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� Rasonyi [4] ,-����,����	
-.�;	����./0, F�	
G/�01
dX(t) = {f(t,X(t)) + g(t,X(t))}dt + σ(t,X(t))dB(t),

2H g(t,X(t)) 3 Hölder 14, �23I�; 5 [2, 5, 9] J,-�46�70. ?8���5�
9:;, 67<=>1	�, �� θ 	� (STM)8�9K<��L>1	�. ?:�;@<A

=����;M��	
>N
dX(t) = [X(t) + (X(t − τ))

3
4 ]dt + [X(t) + (X(t − τ))

2
3 ]dB(t). (1.1)

BC, 	
 (1.1)�D;E� f = X(t)+(X(t− τ))
3
4 O g = X(t)+(X(t− τ))

2
3 ÆFP Lipschitz

��, ?�GH�<;MI X(t − τ) @� Hölder 14�. C�, 5 [1, 3, 7] @�? Lipschitz �

��JK STM����,
��<E�ÆFPA�������	
 (>/	
 (1.1))�L, F
M	�BÆQN=.OPQ5R�A=,C5R<S��? non-Lipschitz���,-����;

M��	
 STM ���..

2 STUV
C5H, | · | DE R

n H� Euclidean F�, ‖A‖ =
√

trace(A∗A); (Ω,F,P, {Ft}t≥0) ��;

TG�H.IJ, UK {Ft}t≥0 FPV7��; B(t) 3�W? (Ω,F,P, {Ft}t≥0) P� m ,LW
MNXO. C5�>/�01���;M��	


dX(t) = f(X(t),X(t − τ))dt + g(X(t),X(t − τ))dB(t), t ∈ [0, T ], (2.1)

<GP; X(η) = ζ(η), η ∈ [−τ, 0]. 3�QY	
 (2.1) ��R?X�, Z/�SY:

(H1) f : R
n × R

n → R
n, T xj , yj ∈ R

n, j = 1, 2, R? K1 > 0, L1 > 0, γ1 ∈ [ 12 , 1], FP
|f(x1, y1) − f(x2, y2)| ≤ K1|x1 − x2| + L1|y1 − y2|γ1 ;

(H2) g : R
n × R

n → R
n×m, T xj , yj ∈ R

n, j = 1, 2, R? K2 > 0, L2 > 0, γ2 ∈ [ 12 , 1], FP
‖g(x1, y1) − g(x2, y2)‖ ≤ K2|x1 − x2| + L2|y1 − y2|γ2 .

[ 2.1 ?�� (H1) � (H2) �, f � g FP��IU�� (�\C5 (4.1) � (4.2) �),


A?PQ���, 	
 (2.1) R?X��� (V5 [8]), WA�3 X(t).

[ 2.2 FP�� (H1) � (H2), f � g Æ��FP Lipschitz ��. >/	
 (1.1), TZ

K1 = K2 = L1 = L2 = 1, γ1 = 3
4 , γ2 = 2

3 ;, FP�� (H1) � (H2), ? f � g ÆFP Lipschitz

��.

3 ]^_`abcde STM

,�XU � > 0, Æ[�Y�, Y M , N 3Z���fÆ�, \�

� =
τ

N
=

T

M
∈ (0, 1).

] Yk = ζ(k�), k = −N,−N + 1, . . . , 0, 	
 (2.1) � STM �W3

Yk+1 = Yk + [(1 − θ)f(Yk, Yk−N ) + θf(Yk+1, Yk−N+1)]� + g(Yk, Yk−N )�Bk, (3.1)

F[ Yk+1 ≈ X(tk+1), tk = k�, �Bk = B(tk+1) − B(tk), k = 0, 1, 2, . . . ,M , θ ∈ [0, 1] ��;\

�7�. BC, T θ = 0 ;, (3.1) ^]3�Y� Euler–Maruyama �;	�. _H�`Fa�^
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� (3.1), ,�� Yi (i = −N,−N + 1, . . . , 0, 1, . . . , k), �8� Yk+1, 
A<\� (3.1) GiW, 8

<QYG���R?X��, �Æ,-?�� (H1) ���;Z���.

hi 3.1 ?�� (H1)�,/h θ�K1 < 1, J�<,�� Yi, i = −N,−N +1, . . . , 0, . . . , k,

R?X�� Yk+1 FP (3.1).

jk � u ∈ R
n, �W

F (u) = Yk + [(1 − θ)f(Yk, Yk−N ) + θf(u, Yk−N+1)]� + g(Yk, Yk−N )�Bk.

BC, (3.1) i3 Yk+1 = F (Yk+1), j= (H1) � ∀u, v ∈ R
n, G

|F (u) − F (v)| = |θf(u, Yk−N+1)�− θf(v, Yk−N+1)�| ≤ θ�K1|u − v|.

A, T θ�K1 < 1 ;, F 3jklm, kR?X��ÆOl, i3 Yk+1.

3	BJK, ,- (3.1) �1401/�

dY (t) = (1 − θ)f(Y (t), Y (t − τ))dt + θf(Ỹ (t), Ỹ (t − τ))dt + g(Y (t), Y (t − τ))dB(t), (3.2)

F[ Y (η) = ζ(η), η ∈ [−τ, 0], Y (t) = Yk, Ỹ (t) = Yk+1, t ∈ [k�, (k + 1)�).

n<Lo��, �5H C DEp;7�, G�qO K1, K2, L1, L2, T , ζ G�, ?O � ��,

Ærm	-s� C �qÆtr.

4 lm6n
oi 4.1 ?�� (H1) � (H2) �, �Z�u� �, R? C > 0, \�

E|Yk+1|2 ≤ C(1 + E|Yk|2 + E|Yk−N |2 + E|Yk−N+1|2), ∀ k ≥ 0.

jk \ (H1) � (H2), �vi� x, y ∈ R
n, G

|f(x, y)| ≤ C(1 + |x| + |y|γ1), (4.1)

‖g(x, y)‖ ≤ C(1 + |x| + |y|γ2). (4.2)

\ (3.1) G
E|Yk+1|2 = E|Yk|2 + 2E

(
Y T

k [(1 − θ)f(Yk, Yk−N ) + θf(Yk+1, Yk−N+1)]�
)

+ E
∣∣[(1 − θ)f(Yk, Yk−N ) + θf(Yk+1, Yk−N+1)]� + g(Yk, Yk−N )�Bk

∣∣2.
nopCÆ�1 2uT v ≤ |u|2 + |v|2 � |(1 − θ)u + θv|2 ≤ |u|2 + |v|2, ∀u, v ∈ R

n q (4.1), (4.2),

G
E|Yk+1|2 ≤ E|Yk|2 + �E

[
((1 − θ)2 + θ2)|Yk|2 + |f(Yk, Yk−N )|2 + |f(Yk+1, Yk−N+1)|2

]
+ 2E

∣∣(|f(Yk, Yk−N )|2�2 + |f(Yk+1, Yk−N+1)|2�2 + |g(Yk, Yk−N )|2|�Bk|2
)

≤ C
(
1 + E|Yk|2 + E|Yk−N |2γ1 + E|Yk−N+1|2γ1 + E|Yk−N |2γ2

)
+ C�E|Yk+1|2

≤ C
(
1 + E|Yk|2 + E(|Yk−N | + 1)2 + E(|Yk−N+1| + 1)2

)
+ C�E|Yk+1|2

≤ C
(
1 + E|Yk|2 + E|Yk−N |2 + E|Yk−N+1|2

)
+ C�E|Yk+1|2.

T � Z�u; (p\�P1qr E|Yk+1|2 �E� C� < 1), P1wIi�nK. Ys.

`�, r�SY � Ptu, \��^ 3.1 ��^ 4.1 nKuv.
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oi 4.2 ?�� (H1), (H2) �, �vi�P; ζ(t) ∈ Cb
F0

([−τ, 0]; Rn), R? C > 0,\�

E

(
sup

0≤t≤T
|Y (t)|2

)
∨ E

(
sup

0≤t≤T
|X(t)|2

)
≤ C. (4.3)

jk \ (3.2), (4.1), (4.2), �^ 4.1, no Hölder Æ�1`q Burkhold–Davis–Gundy Æ

�1, �vi t ∈ [0, T ], ��

E

(
sup

0≤s≤t
|Y (s)|2

)

≤ C

{
E|ζ(0)|2 + E

(
sup

0≤s≤t

∣∣∣∣
∫ s

0

[(1 − θ)f(Y (r), Y (r − τ)) + θf(Ỹ (r), Ỹ (r − τ))]dr

∣∣∣∣
2)

+ E

(
sup

0≤s≤t

∣∣∣∣
∫ s

0

g(Y (r), Y (r − τ)
)
dB(r)

∣∣∣∣
2)}

≤ C

{
1+E

∫ t

0

{|[(1 − θ)f(Y (s), Y (s−τ))+θf(Ỹ (s), Ỹ (s−τ))]|2+‖g(Y (t), Y (t−τ))‖2}ds

}

≤ C

{
1 + E

∫ t

0

(|f(Y (s), Y (s − τ))|2 + |f(Ỹ (s), Ỹ (s − τ))|2 + ‖g(Y (t), Y (t − τ))‖2)ds

}

≤ C

{
1+E

∫ t

0

sup
0≤s≤t

|Y (s)|2ds+E

∫ t

0

(|Y (s−τ)|2γ1+|Ỹ (s−τ)|2γ1 + |Y (s−τ)|2γ2)ds

}
.

j= Gronwall Æ�1, �

E

(
sup

0≤s≤t
|Y (s)|2

)
≤ C

{
1 + E

∫ t

0

(|Y (s − τ)|2γ1 + |Ỹ (s − τ)|2γ1 + |Y (s − τ)|2γ2)ds

}
. (4.4)

wx ζ(η) ∈ Cb
F0

([−τ, 0]; Rn), Y (η) = ζ(η), η ∈ [−τ, 0], 
�

E

(
sup

−τ≤s≤0
|Y (s)|2

)
≤ C,

k\ (4.4) G
E

(
sup

0≤s≤τ
|Y (s)|2

)
≤ C

{
1 + E

∫ 0

−τ

(|Y (s)|2γ1 + |Ỹ (s)|2γ1 + |Y (s)|2γ2)ds

}

≤ C

{
1 +

∫ 0

−τ

(
E sup

−τ≤s≤0
|Y (s)|2

)γ1

+
(
E sup

−τ≤s≤0
|Y (s)|2

)γ2

ds

}
≤ C.

x�

E

(
sup

0≤s≤2τ
|Y (s)|2

)
≤ C

{
1 + E

∫ 2τ

0

(|Y (s − τ)|2γ1 + |Ỹ (s − τ)|2γ1 + |Y (s − τ)|2γ2)ds

}

≤ C

{
1 +

∫ τ

0

(E|Y (s)|2γ1 + E|Ỹ (s)|2γ1 + E|Y (s)|2γ2)ds

}

≤ C

{
1 +

∫ τ

0

(
E sup

0≤s≤τ
|Y (s)|2

)γ1

+
(
E sup

0≤s≤τ
|Y (s)|2

)γ2

ds

}
≤ C.

KyPÆ�z
, �

E

(
sup

0≤t≤T
|Y (t)|2

)
≤ E

(
sup

0≤t≤([T/τ ]+1)τ

|Y (t)|2
)
≤ C.
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�ym�Yo
E

(
sup

0≤t≤T
|X(t)|2

)
≤ C.

oi 4.3 ?�� (H1) � (H2) �, �vi�P; ζ(t) ∈ Cb
F0

([−τ, 0]; Rn), R? C > 0, �

vi� t ∈ [0, T ], G
E|Y (t) − Y (t)|2 ∨ E|Y (t) − Ỹ (t)|2 ≤ C�. (4.5)

jk �vi,�� 0 ≤ t ≤ T , Y k = [ t
� ], J t ∈ [k�, (k + 1)�). \ (3.2) :

Y (t) − Y (t) =
∫ t

tk

(1 − θ)f(Y (s), Y (s − τ))ds +
∫ t

tk

θf(Ỹ (s), Ỹ (s − τ))ds

+
∫ t

tk

g(Y (s), Y (s − τ))dB(s)

=
∫ t

tk

[(1 − θ)f(Yk, Yk−N ) + θf(Yk+1, Yk−N+1)]ds +
∫ t

tk

g(Yk, Yk−N )dB(s), (4.6)

x�\ Hölder Æ�1q Burkhold–Davis–Gundy Æ�1, G
E|Y (t) − Y (t)|2 ≤ CE

{ ∫ t

tk

|(1 − θ)f(Yk, Yk−N ) + θf(Yk+1, Yk−N+1)|2ds

+
∫ t

tk

‖g(Yk, Yk−N )‖2ds

}

≤ CE

{ ∫ t

tk

[|f(Yk, Yk−N )|2 + |f(Yk+1, Yk−N+1)|2]ds

+
∫ t

tk

‖g(Yk, Yk−N )‖2ds

}
. (4.7)

no (4.1), (4.2), wx γ ∈ [ 12 , 1], j= Hölder Æ�1, G
E|Y (t)−Y (t)|2 ≤ CE

{ ∫ t

tk

(1 + |Yk| + |Yk+1| + |Yk−N |γ1 + |Yk−N+1|γ1 + |Yk−N |γ2)2ds

}

≤ C

∫ t

tk

(1 + E|Yk|2 + E|Yk+1|2 + E|Yk−N |2γ1 + E|Yk−N+1|2γ1 + E|Yk−N |2γ2)ds

≤C

∫ t

tk

[1+E|Yk|2+E|Yk+1|2+(E|Yk−N |2)γ1+(E|Yk−N+1|2)γ1+(E|Yk−N |2)γ2 ]ds.

\�^ 4.2 G
E|Y (t) − Y (t)|2 ≤ C�.

�ym�Yo
E|Y (t) − Ỹ (t)|2 ≤ C�.

5 stuvwxy
hi 5.1 ?�� (H1), (H2) �, �vi�P; ζ(t) ∈ Cb

F0
([−τ, 0]; Rn), R? C > 0,\�

E

(
sup

0≤s≤T
|Y (s) − X(s)|2

)
≤ C�(γ1∧γ2)

[T/τ]+1
. (5.1)
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jk \ (2.1) � (3.2) :, �vi� 0 ≤ t ≤ T , G
Y (t) − X(t) =

∫ t

0

(1 − θ)[f(Y (t), Y (t − τ)) − f(X(t),X(t − τ))]

+ θ[f(Ỹ (t), Ỹ (t − τ)) − f(X(t),X(t − τ))]ds

+
∫ t

0

[g(Y (t), Y (t − τ)) − g(X(t),X(t − τ))]dB(s).


A

E

(
sup

0≤s≤t
|Y (s) − X(s)|2

)
≤ C

[
E

∫ t

0

|f(Y (s), Y (s − τ)) − f(X(s),X(s − τ))|2

+ |f(Ỹ (s), Ỹ (s − τ)) − f(X(s),X(s − τ))|2ds

+ E

∫ t

0

‖g(Y (s), Y (s − τ)) − g(X(s),X(s − τ))‖2ds

]
.

no�� (H1) � (H2), G
E

(
sup

0≤s≤t
|Y (s) − X(s)|2

)
≤ C

{
E

∫ t

0

[|Y (s) − X(s)|2 + |Ỹ (s) − X(s)|2 + |Y (s − τ)

− X(s − τ)|2γ1 |Y (s − τ) − X(s − τ)|2γ2

+ |Ỹ (s − τ) − X(s − τ)|2γ1
]
ds

}
. (5.2)

\�^ 4.3, �

E

∫ t

0

|Y (s) − X(s)|2ds ≤ CE

∫ t

0

(|Y (s) − Y (s)|2 + |Y (s) − X(s)|2)ds

≤ C

(
� +

∫ t

0

E|Y (s) − X(s)|2ds

)
. (5.3)

�y�G
E

∫ t

0

|Ỹ (s) − X(s)|2ds ≤ C

(
� +

∫ t

0

E|Y (s) − X(s)|2ds

)
. (5.4)

z�	Æ,

E

∫ t

0

|Y (s − τ) − X(s − τ)|2γ1ds ≤ CE

∫ t

0

(|Y (s − τ) − Y (s − τ)|2γ1

+ |Y (s − τ) − X(s − τ)|2γ1)ds

≤ C

(
�γ1 +

∫ t

0

E|Y (s − τ) − X(s − τ)|2γ1ds

)
. (5.5)

r^G
E

∫ t

0

|Ỹ (s − τ) − X(s − τ)|2γ1ds ≤ C

(
�γ1 +

∫ t

0

E|Y (s − τ) − X(s − τ)|2γ1ds

)
, (5.6)

q

E

∫ t

0

|Y (s − τ) − X(s − τ)|2γ2ds ≤ C

(
�γ2 +

∫ t

0

E|Y (s − τ) − X(s − τ)|2γ2ds

)
. (5.7)
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{ (5.3)–(5.7) D{ (5.2), wx 0 < � < 1, G
E

(
sup

0≤s≤t
|Y (s) − X(s)|2

)

≤ C

[
� + �γ1 + �γ2 +

∫ t

0

E|Y (s) − X(s)|2ds

+
∫ t

0

E|Y (s − τ) − X(s − τ)|2γ1ds +
∫ t

0

E|Y (s − τ) − X(s − τ)|2γ2ds

]

≤ C

[
�γ1∧γ2 +

∫ t

0

E|Y (s) − X(s)|2ds

+
∫ t

0

E|Y (s − τ) − X(s − τ)|2γ1ds +
∫ t

0

E|Y (s − τ) − X(s − τ)|2γ2ds

]
. (5.8)

P1no Gronwall Æ�1, G
E

(
sup

0≤s≤t
|Y (s) − X(s)|2

)
≤ C

(
�γ1∧γ2 +

∫ t

0

E|Y (s − τ) − X(s − τ)|2γ1ds

+
∫ t

0

E|Y (s − τ) − X(s − τ)|2γ2ds

)
. (5.9)

\< Y (η) = X(η) = ζ(η), η ∈ [−τ, 0], k

E

(
sup

0≤s≤τ
|Y (s) − X(s)|2

)
≤ C

(
�γ1∧γ2 +

∫ τ

0

E|Y (s − τ) − X(s − τ)|2γ1ds

+
∫ τ

0

E|Y (s − τ) − X(s − τ)|2γ2ds

)

≤ C

(
�γ1∧γ2 +

∫ 0

−τ

E|Y (s) − X(s)|2γ1ds

+
∫ 0

−τ

E|Y (s) − X(s)|2γ2ds

)
= C�γ1∧γ2 . (5.10)


A, \ (5.9) q (5.10) G
E

(
sup

0≤s≤2τ
|Y (s)−X(s)|2

)
≤ C

[
�γ1∧γ2 +

∫ 2τ

0

E|Y (s − τ) − X(s − τ)|2γ1ds

+
∫ 2τ

0

E|Y (s − τ) − X(s − τ)|2γ2ds

]

≤ C

(
�γ1∧γ2 +

∫ τ

0

E|Y (s) − X(s)|2γ1ds +
∫ τ

0

E|Y (s) − X(s)|2γ2ds

)

≤ C

(
�γ1∧γ2 +

∫ τ

0

(E|Y (s) − X(s)|2)γ1ds+
∫ τ

0

(E|Y (s) − X(s)|2)γ2ds

)
≤ C

(�γ1∧γ2 + �(γ1∧γ2)γ1 + �(γ1∧γ2)γ2
)

≤ C�(γ1∧γ2)
2
.

KyPÆ�z�, �

E

(
sup

0≤s≤T
|Y (s) − X(s)|2

)
≤ C�(γ1∧γ2)

[T/τ]+1
.
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[ 5.2 BC?|| Lipschitz ���, �� (H1) � (H2) �FP�, ?FP�� (H1) �

(H2), }ÆqQY Lipschitz ��uv. ��^ 5.1 ? 7�Y����,-�����;M�
�	
 STM �;	����., A�	
�E��<;MI�LÆn<FP Lipschitz ��, ~

~n< γ-Hölder 14, 1
2 ≤ γ ≤ 1.

[ 5.3 T γ1 = γ2 = 1 ;, A;�� (H1) � (H2) ^]3 Lipschitz ��. \�^ 5.1, A

; STM �;	����.3 1
2 .

{ 5.2 wx<G/�01���;M��	

dX(t) = [aX(t) + b(X(t − τ))α1 ]dt + [cX(t) + d(X(t − τ))α2 ]dB(t), (5.11)

2H α1, α2 ∈ [ 12 , 1]. BC, E�

aX(t) + b(X(t − τ))α1 , cX(t) + d(X(t − τ))α2

FP�� (H1) � (H2), ?�T α1, α2 Æ}3 1 ;, ÆFP Lipschitz ��. �0/	
 (5.11)

�F�E�ÆFP Lipschitz ���	
�?�^ 5.1 �N=F~�.
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