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IJ 1.1 6 p ≥ 7 /01K7 α ≥ 6, β ≥ 0 /;1. 8 B ∈ {2α, 22 · 32β}, 5�	
x2 + By2p = z3 (1.1)

9 (x, y, z,B) = (±11,±1, 5, 4) L2 xyz �= 0, � x, y, z ���0
;1�.

IJ 1.2 6 p ≥ 11 /01K7 α ≥ 6, β ≥ 1, γ ≥ 0 /;1, �M:;<NK?=3">:

(i) 2 |α, 2 |β, 2 � γ; (ii) 2 |α, 2 � β, 2 | γ; (iii) 2 � αβγ.

> B = 2α3β31γ , 5�	
x2 + By2p = z3 (1.2)

) p � B �?: xyz �= 0, � x, y, z ���0
;1�. ) γ = 0 �, ��� p = 7 OP@A.

2 QR'STUVW
X3B
�C�YD.

ZJ 2.1 > hK /EF[ K = Q(
√−d) 
G1, 5:$?G1H

d hK d hK d hK d hK d hK

1 1 2 1 6 2 62 8 93 4

I 1 JEI

\] K* [4].

ZJ 2.2 > d > 0 /3�2L�^_
;1, d �≡ 3 (mod 8) � 3 � hK , K = Q(
√−d).

8:���0
MN;1 a, b, c, O� a2 + db2 = c3, 5P)�0
MN;1 u, v, O� a =

u(u2 − 3dv2), b = v(3u2 − dv2).

\] Q� a2 + db2. `YDaRb 3 � hK � d �= 3, S:;1 u, v, O�

a + b
√−d =

(
u + v

√−d

2

)3

, u ≡ v (mod 2).

TUVcWdX, YZ[ec�W
\]fg]:
8a = u(u2 − 3dv2), 8b = v(3u2 − dv2). (2.1)

8 2 � uv, 5` (2.1) ^� 0 ≡ u2 − 3dv2 ≡ 1 − 3d (mod 8), Xhij d ≡ 3 (mod 8), _`. �

a: 2 |uv, b/YD.

ZJ 2.3 6 p ≥ 7 /01, α ≥ 2 /;1, 5�	
xp + 2αyp = 3z2

?: xyz �= 0 � x, y, z ���0
;1� (x, y, z), O� xy �= ±1.

\] Xc* [1, dD 1.2] 
3�-e">.

ZJ 2.4 6 p ≥ 11 /01, α ≥ 6, β ≥ 1, γ ≥ 0 /;1, A,B /�0
;1� AB =

2α3β31γ , 5�	
Axp + Byp = z2

) p � AB �?: xyz �= 0, � x, y, z ���0
;1�. ) γ = 0 �, ��� p = 7 OP@A.
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\] `* [1, dD 1.5] ^�dD
k3]Q. l?
 p = 7, γ = 0 
">^6�*+OP

�m� , ^/?:n/ 2, o/ 1, 2, 3, 6 
p
n>V.

ZJ 2.5 6 p ≥ 7 /01, B = 22 · 32β+1, β ≥ 0, 5�	
xp + By2p = z2

?: xyz �= 0 � x, y, z ���0
;1�.

\] > B = 22 · 32β+1 = 22 · 3pt+r, 0 ≤ r ≤ p − 1, 5 By2p = 22 · 3r(3ty2)p � 3ty2 ≡ 0

(mod 4),q 3ty2 ≡ −3r (mod 4). r\s,t 2 � y �,: 3r ·3ty2 ≡ 3r ·3t ≡ 3r ·3pt ≡ 32β+1 ≡ −1

(mod 4), b 3ty2 ≡ −3r (mod 4). `YD 2.4 b 2 | y 
">;^uvw, S 2 � y. �6* [1] O
P
�mbXo;^u, ^/?:n/ 2, o/ 4, 12 
p
n>V.

3 pSqVW
IJ 1.1 r\] > B = m2d, d2L�^_,5 d = 1q 2, m = 2k, k ≥ 3q 2 ·3β , β ≥ 0.

> (x, y, z) /�	 (1.1) 
3�<N xyz �= 0 � x, y, z ���0
;1�, 5`YD 2.1 f 2.2,

:
x = u(u2 − 3dv2), myp = v(3u2 − dv2), (3.1)

x+ u, v /MN��0
;1, �` 2 � x, 2 |m b 2 � u, 2 | v. y�:
gcd(v, 3u2 − dv2) = gcd(v, 3) ∈ {1, 3}.

s:T8zQ@�]Q:

(1) B = 2α, α ≥ 6.

(1.1) 3 � v. ` (3.1) s::
v = myp

1 , 3u2 − dv2 = yp
2 , gcd(2my1, y2) = 1,

�a

yp
2 + By2p

1 = 3u2. (3.2)

^/ B ± 1 = 2α ± 1 ≡ ±1 �≡ 3u2 (mod 8), `YD 2.3 b, �	 (3.2) ?:O� y1y2u �= 0 �

y1, y2, u ���0
;1� (y1, y2, u).

(1.2) 3 | v. ` (3.1) :
v = 3p−1myp

1 , 3u2 − dv2 = 3yp
2 , gcd(6my1, y2) = 1,

�a

yp
2 + 32p−3By2p

1 = u2. (3.3)

`YD 2.4 b�	 (3.3) ?:O� y1y2u �= 0 � y1, y2, u ���0
;1� (y1, y2, u).

(2) B = 22 · 32β , β ≥ 0.

)�">?, s:: d = 1, m = 2 · 3β .

(2.1) β = 0.

(2.1.1) 3 � v. ` (3.1) : v = 2yp
1 , 3u2 − v2 = yp

2 , gcd(2y1, y2) = 1, �a yp
2 + 4y2p

1 = 3u2. `
YD 2.3 ^� y1 = ±1, y2 = −1, u = ±1, v = ±2, y�: x = ±11, y = ±1, z = 5.
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(2.1.2) 3 | v. ` (3.1) ^b v = 2 · 3p−1yp
1 , 3u2 − v2 = 3yp

2 , gcd(6y1, y2) = 1, S:�	
yp
2 + 4 · 32p−3y2p

1 = u2.

`YD 2.5 b��	?:O� y1y2u �= 0 � y1, y2, u ���0
;1� (y1, y2, u).

(2.2) β ≥ 1. y�: 3 | v, �� (3.1) :
v = 2 · 3pt+β−1yp

1 , pt + β − 1 ≥ 1, 3u2 − v2 = 3yp
2 , gcd(6y1, y2) = 1,

Xhij
yp
2 + 4 · 32pt+2β−3y2p

1 = u2. (3.4)

`YD 2.5, �	 (3.4) ?:O� y1y2u �= 0, � y1, y2, u ���0
;1� (y1, y2, u).

s{
,�|Æ@�dD 1.1 
8z.

IJ 1.2 r\] > B = m2d, d 2L�^_, 5` v2(B) = α ≥ 6 b 2 |m. )dD 1.2 


aR?, d : 5 t^u, b d = 1, 2, 6, 62, 93. > (x, y, z) /�	 (1.2) <N xyz �= 0 � x, y, z �

��0
3�;1�, `YD 2.1 f 2.2 b
x = u(u2 − 3dv2), myp = v(3u2 − dv2), (3.5)

x+ u, v /MN��0
;1, �` 2 � x, 2 |m b 2 � u, 2 | v. y�:
gcd(v, 3u2 − dv2) = gcd(v, 3) ∈ {1, 3}.

s:uv β 
}~<�8zQ@�]Q.

(1) 2 � β. w,� β = 1 
">, β ≥ 3 
">Gx. y�: 3 | d, 3 � m. > d = 3d1,

5` 3 � x K7 (3.5) b 3 � u, 3 | v � v = 3p−1m1y
p
1 , 3u2 − dv2 = 3m2y

p
2 , x+ m = m1m2,

2 |m1, gcd(3m1d1y1,m2y2) = 1, S:
32p−2m2

1d1y
2p
1 + m2y

p
2 = u2. (3.6)

y:dDaR^� v2(m2
1d1) = α ≥ 6, �a`YD 2.4 ^b�	 (3.6) ?:;1� (y1, y2, u), O

� gcd(y1, y2) = 1 � y1y2u �= 0.

(2) 2 |β. w,� β = 2 
">, β ≥ 4 
">Gx. z): 3 � d, 3 ||m, �` 3 � x b 3 � u.

` (3.5) : v = 3pm1y
p
1 , 3u2 − dv2 = 3m2y

p
2 , x+ m = 3m1m2, 2 |m1, gcd(3m1dy1,m2y2) = 1,

�a

32p−1m2
1dy2p

1 + m2y
p
2 = u2. (3.7)

Gx{ β = 1
">
,�,`YD 2.4^b�	 (3.7)?:;1� (y1, y2, u),O� gcd(y1, y2) =

1 � y1y2u �= 0.

`s{
,�^bdD 1.2 @A.
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