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ABSTRACT. We give a positive lower bound for the principal curvature of the
strict convex level sets of harmonic functions in terms of the principal curvature
of the domain boundary and the norm of the boundary gradient. We also
extend this result to a class of semi-linear elliptic partial differential equations
under certain structure condition.

1. Introduction. The convexity of the level sets of the solutions of elliptic partial
differential equations is a classical subject. For instance, Ahlfors [I] contains the
well-known result that level curves of Green function on simply connected convex
domain in the plane are the convex Jordan curves. In 1931, Gergen [8] proved
the star-shapeness of the level sets of Green function on 3-dimensional star-shaped
domain. In 1956, Shiffman [20] studied the minimal annulus in R* whose boundary
consists of two closed convex curves in parallel planes P, P,. He proved that the
intersection of the surface with any parallel plane P, between P; and P, is a convex
Jordan curve. In 1957, Gabriel [7] proved that the level sets of the Green function
on a 3-dimensional bounded convex domain are strictly convex, see also the book
by Hormander [9]. Lewis [13] extended Gabriel’s result to p-harmonic functions
in higher dimensions. Caffarelli-Spruck [6] generalized the results [13] to a class
of semilinear elliptic partial differential equations. Using the idea of Caffarelli-
Friedman [4], Korevaar [12] gave a new proof on the results of [13] [6] by applying
the constant rank theorem of the second fundamental form of the convex level sets
of p-harmonic function. A survey of this subject is given by Kawohl [11]. For more
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recent related extensions, please see the papers by Bianchini-Longinetti-Salani [3]
and Bian-Guan-Ma-Xu [2].

Now we turn to the curvature estimates of the level sets of the solutions of el-
liptic partial differential equations. For 2-dimensional harmonic function and min-
imal surface with convex level curves, Ortel-Schneider [19], Longinetti [14] and [15]
proved that the curvature of the level curves attains its minimum on the bound-
ary. Jost-Ma-Ou [10] and Ma-Ye-Ye [18] proved that the Gaussian curvature and
the principal curvature of the convex level sets of 3-dimensional harmonic function
attains its minimum on the boundary.

In this paper, using the strong maximum principle, we obtain a principal cur-
vature estimates for the strictly convex level set of higher dimensional harmonic
function and a class of semilinear elliptic partial differential equations. Our cur-
vature estimate is in terms of the principal curvature of the boundary and the
boundary gradient of the solution of elliptic partial differential equations.

Now we state our result.

Theorem 1._1. Let Q) be a bounded domain in R™, n > 2, a < u < b and u €
CHQ)NC%Q) be a solution for

Au= f(z,u) >0 in . (1.1)

Assume |Vu| # 0 in Q. If the level sets of u are strictly convex with respect to
normal Du, and let ki be the least principal curvature of the level sets. Consider
the following two assertions (A1) and (Asz):

(A1) The function |Dulky attains it minimum on the boundary;

(A2) The function |Du|=2ky attains it minimum on the boundary.
Then we have the following:

Case 1: Suppose f =0, then (Ay) is valid.

Case 2: Suppose f = f(u). If f, <0, then (A1) is valid; if f,, >0, then (As) is
valid.

Case 3: Suppose f = f(x). If F(t,z) := t3f(z) is a convex function for (t,x) €
(0,400) x Q (or for f >0 and f~2 is concave), then (A) is valid.

Case 4: Suppose f = f(z,u). If f, <0 and F,(t,z) = t3f(x,u) is a convex
function for (t,x) € (0,+00) x Q for every choice of u € (a,b), then (A1) is valid.

If the level sets of the solution u in the above Theorem (1.1 are strictly convex
with respect to normal Du, then it is proved in [16, [17] that the norm of gradient
|[Vu| attains its maximum and minimum on the boundary. Combining this fact
with Gabriel and Lewis theorem [7, [13], we have the following consequence.

Corollary 1.2. Let u € C=(Q) satisfy

Au=0 m Q= Qo\Ql,
u=0 on 0, (1.2)
u=1 on 08y,

where Qqy and Q1 are bounded convexr smooth domains in R, n > 2, Q; C Q. Let
k1 be the least principal curvature of the level sets of u in , then we have the
following estimates

minggq, |Du|

min k; > min kq .
Q 9 maxpq, |Dul
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We give an application to the following semilinear elliptic boundary value prob-
lem, its strict convexity of the level sets had been obtained in Caffarelli-Spruck [6]
and Korevaar [12].

Corollary 1.3. Let u € C*(Q) N C%*(Q) satisfy

Au= f(u) in Q=Q\Q,
u=0 on 0, (1.3)
u=1 on 0,

where Qy and Q1 are bounded convex smooth domains in R™,n > 2, Q1 C Qy. We
assume f is C? increasing function and f(0) = 0, and let ky be the least principal
curvature of the level sets of u in ), then we have the following estimates.
min k; > minkl(mmL“,mt| 2,
Q o0 maxggq, |Dul

Assuming |Vu| # 0, Bianchini-Longinetti-Salani [3] proved the convexity of the
level sets of solution u for some semilinear elliptic equation in convex ring with
Dirichlet boundary conditions as in (1.3). It follows from the constant rank theorem
of the second fundamental form of the convex level sets in [12], that the level sets
are strictly convex. For the Poisson equation, our structure condition is the same
as theirs.

Now we outline the proof of the Theorem [I.1l Let {a;;} be the symmetry cur-
vature matrix on the strict convex level sets defined in (2.4), and let {a”} be its
inverse matrix. We consider the auxiliary function

o(x,€) == |Du|’a¢;&;, where €= (&1,..6,-1) ER™L, ¢ =1.
For suitable choice 6, we shall derive the following elliptic inequality
Ap >0 mod Ve in (1.4)

here we have suppressed the terms containing the gradient of ¢ with locally bounded
coefficients, then we apply the strong maximum principle to obtain the results.

In section 2, we first give brief definition on the convexity of the level sets, then
obtain the curvature matrix a;; of the level sets of a function, which appeared in
[2,5]. In section 3, we treat the semilinear elliptic partial differential equation and
complete the proof of Theorem [1.1. The main technique in the proof of theorems
consists in rearranging the third derivatives terms using the equation and the first
derivatives condition for ¢.

2. The curvature matrix of level sets. In this section, we shall give the brief
definition on the convexity of the level sets, then introduce the curvature matrix
(ai;) of the level sets of a function, which appeared in [2]. Firstly, we recall some
fundamental notations in classical surface theory. Assume a surface ¥ C R is given
by the graph of a function v in a domain in R*~!:

r, =v(x'), 2’ = (v, 29, ,xy_1) € R"L

Definition 2.1. We define the graph of function z, = v(2’) is convex with re-

spect to the upward normal 7/ = %(—’Ul, —vg,- -+ ,—Up_1,1) if the second fun-
Vij

damental form b;; = WJ of the graph x,, = v(z’) is nonnegative definite, where

W= \/1+ Vo[’



4 SUN-YUNG ALICE CHANG, XI-NAN MA AND PAUL YANG

The principal curvature k = (K1, ,kn—1) of the graph of v, being the eigen-
values of the second fundamental form relative to the first fundamental form. We
have the following well-known formula.

Lemma 2.2. ([5]) The principal curvature of the graph x, = v(z') with respect to
the upward normal U are the eigenvalues of the symmetric curvature matriz

i v — VU551 . V1V V4 VUV VU
AR WI+W) WQA+W) W21+ W)2J’

where the summation convention over repeated indices is employed.

;1 = (21)

Now we give the definition of the convex level sets of the function u. Let 2 be a
domain in R™ and u € C?(), its level sets can be usually defined in the following
sense.

Definition 2.3. Assume |Vu| # 0 in Q, we define the level set of u passing through
the point z, € Q as X4 = {2 € Qlu(z) = u(z,)}.

Now we shall work near the point z, where |Vu(z,)| # 0. By the implicit function
theorem, locally the level set X%(*o) can be represented as a graph
z, =v(x'), 2’ = (21,29, ,xp_1) € R"H

and v(z’) satisfies the following equation

u(zy, 2, To1,0(T1, T2, T1)) = u(T,).
Then the first fundamental form of the level set is g;; = d;; + =%, and W =
(14 |Vu]?)z = %. The upward normal direction of the level set is
N
U= |VuT n(ul,uQ,~~~ U1, Up)- (2.2)
Let
hij = uiuij + unnuiuj — unujum — unuiujn, (23)
then the second fundamental form of the level set of function w is b;; = UV[; =
‘un‘hi'
T [Vulud -

Definition 2.4. For the function u € C%() we assume |Vu| # 0 in . Without
loss of generality we can let w,(x,) # 0 for z, € Q. We define locally the level
set Y4(o) = {r € Qlu(r) = u(x,)} is convex with respect to the upward normal
direction 7 if the second fundamental form b;; is nonnegative definite.

Remark 2.5. If we let Vu be the upward normal of the level set X%(%) at z,,,
then u,(z,) > 0 by (2.2). Acccording to the definition 2.4 if the level set (%)
is convex with respect to the normal direction Vu, then the matrix (h;;(z,)) is
nonpositive definite.

Now we obtain the representation of the curvature matrix (a;;) of the level sets
of the function u with the derivative of the function wu,
_ # hii + uiulhjl ujulhil uiujukulhkl (2 4)
| Vulu2 YOWA+WHE S WA+ W2 W24+ W)l [T

From now on we denote

aij

uurhj u;urhy
By = Gy =
ITWaL W) Wit W)al

U U Up U P

W2(L+ W)2ad” (2.5)
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and
Aij = —hij + Bij — Cij, (2.6)
then the symmetric curvature matrix of the level sets of u can be represented as
1 1
ii = —=5|—hij +Bij — Cij| = == A4;. 2.7
@i = Tz L~ i + B — Cial = [z A 27

We end this section with the following Codazzi condition which will be used in the
next sections.

Proposition 2.6. (see [2]) Denote a;j ) = faiy for 1 <i,j,k <n—1, then at the

Oxy
point where u, = |Vu| >0, u; =0, a;jx is commutative in “4,7,k”, i.e.

Aijle = Qik,j5-
Proof. Direct calculation shows
—1 —2
Qijle = —Uy Wik + Uy (uiju;m + Uik Ujn + ujkum). (28)

The right hand side of (2.8) is obviously commutative in “i, j, k”. O

3. Principal curvature estimates of level set of Poisson equation. In this
section, we prove the Theorem [1.1. We study the following equation

Au= f(z,u) >0 in Q. (3.1)

Proof of Theorem [1.1: Since the level sets of u are strictly convex with respect
to normal Du, the curvature matrix a;; of the level sets is positive definite in €.
Let a¥ be the inverse matrix of ajj.

We consider the auxiliary function

o(x,€) == |Du|’a" (2)&:&;, where &= (&,..6—1) €ER™L, ¢ = 1.
For suitable choice 6, we shall derive the following elliptic inequality
Ap >0 mod Ve in £, (3.2)

where we modify the terms of the gradient of ¢ with locally bounded coefficients.
Then by the standard strong maximum principle, we get the result immediately.

In order to prove (3.2)) at an arbitrary point z, € €, as in Caffarelli-Friedman
[4], we choose the normal coordinate at z,. We have mentioned in remark [2.5] since
the level sets of u are strictly convex with respect to normal Du, by rotating the
coordinate system suitably by Ty , we may assume that u;(z,) =0,1<i<n-—1
and u,(z,) = |Vu| > 0. And we can further assume & = ey, the matrix {u;;}(z,)
(1<i<j<n-—1)is diagonal and u;(x,) < 0. Consequently we can choose T}, to
vary smoothly with x,. If we can establish (3.2)) at x, under the above assumption,
then go back to the original coordinates we find that (3.2) remain valid with new
locally bounded coefficients on Vi in (3.2), depending smoothly on the independent
variable. Thus it remains to establish (3.2) under the above assumption.

Now we write

o(x) == |Dul?al’.

From now on, all the calculations will be done at the fized point xq.

Stepl: we first compute the formula (3.19)

Taking first derivative of ¢, we get

6
Vo = §|Du|9_2|Du|Za11 + |Dul’all, (3.3)
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since
n—1
— Z alka”akla, (3.4)
k=1
it follows that

Una -0 2
11,0 = G—U ain —u,’af1Pa- (3.5)

n

From now on, we follow the convention: the Greek indices 1 < a, 3,7 < n, the
Latin indices 1 < 14,5, k,l <n —1.

Since
n—1
11 § 1r ks 11 1k 1r s § 1k 11
Ang = [a a "a agl,alrs,a +a"a avag ,alrs, a a a Okloo
k,,r,s=1 k,l=1

11 kk 2 11\2
E a™aiy o — (@) a11,00;

Taking derivative of equation (3.3) once more, and using (3.5), it follows that

n—1
@21 900 = —|Dul’a11 a0 + 2|Dul’ Z a*rady o + 0| Dul’Lai1uaan
k=1

—0(0 + 2)|Dul’2u2 a1 + 0| Du|’2ay; Z u?m + 20031, Mina P

y=1
From the equation (3.1),
n n—1 n n
u? e Ap = Z 11,00 + 202 Z Z akkafk o + 2003 ul7? Z UnaPa

a=1 k=1a=1 a=1

n n

Z L+ Do f —0(0+2) Y ul,Jars. (3.6)

y=1 a=1

Now we use (3.5) and the Codazzi identity (2.6)) to treat the following term in
(3.6).

n—1 n
kk 2 — gt kk 2
E E A"l o = E a11a+§ a” akk1+§ E a""aig o
k=1 a=1 k=2 a=1,a#k
’I’L* n n
kk 2 kk 2
= E E a alka—i—g a akkl—i—eu aug U o,
k=2 a=1
3, —20 2 2 —1-0
taj uy, E Yo — 20ai,u, E UnaPa- (3.7)

a=1 a=1
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From (3.6) and (3.7), it follows that

n n—1 n—1 n
ui_ea%Agp = —ui Z 11,00 + Qufl Z akka%hl + 2ui Z Z akka%k "

a=1 k=2 k=2k#a a=1

n
+[o Z ug,, + 0un Dy f +0(0 — 2) Z aJan
a,y=1 a=1
n
+2a3,u~% Z @2 — 2002 ul? Z UnaPa- (3.8)
a=1 a=1

Now we calculate the term

n
2 § :
— Uy a11,a0-
a=1

Let D = |Vul|u2, then at z,, we get

2
D, = 3u;una,

n
2 2 2
Doa = dupul, + 33U, Uaan + Un E Uy -
y=1

It follows that

ZDaa—5unZuna+3u D,f+u, Z u? (3.9)

a,y=1
By (2.4), we have
A = [Vuluhans. (3.10)
Taking derivative of equation (3.10)), it follows that
Ai1a = a11Dg+ Daii,qa,
Ai1.aa = Dai1aa +2011,0Da + a11Dqa. (3.11)
By (2.6)
A11,00 = —P1,00 + Bi1,aa — Cit,0a- (3.12)
By (2.5), at =, we have
> Ciiaa =0. (3.13)
a=1

We get

n n n
2 —1 —1
— U, E A11,aa = Uy § hlLaa — U, E Bll,aa
a=1 a=1 a=1
n

+up,' > [a11Daa + 2Daa11,0]- (3.14)

a=1

Taking first and second derivatives of equation (2.5) on B;;, we have

ulaulahll
Bll,aa 4 Z 1+ W u2 (315)
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Hence using u;; = —unaj; and W(z,) = 1, we get
ot e I=1 a= 1W1+W
2
= — le Z ul, = 2a3u2 + 2a11u?,. (3.16)
" oa=1

By (3.5), it follows that

2u, ! Z Dyai1,a = 60a11 Z ufm — 6a%1u;*9 Z UnaPa- (3.17)
a=1 a=1 a=1
Combining (3.14) with (3.9) and (3.16)-(3.17), we get
- u721 Z all,aa = 71 Z hll NeZe% + 5 + 60 Z + 3unan + Z ui'y]all
a=1 a=1 a=1 a,y=1
+2a3,u2 + 2a1,u2, — 6a2,ul ™ Z UnaPa- (3.18)
a=1

From (3.8) and (3.18), it follows that

n n—1 n n—1
ui_ga%A(p = ut Z hi1,0a + 2u? Z Z akka%k o +2u? Z akkaik}l
a=1 k=2k#a a=1 k=2
n
+[(0+1) Z up, + (34 0)un Dy, f
a,y=1
n
(0% +40+5) > ul, + 2uly]an
a=1
n
+2at up + 208020y 0l
a=1
n
—(6 +20)a? u’=? Z UnaPa- (3.19)
a=1
STEP 2: In this step we calculate the following term in (3.19)
n
Uﬁl Z hll,a(xa
a=1
in order to derive the formula (3.32).
By (2.3), we have
hll,a = 2ununau11 + uiulla + unnaui + 2unnu1u1a
—2Upal1Uln — 2UnUlaUln — 2UnUlUlna, (3.20)
and
hll,aa = 2UplUpaatil + 4UplUnalite — 2UnUiaalin + uiullaa

+2u11una+2unnu1a 4UpaUlaUln — 4UpUiaUing- (3.21)
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From the equation (3.1), we find
n n n n
—1
Uy, E hll,aa = Un § Ullaa T 2ull § Uaan — 2u1n E Uaal
a=1 a=1 a=1 a=1
n n n
2
+4 § UnaUlla — 4 E UlaUlna — 20,11 E Upa
a=1 a=1 a=1
n n
—1 2 —1
42U, Unnp E Ul — 4u, Uiy E Ut o Une

a=1 a=1

= unDllf+2ulanf72“171D1f+4zunaulla

a=1
—4 E”: UlaUlna — 2011 Zn: ufm + 2u;1unn E": u?a
a=1 a=1 a=1
—4u;1u1n i Ul Una- (3.22)
a=1
Since
Ajj = Daj; where D :=|VuluZ. (3.23)
Taking derivative of equation (3.23), we find that
Ajja = ajjDa + Dajj o, (3.24)
Similar using (3.20), at x,,
Ajja = —hjjo = 2Unljatn; — 2Unlnatl; — UAUjja- (3.25)
From (3.24)- (3.25) and (3.9), for 1 < j <n — 1, we have
Ujjo = —UnGjjo + 2 Ujnljo — Qjilna- (3.26)
Then for 2 < j <n—1, we get
Ujj1 = —Unjj1 — U1nyj;. (3.27)
From (3.5) and (3.20), it follows that
Ulla = —UnQi1a + 22Uy Ui — Unadrl
= —(1 4+ O)upaair + 2u, "urptig + u}fea%lapa, (3.28)
SO
w1 = —(34 Ourpan +ul%a? ¢,
U1y, = —(14 Oupnary + 2u; tud, +ul a2 o, (3.29)

Using (3.28), we have
4 Z UnalUlla = —4(1 + 9)0,11 Z ufm
a=1

a=1

+8u;1u1n Z UlaUna + 4a%1u}l_9 Z UnaPa-  (3.30)

a=1 a=1
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By (3.27), (3.29) and the equation (3.1), we treat the other third derivative term,

—4 Z UlaUlna = —4U11U11n - 4u1nunn1
n—1
= —dugyurin — 4urn D1 f + duin Yy ujjn
j=1
n—1
= duppunn — 4uniunn, — 4w Dif +dun, Y ugn
=2
n—1
= —4unu1n Z Akk,1 — 4’LL1nD1f — 4(]. -+ G)allu%n
k=2
n—1
—4(1 + O)upat un, — 4u?, Z ai;
i=2
+4a2 ulOun 01 + 4ad W2 %, (3.31)
Combining (3.22)), (3.30)-(3.31), we have
n n—1
uy ! Z hMiae = —4duyuiy, Z ark,1 — 6urn D1 f +un D11 f — 2upan1 Dy f
k=2

—(6 4 40)a1; Z u?, — (4 +40)a1u?, + 6u, ‘upau,

a=1
n—1
—(2 4+ 40)upupnai, — 4u?, Z aii + a3 uZ %o,
=1
n
+4a%1u}l79un1<p1 + 4&%111,71179 Z UnaPa- (332)
a=1

STEP 3: The conclusion of the proof.
Now we combine the (3.19) and (3.32), it follows that

n—1 n—1 n—1
2-0 2 kk 2 2 kk 2
uy, a1dp = g E a™ aiy o + 2u;, E a™ " ajy 4 — duyury, g Akl 1
k 2 k#a a=1 k=2 k=2

—6u1, D1 f +upn D1y f + (1 + O)upai Dy f

n—1

+(6* — Van Z u?, — (2+40)aju?, — 4u?, Z ag; + 2a3u?
=1

+6u unnu -2+ 49)unuma11 + (04 1ag Z u
a,y=1

+4a%1u1 eunlgol + 4a11u cpn

+2a3,u2"% Z ©2 — (2+20)a? ul? Z UnaPa- (3.33)

a=1 a=1
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Since
n—1 n—1
2u? kk 4 > 2 3.34
us, a akk 1 — dupuiy, akk,1 U1n ayl — a” (3.34)
k=2 k=2

It follows that
u?~ eaflAgo > u,Diif — 6ur, D1 f 4+ (14 0)upary Do f + 6u, upnu?,

n—1
+(6* — Van Z u?,, — 40ayu?, — 6u?, Z ai; +2a3,u?
a=1 =1

— (24 40)upunnal, + (04 1)ay; Z u?, modVy, (3.35)
ay=1

where we modify the terms of the gradient of ¢ with locally bounded coefficients,
from now on we omit V.
From the equation, at x,, we have

n—1 n—1
— Z wi; = f + up Z Qs - (336)
=1 i=1
Now we let \; = a;; >0, 1<i<mn-—1, use the following abbreviation
or(\) = > Aiy - Ais
1<iy < <ip<n—1
and let o1 (A|i) denote the summation in which the terms involving A; are deleted.
Combining (3.35)- (3.36), it follows that
w2 a2 A > up,Dyf+ (1+60)ug Dy f — 6ur, Dy f + 6u; u?,
+(6% + A1 f2 4 2(0% + O)unAiot (A1) f +2(6% — 0 — Du A2 f
FAun[(0 = 1)°A7 + (6 +1)%01* (A1)
+2(6% — 0 — VAo (A1) — 2(1 + 0)o2(A[1)]
n—1

H(0 = 12N ud; + (0 +1)°A )l (3.37)

j=2
Now we make the following choice of # to complete the proof.
Case 1: if f =0, for n =3, we let # = 0 then for ¢ := a'', we get

u2at A > A\ (udy +udy) + Mui(A — A2)? > 0. (3.38)

If n > 3, we can choose § = —1. Then from (3.37), for ¢ := |Du| !a'! satisfies
udat, Ap > ANud | + 203uE [\ 4 o1 (V)] > 0. (3.39)
Case 2: if f = f(z) > 0, we can choose §# = —1. Then from (3.37), for

= |Du|~tal! satisfies
upai Ap > up fi1 — 6uin f1 + 6u;, u,
F2up M2 f AU 20302 [\ + o (V)] (3.40)

If the function (¢t,7) — t3f(z) is a convex function for z €  and t € (0, +o0)
(or for f > 0 and f~2 is a concave function). So the matrix {2ffi; — 3fif;} is
nonnegative definite. Then

Up f11 — 6ui, f1 + 6w, tuZ, f > 0. (3.41)
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It follows that
uda? A > 2un 2 f 4 AN, + 20303 [\ + o (V)] > 0. (3.42)
Case 3: for f = f(u) >0, so

D f = fuuir = —upAi fu,

in this case we have
un D11 f + (14 0)up M D f — 6urn D1 f = 0u A fu (3.43)

Using (3.37) and (3.43), we can make the following choice.
When f, <0, we let § = —1. Then from (3.37), for ¢ := |Du|"la'! satisfies

Upafi D > —up i fu + 6uy tug,
+ 2up A ANud ]+ 22023 N 4 o (V)]
> 0. (3.44)

When f, >0, we let § = 2. From (3.37), for ¢ := |Du|?a'! satisfies

a%lAgo > 2ui)\1fu + 6u_1u3ﬂf + 6)\1f2

n
n—1

+12un Mot (AL f + 2up A F + Mudy + 90 Y ul;
j=2
FA U2 A2+ 9012 (M\1) + 2001 (A1) — 602(A[1)]
> Alui[/\% + 90’12(>\|1) + 2)\10’1()\|1) — 60’2(>\|1)] (345)
For n = 2 or n = 3, 03(A\[1) = 0. For n > 4 we use the following Maclaurin
inequalities,

(el < 20
i.e. for n > 4, we have
721 € 5=t
Then we have
901 2(A\|1) — 602(A[1) > 0. (3.46)
By (3.45)-(3.46]), it follows that
al Ap > 0.
Case 4: for f = f(z,u) > 0. Since
Dif =f, Duf=fun—unAifu, (3.47)

so for # = —1, we get
un D11 f + (L4 0)uy i Dy f — 6urn D1 f = up fi1 — 6uin fi — ui A1 fu.

If f, <0 and for any u € (a,b) the function (t,) — t3f(z,u) is a convex
function for z € Q and ¢ € (0, +00) (or for f > 0 and f~2 is a concave function for
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), then we also have (3.41). Now let § = —1. From (3.37), for ¢ := |Du|tall, it
follows that

uda? Ay > wunfin — 6w fi + 6uy tud f — uZ A fu
+ 2up A+ ANl 4 22023 [\ 4 o1 (V)]
> ua A2 f +Adud, 4 20262 [\ 4 01 ()]
> 0. (3.48)
Then we complete the proof of the Theorem [1.1. O

Remark 3.7. Recently Ma-Ou-Zhang [17] obtained the Gaussian curvature lower
bound estimate for the convex level sets of harmonic function on convex ring.

Acknowledgments. The second named author would like to thank Prof. P.Guan
for useful discussions on this subject.
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