

8 Λ0 
= ∅. d4 (u, v) ∈ Λ0, c (2.1) $ (2.2) 8

0 = (p − q)‖(u, v)‖p
Y − (α + β − q)

∫
Ω

|u|α|v|βdx

= (p − α − β)‖(u, v)‖p
Y − (q − α − β)K(u, v).

c !�*$ Hölder &-^8

‖(u, v)‖Y ≥
(

α + β − q

p − q
Sα+β

) 1
p−α−β

,

‖(u, v)‖Y ≤
(

α + β − q

α + β − p

) 1
p−q

S̄
q

p−q (|λ| p
p−q + |μ| p

p−q )
1
p ,

d |λ| p
p−q + |μ| p

p−q ≥ C(α, β, p, q, S, S̄) de, f5qeE^f.

nc 2.3 a 0 < |λ| p
p−q + |μ| p

p−q < C1(α, β, p, q, S, S̄), d
inf

(u,v)∈Λ−
J(u, v) > 0, inf

(u,v)∈Λ+
J(u, v) < 0.

op Z (u, v) ∈ Λ+, d
J(u, v) =

1
p
‖(u, v)‖p

Y − 1
α + β

∫
Ω

|u|α|v|βdx − 1
q
K(u, v)

<

(
1
p
− 1

q
+ (

1
q
− 1

α + β
)

p − q

α + β − q

)
‖(u, v)‖p

Y

= − (p − q)(α + β − p)
pq(α + β)

‖(u, v)‖p
Y < 0,

d8
inf

(u,v)∈Λ+
J(u, v) < 0.

a (u, v) ∈ Λ−, c (2.1), (2.2) g !�*�
p − q

α + β − q
‖(u, v)‖p

Y <

∫
Ω

|u|α|v|βdx,

∫
Ω

|u|α|v|βdx ≤ Sα+β‖(u, v)‖α+β
Y ,

f58

‖(u, v)‖Y >

(
p − q

(α + β − q)Sα+β

) 1
α+β−p

. (2.3)

gh, c !�*

J(u, v) =
α + β − p

p(α + β)
‖(u, v)‖p

Y − α + β − q

q(α + β)
K(u, v)

≥ ‖(u, v)‖q
Y

[
α + β − p

p(α + β)
‖(u, v)‖p−q

Y − S̄q

(
α + β − q

q(α + β)

)
(|λ| p

p−q + |μ| p
p−q )

p−q
p

]

>

(
p − q

(α + β − q)Sα+β

) q
α+β−p

×
[
α + β − p

p(α + β)

(
p − q

(α + β − q)Sα+β

) p−q
α+β−p

− S̄q

(
α + β − q

q(α + β)

)
(|λ| p

p−q + |μ| p
p−q )

p−q
p

]

> d.
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^7 d �h2Si�. ^i89
inf

(u,v)∈Λ−
J(u, v) > 0.

G�j, ! L(u, v) =
∫
Ω
|u|α|v|βdx. 4j2 (u, v) ∈ Y , k �L(u, v) > 0, Z

tmax =
(

(p − q)‖(u, v)‖p
Y

(α + β − q)L(u, v)

) 1
α+β−p

> 0.

r 2.4 cl* 2.3 �ÆaB\kl, J(u, v) T Λ U�>�. 5�, B\][l

C1(α, β, p, q, S, S̄) =
(

q

p

) p
p−q

C(α, β, p, q, S, S̄),

^7 C(α, β, p, q, S, S̄) �Wm^Cl* 2.3.

nc 2.5 4j2 (u, v) ∈ Y , k �L(u, v) > 0, �

(i) k K(u, v) ≤ 0, d�Tm�� t− > tmax, b8

(t−u, t−v) ∈ Λ−, J(t−u, t−v) = sup
t≥0

J(tu, tv).

(ii) k K(u, v) > 0, d�Tm�� 0 < t+ < tmax < t−, b8

(t−u, t−v) ∈ Λ−, (t+u, t+v) ∈ Λ+,

J(t−u, t−v) = sup
t≥0

J(tu, tv), J(t+u, t+v) = inf
0≤t≤tmax

J(tu, tv).

op ! P (t) = tp−q‖(u, v)‖Y
p − tα+β−qL(u, v), �U t ≥ 0, c P (t) ���1n�B8

P (t) T t ∈ [0, tmax) os, P (0) = 0. T t ∈ (tmax, +∞) op, a t → +∞ �, P (t) → −∞. �

P (tmax) = ‖(u, v)‖q
Y

[(
p − q

α+β−q

) p−q
α+β−p

−
(

p − q

α+β−q

) α+β−q
α+β−p

](‖(u, v)‖α+β
Y

L(u, v)

) p−q
α+β−p

(2.4)

≥ ‖(u, v)‖q
Y

(
α + β − p

α + β − q

)(
α + β − q

p − q
Sα+β

) p−q
p−α−β

> 0. (2.5)

(i) K(u, v) ≤ 0, d�Tm�� t− > tmax, b8 P (t−) = K(u, v), P ′(t−) < 0, �

(p − q)(t−)p‖(u, v)‖p
Y − (α + β − q)(t−)α+βL(u, v) = (t−)1+qP ′(t−) < 0,

〈J ′(t−u, t−v), (t−u, t−v)〉 = (t−)q(P (t−) − K(u, v)) = 0.

gh, (t−u, t−v) ∈ Λ−. a t > tmax, �

(p − q)‖(tu, tv)‖p
Y − (α + β − q)L(tu, tv) < 0,

d2

dt2
J(tu, tv) < 0.

a t = t− �, d
dtJ(tu, tv) = t‖(u, v)‖p

Y − tα+βL(u, v) − tqK(u, v) = 0. gh

J(t−u, t−v) = sup
t≥0

J(tu, tv).

(ii) K(u, v) > 0. c !�*

0 = P (0) < K(u, v) ≤ |S̄q(λ| p
p−q + |μ| p

p−q )
p−q

p ‖(u, v)‖q
Y

< ‖(u, v)‖q
Y

(
α + β − p

α + β − q

)(
α + β − q

p − q
Sα+β

) p−q
p−α−β

≤ P (tmax).
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nqr P (t) �1n�m�Tm�� t+, t−, b8 0 < t+ < tmax < t−, �

P (t+) = K(u, v) = P (t−), P ′(t+) > 0 > P ′(t−).

gh� (t+u, t+v) ∈ Λ+, (t−u, t−v) ∈ Λ−. 4j2 t ∈ [t+, t−],

J(t−u, t−v) ≥ J(tu, tv) ≥ J(t+u, t+v).

a t ∈ [0, t+] �, J(tu, tv) ≥ J(t+u, t+v). f5

J(t−u, t−v) = sup
t≥0

J(tu, tv), J(t+u, t+v) = inf
0≤t≤tmax

J(tu, tv).

Æs.

G�j, a K(u, v) > 0 �, !

t̄max =
(

(α + β − q)K(u, v)
(α + β − p)‖(u, v)‖p

Y

) 1
p−q

> 0

nc 2.6 a K(u, v) > 0 �, d�Tm�� 0 < t+ < t̄max < t−, b8

(t+u, t+v) ∈ Λ+, (t−u, t−v) ∈ Λ−,

J(t+u, t+v) = inf
0≤t≤t̄max

J(tu, tv), J(t−u, t−v) = sup
t≥0

J(tu, tv).

op t� (u, v) ∈ Y , ! P̄ (t) = tp−α−β‖(u, v)‖Y
p − t−α−β+qK(u, v). ][Y�u8 P̄ (t)

�m��o�, t = t̄max, �Tv,mWw`. �pqr��2�*�Æa.

3 tu 1.1 vwx
bc 3.1 a 0 < |λ| p

p−q + |μ| p
p−q < C1(α, β, p, q, S, S̄), d J T Λ+ ��2b` (u+, v+), �

(u+, v+) Z��� (1.1) ��;:�S�.

op < {(un, vn)}� J T Λ+��b`xst,dc !�*m�T�2ytg (u+, v+)∈
Y (G�ju! {(un, vn)}), b8T Lq(∂Ω) $ Lα+β(Ω) � un → u+, vn → v+. T W 1,p

0 ×W 1,p
0

� (un, vn) ⇀ (u+, v+). f5a n → +∞ �,

K(un, vn) → K(u+, v+), L(un, vn) → L(u+, v+).

c)

J(un, vn) =
α + β − p

p(α + β)
‖(un, vn)‖p

Y − α + β − q

q(α + β)
K(un, vn),

5�vbwFzL9l* 2.3, �

inf(u,v)∈Λ+J(u, v) = lim
n→∞ J(un, vn) < 0,

f5� K(u+, v+) > 0. >xÆaT W 1,p
0 × W 1,p

0 � (un, vn) → (u+, v+). k&X

‖u+‖1,p < lim
n→∞ ‖un‖1,p, y ‖v+‖1,q < lim

n→∞ ‖vn‖1,q.

yv (u, v) ÆV K(u, v) > 0. Z φ(t) = P̄ (t) − L(u, v), da t → 0+ �, φ(t) → −∞, a

t → ∞ �, φ(t) → −L. n φ′(t) = P̄ ′(t), $l* 2.6 qr�Æam φ T t̄max m9Ww`, �U
t̄max =

(
(α + β − q)K(u, v)

(α + β − p)‖(u, v)‖p
Y

) 1
p−q

.
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g K(u+, v+) > 0, d�Tm�� 0 < t+ < t̄max(u+, v+), b8

(t+u+, t+v+) ∈ Λ+, J(t+u+, t+v+) = inf
0<t<t̄max

J(tu+, tv+).

z

φ(t+) = (t+)−α−β
(‖(t+u+, t+v+)‖p

Y − K(t+u+, t+v+) − L(t+u+, t+v+)
)

= 0. (3.1)

4st (un, vn)5z, φ(t+) > 0T n → ∞�^f. zL9 (un, vn) ∈ Λ+,f5 t̄max(un, vn) > 1.

5� φ(t) T t ∈ (0, t̄max(un, vn)) �{1nos
φ(1) = ‖(un, vn)‖P

Y − K(un, vn) − L(un, vn) = 0.

ch, a n → ∞, t ∈ (0, 1] �, φ(t) ≤ 0. f5 1 < t+ ≤ t̄max(u+, v+), zL9
(t+u+, t+v+) ∈ Λ+, J(t+u+, t+v+) = inf

0<t<t̄max

J(tu+, tv+),

d�

J(t+u+, t+v+) < J(u+, v+) < lim
n→∞ J(un, vn).

de. f5 W 1,p
0 × W 1,p

0 � (un, vn) → (u+, v+), d8

n → ∞, J(un, vn) → J(u+, v+).

(u+, v+) Z�|�T Λ+ ��b`, �ÆV (|u+|, |v+|) {�b`. {6>l* 2.1 m (u+, v+) �

DE (1.1) ��;�. >xÆa u+ 
= 0, v+ 
= 0. }d, &|�~�, B< v ≡ 0, d u+ �>xD

E�� ⎧⎪⎨
⎪⎩

−Δpu + γ(x)|u|p−2u = 0, x ∈ Ω,

|∂u|p−2 ∂u

∂η
= λg(x)|u|q−2u, x ∈ ∂Ω,

(3.2)

�^f

‖u+‖p = λ

∫
∂Ω

g(x)|u+|qds > 0.

yv>A� w ∈ W 1,p\{0}, b8

‖w‖p = μ

∫
∂Ω

h(x)|w|qds > 0,

d
λ

∫
∂Ω

g(x)|u+|qds + μ

∫
∂Ω

h(x)|w|qds > 0.

cl* 2.6 m�Tm�� 0 < t̄ < t̄max, b8 (t̄u+, t̄w) ∈ Λ+. (�Æ., ][8

t̄max =
(

α + β − q

α + β − p

) 1
p−q

> 1, J(t̄u+, t̄w) = inf
0≤t≤t̄max

J(tu+, tw).

f5�

J(t̄u+, t̄w) ≤ J(u+, w) < J(u+, 0),

^} (u+, 0) �b`,de.
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bc 3.2 a 0 < |λ| p
p−q + |μ| p

p−q < C1(α, β, p, q, S, S̄), d J T Λ− ��2b` (u−, v−), �

(u−, v−) Z��� (1.1) ��;:�S�.

op < {(un, vn)} � J T Λ− ��b`xst, d�T (u−, v−) ∈ Y , c !�*�T�
2yt (G�ju! {(un, vn)}), T Lq(∂Ω)$ Lα+β(Ω)� un → u+, vn → v+. T W 1,p

0 ×W 1,p
0

� (un, vn) ⇀ (u−, v−). f5a n → +∞ �,

K(un, vn) → K(u−, v−), L(un, vn) → L(u−, v−).

5��

L(un, vn) >
p − q

α + β − q
‖(un, vn)‖p.

zL9 (2.3) ^, f5�ThS� C, b8

L(u−, v−) ≥ C > 0. (3.3)

>xÆaT W 1,p
0 �{U, un → u−, vn → v−. }d

‖u−‖1,p < lim
n→∞ ‖un‖1,p, y ‖v−‖1,q < lim

n→∞ ‖vn‖1,q.

cl* 2.5, �Tm�� t0, b8

(t0u−, t0v
−) ∈ Λ−, J(t0u−, t0v

−) < lim
n→∞ J(t0un, t0vn) ≤ J(un, vn).

^89%de. gh, a n → ∞, J(un, vn) → (u−, v−). qr. (|u−|, |v−|) ∈ Λ−. c (3.3) 8

(u−, v−) �DE (1.1) ��;:S�.

~��, qr�* 3.1 $�* 3.2 8 (1.1) �52�;�;:�

(u+, v+) ∈ Λ+, (u−, v−) ∈ Λ−.

nc) Λ+ ∩ Λ− = ∅, ghDE (1.1) �52&"��;�;:�.
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