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1 PQRST
����Æ y, � e(y) ���Æ e2πiy. ��, �����Æ k ≥ 3, �� Weyl �����

f(α;P ) =
∑
x≤P

e(αxk)

��Æ�, �� α � P ��Æ, 0 ≤ α < 1,
∑

x≤P �������Æ x ≤ P ��. ��� Weyl

�������,�Æ����� !", ���#$%�������, &��Æ�!"���

�� 'Æ(. ��U�!�)�*(�V �"+���Waring !". , Hardy, Littlewood

� Vinogradov ##!���!Æ-", $.Æ/( Hardy–Littlewood %&, '+�� Weyl �

������, #$$� Waring !"�$%��, %&$�$'((��)*����� [12].

+0, 80-!,., Vaughan '+1������)/, &2 [10, 11, 13–15]�0�*30

$Waring!"4�$'��,1+$�$'� 05. ,-.Weyl��62���& Vaughan

�#$)���3/$�7)�� Æ(. 4 R ��012 P ���Æ, 85( A(P,R) ��

012 P Æ67�3+ R �9:V�����Æ�45, 6

A(P,R) = {n ∈ [1, P ] ∩ Z : q |n 6 q �9Æ;7 q ≤ R}, (1.1)

8#U3<# P � R- -.Æ�45. (98:, -. Weyl � f(α) = f(α;P,R) �=#�Æ�

f(α) = f(α;P,R) =
∑

x∈A(P,R)

e(αxk). (1.2)

;�Æ�� s <9:< Us(P,R) �=#

Us(P,R) =
∫ 1

0

|f(α;P,R)|sdα. (1.3)

��, |f(α)|2 = f(α)f(−α). >9,= e(αx) ��;)�, > s = 2t �<Æ?, (1.3) @A?

� Diophantine %@

xk
1 + · · · + xk

t = yk
1 + · · · + yk

t (1.4)

�=��Æ, ��

xi, yi ∈ A(P,R) (1 ≤ i ≤ t).

:9, �� Wooley &2 [16] ���A�, -. Weyl ��<Æ<9:<��B�� (1.4) �

Diophantine%@�=��Æ,=�CD"�=E0#@>?D".��F�@AGH�BC, �

5)*�W5(EI�, /+ Vaughan �-. Weyl ��<Æ<9:<BD�EF���, 0,

63$& Waring !"����C30*.

> s 0�<Æ?, ��:<��!"���%&�*( Hölder 0#@&<Æ9<JD0K

L)G<, H,+/��M)+E. �+-. Weyl ��:<��, F,/(GN�%&, 6��
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s ���Æ, t ��Æ6MX 2t ≤ s < 2t + 2, NO

Us(P,R) =
∫ 1

0

|f(α;P,R)|sdα

≤
(∫ 1

0

|f(α;P,R)|2tdα

)a (∫ 1

0

|f(α;P,R)|2t+2dα

)b

= U2t(P,R)aU2t+2(P,R)b, (1.5)

FP a = t + 1 − s/2, b = s/2 − t.

1995 -JO, , Wooley #!���!Æ�-"QPÆQ5 Vaughan [10] �$4GH, #$

)RRA$�SS!%&, TUR*(+�� s <9:< Us(P,R) ���, >9+/$T+/

( (1.5) V+���M)�����. Æ#*(, YRRU�<30$ Waring !"���C3

0*, #$$ Waring !">S���V4TU. JO, ;%&&WVW���XYZ*( [1–9],

Æ&D"���1+$X�� 05, +/$�$'$.)��.

#$5#YU�Z[, 85\]�A^X�ÆF�[\W2�U'W]W. �������

Æ k ≥ 3 =�Æ s > 0, �*+ Us(P,R) �^X�Æ μk(s) �=#X_Y k � s 6��,Y)

7�U`�Æ:

���� ε > 0, ^& η = η(ε, k, s), /+����Æ P ≥ 1 ��� R ≤ P η, �

Us(P,R) � Pμk(s)+ε,

�� � _:;7`Æ�Z�`Æ. >�=a�, ��� s > 0, ^X�Æ μk(s) Z�^&�. 8

5�a, ��� s > 0, � Us(P,R) � P s/2. �,, ��� s > 0 � s/2 ≤ μk(s). [�%U, >\

b�� Us(P,R) � P s F� μk(s) ≤ s. c�

s/2 ≤ μk(s) ≤ s. (1.6)

>^X�Æ��=dF]/, �-. Weyl ��:<���^+ ��^X�Æ���. :

9, Hb&3, 85_cI�^X�Æ���. d?, #$e`fe��f�ghi[ GH��
g, j#$Ea%hR0KI�, ,Y85Zk� k = 3, XI�FS�l,U� �b�. GN

�I��^+jm(+�� k > 3 �b�. in�cjXX�On��g�I�Eafo, :9,

W2�90p"\. #@k8:, &YU�I��, �����Æ s, �

μ(s) = μ3(s). (1.7)

> 0 < s ≤ 4 ?, >2 [16, 6d 2.1] �a, ^X�Æ μ(s) �Y[]e1<
μ(s) = s/2. (1.8)

l�> s > 4 ?, �mq., ^X�Æ μ(s) fSd7��� (1.8) @�]e1<. R,, Æ#2
[16] �[ ��J�, 85�Y["+ μ(5) � μ(6) �Æ<+E (g2 [16]):

μ(5) ≤ μw(5), μ(6) ≤ μw(6), (1.9)

�� μw(5) = 2.58809182 · · · , μw(6) = 3.24956813 · · · . #$@k2^�[, &YU�Z[�, 8

5Z�n�*+-. Weyl � f(α) � s <9:< Us(P,R) �^X�Æ μ(s) @8#9< s �^

X�Æ. d?, ���� s ∈ [4, 5], nh(��M)%& (1.5), > 4 � 5 io�1�E 4/2 �

μw(5) ,�T�9< s �^X�Æ μ(s) �+E, 8#^X�Æ�M)E, 8#

μc(s); (1.10)
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nh( Wooley %&, 6Yj6d 2.1, > μw(5) � μw(6) ,�T�^X�Æ μ(s) �+E, 8#

Wooley E, 8#

μw(s). (1.11)

W2'+ Wooley [16] �#$)pÆ, r2�^X�Æ μ(s) � Wooley E μw(s) ���M)

E μc(s) JD;qÆ(�I�, �A0d9<:<��JD�"$, d?�A(Æ9<:<��

��C4��. W2�Æ<��_, (1.9)��i�Æ<+E μw(5) = 2.58809182 · · · � μw(6) =

3.24956813 · · · #'r. 85_r2cD [4, 5]� s<�^X�Æ�)2I�,���M)E μc(s)

�Wooley E μw(s)0KAe�Æ<s�, (sk�l�t&�OnT+Sn�@u�AAe*

v. [ ���,Yi��d.

_` 1.1 85�

μ(4.5) ≤ 2.2769 · · · = μw(4.5). (1.12)

�mR, ���� s ∈ [4, 5], 9< s �^X�Æ μ(s) � Wooley E μw(s) Z�012�M)E
μc(s), 6�

μw(s) ≤ μc(s).

0�*, ���� u ∈ [4, 4.5], 2o (u, μw(u)) � (5, μw(5)) tL�um0`+2o (4, 4/2)

� (5, μw(5)) tL�um, Æ6> u = 4.5 ?�*tL�um1U3< 0.6223 · · · ; ����
u ∈ [4.5, 5], 2o (u, μw(u)) � (4, 4/2) tL�um03+2o (4, 4/2) � (5, μw(5)) tL�u

m, Æ6> u = 4.5 ?�*tL�um1U`< 0.5538 · · · .
_` 1.2 85�

μ(4.25) ≤ 2.1325 · · · . (1.13)

�mR, &�d 1.1 �8:Y, ���� s ∈ [4, 4.5], �

μ′
w(s) ≤ μw(s),

�� μ′
w(s) �> μ(s − 2) = (s − 2)/2 � μw(2(s − 2)) '+ Wooley %&,�T�^X�Æ

μ(s) �+E. 9v, ���� u ∈ [4, 4.25], 2o (u, μ′
w(u)) � (4.5, μw(4.5)) tL�um0

`+2o (4, 4/2) � (4.5, μw(4.5)) tL�um, Æ6> u = 4.25 ?�*tL�um1U3<
0.5776 · · · ; ���� u ∈ [4.25, 4.5], 2o (u, μ′

w(u)) � (4, 4/2) tL�um03+2o (4, 4/2)

� (4.5, μw(4.5)) tL�um, Æ6> u = 4.25 ?�*tL�um1U`< 0.5301 · · · .

2 abPc
W2�AQo�'r�2 [16, �d 1]. #K2%h, 85_��[#

d` 2.1 4 s � t ��Æ, MX
s + 2t ≥ 4, 0 < t ≤ 1. (2.1)

p4 v ��Æ, MX
s

1 − t/4
≤ v ≤ s

1 − t/2
. (2.2)
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�

w = 1 − s/v. (2.3)

�� λ(s) �9< s �^X�Æ μ(s) ���+EwÆ, 6��� s > 0 �

μ(s) ≤ λ(s),

w

μw(s + 2t) = λ(s)(1 − θ) + t + sθ (2.4)

�9< s + 2t �^X�Æ μ(s + 2t) �+E, 6 Wooley E, ��

θ =
(t/2 − w) + (1 − w)λ(v) − λ(s)

2t + (t/2 − w) + (1 − w)λ(v) − λ(s)
. (2.5)

ef nxHd�(E+], ���� s, Wooley [16] �+[��yF,�A μ(s) �+E,

l�, �+o�e�� s �<, xy�f+/ μ(s) ���Æ<+E, p�0Az�. :,, �m.

q, �+��� s, 0r2(E�s�, �q]A>9+/�^X�Æ� Wooley E���M)E

JD�Tr. R,, _ (1.9) � μ(5) � μ(6) �EB�UT< μ(5) = 2.5 � μ(6) = 3 0Ks�,

F,]/in((st. FUHoS@u+�A$ Wooley [16] %&�ue��{). ��F�

BC, zQ$85�+^X�Æ� Wooley E�M)EJD"$��l��.

#v[��%h3g, ( δs+2t(v) �� (2.4) @A?��g@, 6

δs+2t(v) = λ(s)(1 − θ) + t + sθ. (2.6)

H,Az�A (2.4) @A?��g@� v �_Y"$.

Æ#0�*I��'r, ]|A6d

d` 2.2 4 s � t ��Æ, MX
4 ≤ s + 2t ≤ 5, 0 < t ≤ 1. (2.7)

�� λ(s), Æ/( (2.6) ��8:. w�+��MX 4 ≤ s
1−t/4 ≤ v1 < v2 ≤ s

1−t/2 ≤ 5 � v1 �

v2, 85�

δs+2t(v2) ≤ δs+2t(v1). (2.8)

gh ( Δ(v) �� (2.5) @A?�(V, 6

Δ(v) = (t/2 − w) + (1 − w)λ(v) − λ(s), (2.9)

�� w �=�@ (2.3). ���� v ∈ [4, 5], 1 λ(v) = μc(v) = 2 + (μw(5)− 2)(v − 4). >9F+

λ(v)/v = (μw(5) − 2) + (10 − 4μw(5))/v. (2.10)

�+6d�� v1 � v2, >@ (2.9), (2.3) = (2.10) F3+

Δ(v2) − Δ(v1) < 0,

6 Δ(v2) < Δ(v1). H,�

θ(v2) < θ(v1),

FP θ(v) � (2.5) @A?��g@. >9=@ (2.6) � (1.6) ��O��0#@F3+ (2.8). 6

d|{.
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(dy�%&F,|A:

d` 2.3 4 s � t ��Æ, MX
4 ≤ s + 2t ≤ 5, 0 < t ≤ 1.

�� λ(s), &6d 2.2 �8:Y, �+��MX 5 ≤ s
1−t/4 ≤ v1 < v2 ≤ s

1−t/2 ≤ 6 � v1 � v2, 8

5�

δs+2t(v2) ≤ δs+2t(v1). (2.11)

6d 2.2 �A: �+��� s � t, > v ∈ [4, 5] 6MX (2.2) @?, δs+2t(v) "+ v |Æ. :

9, �+��� s � t, &6d 2.2 �}wY, #$H1��^X�Æ�+EwÆ λ(x) AQ*(

6d 2.1 +/ μw(s + 2t), c~�1}Æ v #MX (2.2) @�U3<
ṽ =

s

1 − t/2
. (2.12)

GNR, 6d 2.3 �A: �+��� s � t, > v ∈ [5, 6] 6MX (2.2) @?, δs+2t(v) "+ v

|Æ. :9, �+��� s � t, &6d 2.3 �}wY, #$H+EwÆ λ(x) AQ*(6d 2.1 +

/ μw(s + 2t), c~�1}Æ v #MX (2.2) @�U3< ṽ = s
1−t/2 .

&YU�Z[�, ṽ �� (2.12) @A?��g@, , v X��~l.

3 ij [4, 5] klmlnopqrs
&+j6d�'r+, WjI�cD [4, 5] ��<�^X�Æ. Wjx4

s = 4 + σ − 2t ≤ 4, (3.1)

�� 0 ≤ σ ≤ 1, 0 < t ≤ 1. >9F+

σ ≤ 2t. (3.2)

YUI�< u = s+2t = 4+σ �^X�Æ�+E. 85�y ṽ �0d1<( 2SbzI�:

(I) 4 ≤ ṽ ≤ 5;

(II) 5 ≤ ṽ ≤ 6.

tu (I) 4 ≤ ṽ ≤ 5. {|&9b�Y}Æ σ � t �1<. >@ (3.1) � (2.12) �, ṽ ≤ 5 #

}+ t ≤ 2(1 − σ). >9= (3.2) @F+

σ/2 ≤ t ≤ min{1, 2(1 − σ)}. (3.3)

0,�

σ ≤ 4/5 . (3.4)

>6d 2.1 � (1.8) @F+, 9< u �^X�Æ�+E

ζ1(u) = (1 + θ1)s/2 + t, (3.5)

��

θ1 =
(2 − t)λ(ṽ) − s

4t + (2 − t)λ(ṽ) − s
, (3.6)

FP λ(ṽ) = 2 + (μw(5) − 2)(ṽ − 4). _@ (3.6) !2 (3.5), p*( (3.1) ��#@k@�, (3.5)

@A?�X_Y+ σ � t ��g@. ~v+Æ-p� Mathematica, r2�g�, ������
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0 ≤ σ ≤ 4/5, (3.5) @A?��g@"+ t |Æ. >9= (3.3) @�, > 0 ≤ σ ≤ 1/2 ?, 1 t = 1;

> 1/2 ≤ σ ≤ 4/5 ?, 1 t = 2(1 − σ). >9F,+/}ÆMX (3.3) @��� ζ1(u) �U�<.

tu (II) 5 ≤ ṽ ≤ 6. {|&9b�Y}Æ σ � t �1<. >@ (3.1) � (2.12) �, ṽ ≥ 5

#}+ t ≥ 2(1 − σ). >9= (3.2) @F+

max(σ/2, 2(1 − σ)) ≤ t ≤ 1. (3.7)

0,�

σ ≥ 1/2 . (3.8)

>6d 2.1 = (1.8) @F+, 9< u �^X�Æ�+E

ζ2(u) = (1 + θ2)s/2 + t, (3.9)

��

θ2 =
(2 − t)λ(ṽ) − s

4t + (2 − t)λ(ṽ) − s
, (3.10)

FP λ(ṽ) = μw(5) + (μw(6) − μw(5))(ṽ − 5). GN+b� (I), _@ (3.10) !2 (3.9), p*(

(3.1) ��#@k@�, (3.9) @A?�X_Y+ σ � t ��g@. ~v+Æ-p� Mathematica,

r2�g�, ������ 1/2 ≤ σ ≤ 1, (3.9) @A?��g@"+ t |Æ. >9= (3.7) @�,

> 1/2 ≤ σ ≤ 1 ?, 1 t = 1. >9F,+/}ÆMX (3.7) @��� ζ2(u) �U�<.

0�*, ~v+Æ-p� Mathematica, r2�g�, ������ 1/2 ≤ σ ≤ 4/5, �

min
max(σ/2, 2(1−σ))≤t≤1

ζ2(u) ≤ min
σ/2≤t≤min(1, 2(1−σ))

ζ1(u). (3.11)

>9=@ (3.4), (3.8)�, ���� u ∈ [4, 5], F,> s = u−2 � v = 2sAQ, 1 λ(s) = s/2. >

4 ≤ u ≤ 4.5 ?, 1 λ(v) = μc(v); > 4.5 ≤ u ≤ 5 ?, 1 λ(v) = μw(5) + (μw(6) − μw(5))(v − 5).

0,*(6d 2.1 +/ μw(u). 0�*, ~v+Æ-p� Mathematica, r2�g�,

μw(u) ≤ μc(u).

YU{|tL�um. _2o (4, 4/2) � (5, μw(5)) tL�um8# l, 6

l = μw(5) − 2. (3.12)

> 4 ≤ u ≤ 4.5 ?, {|2o (u, μw(u)) � (5, μw(5)) tL�um l1(u), 6

l1(u) = (μw(5) − μw(u))/(5 − u). (3.13)

>b� (I) �I��

max
4≤u≤4.5

l1(u) = 0.6223 · · · ,

6> u = 4.5 ?D*tL�umU3, 6

l1(4.5) = 0.6223 · · · . (3.14)

0�*, �

μw(4.5) = 2.2769 · · · . (3.15)

9v, >@ (3.12) � (3.13) �, ���� 4 ≤ u ≤ 4.5, � l1(u) ≥ l.
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> 4.5 ≤ u ≤ 5 ?, {|2o (4, 4/2) � (u, μw(u)) tL�um l2(u), 6

l2(u) = (μw(u) − 2)/(u − 4). (3.16)

>b� (II) �I��

min
4.5≤u≤5

l2(u) = 0.5538 · · · ,

6> u = 4.5 ?D*tL�umU`, 6

l2(4.5) = 0.5538 · · · . (3.17)

9v, >@ (3.12) � (3.16) �, ���� 4.5 ≤ u ≤ 5, � l2(u) ≤ l. �d 1.1 |{.

4 ij [4, 4.5] klmlnopqrslwxyz{
Wj&�d 1.1 �S[6d�'r+0�*I�`cD��<�^X�Æ+E. x4

s = 4 + σ − 2t ≤ 4, (4.1)

�� 0 ≤ σ ≤ 1/2, 0 < t ≤ 1. >9F+

σ ≤ min{1/2, 2t}. (4.2)

YUI�< u = s + 2t = 4 + σ �^X�Æ�+E. 85�y ṽ �0d1<( 2 SbzI�:

(I) 4 ≤ ṽ ≤ 4.5;

(II) 4.5 ≤ ṽ ≤ 5.

tu (I) 4 ≤ ṽ ≤ 4.5. 9?, 1 λ(ṽ) = μw(ṽ), 6

λ(ṽ) = (1 + θ′)s′/2 + 1, (4.3)

��

s′ = ṽ − 2, θ′ = (λ1(v′) − s′)/(4 + λ1(v′) − s′),

FP v′ = 2s′, λ1(v′) = 2 + (μw(5) − 2)(v′ − 4).

{|&9b�Y}Æ σ � t �1<. >@ (4.1) � (2.12) �, ṽ ≤ 4.5 #}+ t ≤ 2(1 − 2σ).

>9= (4.2) @F+

σ/2 ≤ t ≤ min{1, 2(1 − 2σ)}. (4.4)

0,�

σ ≤ 4/9 . (4.5)

>6d 2.1 = (1.8) @F+, 9< u �^X�Æ�+E

ξ1(u) = (1 + θ1)s/2 + t, (4.6)

��

θ1 =
(2 − t)λ(ṽ) − s

4t + (2 − t)λ(ṽ) − s
, (4.7)

FP λ(ṽ) �<� (4.3) @. \]_@ (4.3) !2 (4.7), p!2 (4.6), JO*( (4.1) ��#@k

@�, (4.6) @A?�X_Y+ σ � t ��g@. ~v+Æ-p� Mathematica, r2�g�, �

����� 0 ≤ σ ≤ 4/9, (4.6) @A?��g@"+ t |Æ. >9= (4.4) @�, > 0 ≤ σ ≤ 1/4
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?, 1 t = 1; > 1/4 ≤ σ ≤ 4/9 ?, 1 t = 2(1 − 2σ). >9F,+/}ÆMX (4.4) � (4.5) @�

�� ξ1(u) �U�<.

tu (II) 4.5 ≤ ṽ ≤ 5. 9?, 1 λ(ṽ) = μw(ṽ), 6

λ(ṽ) = (1 + θ′′)s′′/2 + 1, (4.8)

��

s′′ = ṽ − 2, θ′′ = (λ2(v′′) − s′′)/(4 + λ2(v′′) − s′′),

FP v′′ = 2s′′, λ2(v′′) = μw(5) + (μw(6) − μw(5))(v′′ − 5).

{|&9b�Y}Æ σ � t �1<. >@ (4.1) � (2.12) �, ṽ ≥ 4.5 #}+ t ≥ 2(1 − 2σ);

ṽ ≤ 5 #}+ t ≤ 2(1 − σ). >9= (4.2) @F+

max(σ/2, 2(1 − 2σ)) ≤ t ≤ min(1, 2(1 − σ)). (4.9)

0,�

1/4 ≤ σ ≤ 1/2 . (4.10)

>6d 2.1 = (1.8) @F+, 9< u �^X�Æ�+E

ξ2(u) = (1 + θ2)s/2 + t, (4.11)

��

θ2 =
(2 − t)λ(ṽ) − s

4t + (2 − t)λ(ṽ) − s
, (4.12)

FP λ(ṽ) �<� (4.8) @. \]_@ (4.8) !2 (4.12), p!2 (4.11), JO*( (4.1) ��#

@k@�, (4.11) @A?�X_Y+ σ � t ��g@. ~v+Æ-p� Mathematica, r2�g

�, ������ 1/4 ≤ σ ≤ 1/2, (4.11) @A?��g@"+ t |Æ. >9= (4.9) @�, >

1/4 ≤ σ ≤ 1/2 ?, 1 t = 1. >9F,+/}ÆMX (4.9) � (4.10) @��� ξ2(u) �U�<.

0�*, ~v+Æ-p� Mathematica, r2�g�, ������ 1/4 ≤ σ ≤ 4/9, �

min
max(σ/2, 2(1−2σ))≤t≤min(1, 2(1−σ))

ξ2(u) ≤ min
σ/2≤t≤min(1, 2(1−2σ))

ξ1(u). (4.13)

>9=@ (4.5) � (4.10) �, #$HcD [4, 5] �<�^X�Æ� Wooley EAQ, 0�**(6

d 2.1 �+cD [4, 4.5] ���< u �^X�Æ�FBU�+E, F,> s = u − 2 � v = 2s A

Q, 1 λ(s) = s/2, λ(v) = μw(v). 0,*(6d 2.1 +/ u �^X�Æ�4�+E μ′
w(u). 0�

*, ~v+Æ-p� Mathematica, r2�g�,

μ′
w(u) ≤ μw(u).

YU{|tL�um. _2o (4, 4/2) � (4.5, μw(4.5)) tL�um8# l′, 6

l′ = 2(μw(4.5) − 2). (4.14)

> 4 ≤ u ≤ 4.25 ?, {|2o (u, μ′
w(u)) � (4.5, μw(4.5)) tL�um l′1(u), 6

l′1(u) = (μw(4.5) − μ′
w(u))/(4.5 − u), (4.15)

�� μ′
w(u) 1 (4.6) @A?�g@���. >b� (I) �I��

max
4≤u≤4.25

l′1(u) = 0.5776 · · · ,
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6> u = 4.25 ?D*tL�umU3, 6

l′1(4.25) = 0.5776 · · · . (4.16)

0�*, �

μ′
w(4.25) = 2.1325 · · · . (4.17)

9v, >@ (4.14) � (4.15) �, ���� 4 ≤ u ≤ 4.25, � l′1(u) ≥ l′.

> 4.25 ≤ u ≤ 4.5 ?, {|2o (4, 4/2) � (u, μ′
w(u)) tL�um l′2(u), 6

l′2(u) = (μ′
w(u) − 2)/(u − 4), (4.18)

�� μ′
w(u) 1 (4.11) @A?�g@���. >b� (II) �I��

min
4.25≤u≤4.5

l′2(u) = 0.5301 · · · ,

6> u = 4.25 ?D*tL�umU`, 6

l′2(4.25) = 0.5301 · · · . (4.19)

9v, >@ (4.14) � (4.18) �, ���� 4.25 ≤ u ≤ 4.5, � l′2(u) ≤ l′. �d 1.2 |{.

| } ~ �
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