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LONG TIME DYNAMICS OF FORCED CRITICAL SQG

PETER CONSTANTIN, ANDREI TARFULEA, AND VLAD VICOL

ABSTRACT. We prove the existence of a compact global attractor for the dynamics of the forced critical surface
quasi-geostrophic equation (SQG) and prove that it has finite fractal (box-counting) dimension. In order to do
so we give a new proof of global regularity for critical SQG. The main ingredient is the nonlinear maximum
principle in the form of a nonlinear lower bound on the fractional Laplacian, which is used to bootstrap the
regularity directly from L*° to C*, without the use of De Giorgi techniques. We prove that for large time,
the norm of the solution measured in a sufficiently strong topology becomes bounded with bounds that depend
solely on norms of the force, which is assumed to belong merely to L°° N H*. Using the fact that the solution is
bounded independently of the initial data after a transient time, in spaces conferring enough regularity, we prove
the existence of a compact absorbing set for the dynamics in H', obtain the compactness of the linearization
and the continuous differentiability of the solution map. We then prove exponential decay of high yet finite
dimensional volume elements in H' along solution trajectories, and use this property to bound the dimension
of the global attractor.
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Nonlinear forced dissipative partial differential equations can generate physical space patterns which
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evolve in a temporally complex manner. As parameters are varied, the dynamics may transition from sim-
ple to chaotic and ultimately to fully turbulent. Nevertheless, several forced nonlinear dissipative PDE of
hydrodynamic origin have been shown to have finite dimensional long time behavior. This has been proved
if certain minimal conditions are satisfied. Chief among them is the property that linearizations about time
evolving solutions are dominated in a certain sense by the linear dissipative part. This is the case for semi-
linear dissipative PDE such as the Navier-Stokes system in 2D, or subcritical quasilinear damped systems.
In this paper we study the long time behavior of a critical quasilinear system, the forced SQG system. In
this system the nonlinearity has the same differential order as the nonlocal dissipation and the coefficients
of the equation are of the same order as the unknown. Even the global regularity of solutions for the un-
forced equation is nontrivial and has been obtained only in the last years. The existence of a compact, finite
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dimensional attractor requires much more than just regularity, it requires an infinite dimensional loss of in-
formation. This is what we prove in this paper. In order to do so, we have to invent a new proof of regularity
that is both more direct and more explicitly quantitative than all the previous ones. The loss of information
is reflected in long time bounds that are independent of initial data. This is entirely nontrivial for a critical
quasilinear system, but it is true here because the smoothing effect is controlled by the L>° norm, which, in
turn, can be shown to be ultimately bounded independently of the initial data. The latter result is based on a
new uniform nonlinear Poincaré inequality, which is of independent interest.

We organize the paper in the following manner: the rest of the introduction presents some background
material and explains some of the ideas of the proofs. Section 2 deals with preliminaries, including periodic
setting, pointwise dissipativity and a statement of the uniform nonlinear Poincaré inequality, whose proof
appeared in [CGHV 13, Appendix A]. Section 3 is devoted to an example of our method of proof, in the sim-
pler setting of the forced critical Burgers equation. Section 4 is devoted to the proof of global regularity of
forced SQG, and Sections 5 and 6 to the existence and finite dimensionality of the attractor. We present some
of the technical aspects in appendices, including a proof of backward uniqueness (for marginally smoother
forces) and a lemma of general interest about switching the order of derivatives and supremum.

1.1. Physical origins of the model. The forced, critically dissipative surface quasi-geostrophic (SQG)
equation is

00 +u-VO+ kN = f (1.1)
u =R = (—Ra6,R10) (1.2)
0(-,0) = o (1.3)

where A = (—A)l/ 2, Rj = 0;A~! is the jth Riesz transform, and the equations are set on the periodic
domain T? = [, 7]2. Here k > 0 is a positive constant, f is the initial condition, and f = f(z) is
a time-independent force. The force is assumed to belong to L>(T?) N H'(T?), while the initial data is
assumed to belong to H'(T?). We consider forcing and initial data of zero average, that is [, f(z)dz =
Jg2 00(2)dz = 0 which immediately implies that a solution 6 of (1.1)—(1.3) obeys [ 6(x,t)dx = 0 for any
t > 0. Throughout this manuscript we consider mean-zero (zero average) solutions.

The SQG equation describes the evolution of a surface temperature field 6 in a rapidly rotating, stably
stratified fluid with potential vorticity [CMT94, HPGS95]. From the mathematical point of view, the non-
dissipative SQG equations (the system (1.1)—(1.3) with x = 0) have properties that are similar to those of
the 3D Euler equations in vorticity form [CMT94], and yet one may for instance prove the global existence
of finite energy weak solutions [Res95], albeit for completely different reasons than for 2D Euler. Initial
numerical simulations [CMT94, OY97, CNS98] have furthermore exhibited highly nonlinear features in the
inviscid evolution such as the formation of sharp fronts. The latter issue has been studied analytically [Cor98,
CFO01, CF02, Cha08, FR11] and also in more recent numerical simulations [CFMRO05, DHLY06, OS10,
CLS™12]. Whether solutions of the inviscid SQG equations can develop singularities in finite time remains
an open problem.

If in the three-dimensional quasi-geostrophic equations [Ped82] we take into account damping (Ekman
pumping at the boundary) and external sources we arrive at the system the system (1.1)—(1.3). The square
root of the Laplacian A = (—A)l/ 2 naturally arises as the Dirichlet to Neumann map for the surface tem-
perature 6. See e.g. [Con02] and references therein.

Among the dissipative operators A with 0 < v < 2, the exponent v = 1 appearing in (1.1) is not
just physically motivated but also mathematically challenging. In view of the underlying scaling invariance
associated with (1.1) (see Remark 2.3 below) and the available conservation laws (the L°° maximum prin-
ciple), it is customary to refer to the dissipation power v = 1 as critical, although the question of whether
a dramatic change in the behavior of the solution occurs for v < 1 (the supercritical case) remains an open
problem.



LONG TIME DYNAMICS OF FORCED CRITICAL SQG 3

1.2. Global well-posedness: a brief summary of previous results. From the mathematical point of view,
the issue of global regularity vs finite-time blowup for the fractionally dissipative SQG equation has been
extensively studied over the past two decades. The subcritical case (y > 1) has been essentially resolved in
[Res95, CW99]. See also [WuO01, SS03, Ju04, Mar08, DLOS] and references therein for further qualitative
properties of weak and strong solutions in the subcritical case.

The issue of global regularity for the critical SQG equation is more challenging since the balance between
the nonlinearity and the dissipative term in (1.1)—(1.3) is the same no matter at which scales one zooms in.
This is why treating the equation as a perturbation of the fractional heat equation fails to be useful for large
initial data (and nonlinearity). In order to obtain bounds on the solution one has to appeal to finer methods.
Two different such sophisticated tools have been introduced independently in [CV 10a, KNV07] to show that
solutions of (1.1)—(1.3) do not develop singularities in finite time, for arbitrarily large initial data. Before
these works, the global regularity was only known for initial data which is small in the L* norm [CCWO01]
and other scaling critical spaces [CL03, CC04, Wu05, Miu06, Ju07, CMZ07, HKO7].

The proof of global regularity in [KNVO07] is based on constructing a family of Lipschitz moduli of
continuity with the property that if the initial data obeys such a modulus so will the solution of the critical
SQG equation for all later times, and so that this family behaves nicely under rescaling. See also [DDO08]
for applications of the modulus of continuity method to the case of the whole space, [FPV09] for global
regularity in the presence of a Lipschitz forcing term, [KN10] in the presence of a linear dispersive force,
and [SV12] for regularity of critical linear drift-diffusion equations.

The proof of [CV10a] on the other hand employs the ideas of De Giorgi iteration to the case of a nonlocal
parabolic equation, and shows that bounded weak solutions must in fact instantly become Holder continuous
(and hence classical). We also refer to [CV10b, CCV11] and references therein for applications of the De
Giorgi ideas to more degenerate nonlocal parabolic equations, and [CWO09, Sil10b] for linear fractional
advection-diffusion equations (the latter results for linear equations are in fact sharp [SVZ13]).

In an attempt to find a bridge between these two proofs, in [KN09] a completely different proof of global
regularity for critical SQG was obtained. The proof of [KIN09] relies on keeping track of the action of a dual
SQG evolution on a suitable family of test functions (Hardy molecules), in order to control the evolution of
a Holder norm.

In the three proofs of global regularity for (1.1)—(1.2) mentioned above, the quantitative way in which
the dissipation is dominating the nonlinear term is not immediately transparent. In order to shed more light
on this issue [CV12] introduced nonlinear lower bounds for linear nonlocal operators such as the fractional
Laplacian. The nonlinear nature of these lower bounds appears because of the conservation laws which are
available a priori for solutions. The inequalities bound the dissipative term from below and the nonlinear
term from above in a way which makes it transparent why the size of the dissipation dominates the size of
the nonlinearity. In [CV12] it was shown that the nonlinear lower bound for A is almost sufficient: it implies
the global regularity for the critical SQG equation, but only if we additionally know that the solution has
the only small shocks property (there exits 0 < 0 < 1 and L > 0 such that |0(x,t) — 0(y,t)| < 6 whenever
| —y| < L). It was proved that if the initial data has only small shocks, the size of these shocks can at most
double as time evolves. This extra step is however quite technical as it uses once more the nonlinear lower
bound for the fractional Laplacian, and it depends strongly on the nature of the nonlinearity.

At this stage we note that to date the global regularity for the supercritical SQG equation with arbi-
trarily large initial data remains open. The type of known results are: small data global well-posedness
(cf. [CCWO1, CL03, CC04, Wu05, Miu06, Ju07, CMZ07, HK07, YuO8] and references therein), conditional
regularity (cf. [CW08, CW09, DP09a, DP09b]), eventual regularity (cf. [Sil10a, Dab11, Kis11]), or global
regularity for dissipative operators which are only logarithmically supercritical [DKV12, XZ12, DKSV12].
The nonlinear lower bound for the fractional Laplacian (cf. [CV12] and this manuscript) may be employed
to recover most of these results.

1.3. Main results. The main contributions of this paper are as follows. We give a fully transparent, new
and final proof of global regularity for the critical SQG equation, which relies solely on the nonlinear lower
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bound for the fractional Laplacian (Theorem 4.5). The bounds we obtain on the solution incorporate an
explicit decay from the initial data in both weak and strong topologies (Theorem 5.2). Using this crucial
ingredient we prove the existence of a compact global attractor for the forced SQG dynamics (Theorem 5.1),
which has finite box-counting and hence Hausdorff dimension (Theorem 6.4). To the best of our knowledge
this is the first such result for systems that are both quasilinear and critical.

1.4. The nonlinear lower bounds imply global regularity. The main ingredient in the proof of the results
mentioned above is the nonlinear lower bound for the fractional Laplacian established in [CV12]. One of
the main new ideas over [CV12] is to replace the smallness coming from the “only small shocks” property
(for which time dependence is difficult to control) with the smallness of the « at the exponent of the Holder
space C'“. This simple idea is also implicitly present in the De Giorgi’s methodology: the size of the Holder
exponent obtained in the bootstrap step depends on the size of the data in L°, the ellipticity constant, and
the size of the force. The advantage of the method outlined below is that the propagation of C'* regularity,
for some sufficiently small o, is achieved directly, without appealing to the complex De Giorgi iteration
technique (Theorem 4.3). Once the solution is Holder continuous, the nonlinear lower bound also may
be used to immediately obtain the higher regularity of solutions. To better outline the method introduced
here, we first apply it to the critical Burgers equation in Section 3, and then to the critical SQG equation in
Section 4.

We note that the proof of propagation of Holder continuity also works in the presence of a force which
lies merely in L> N H' (the modulus of continuity proof given in [FPV09] requires Lipschitz forcing).
Moreover, the argument is dynamic rather than in the spirit of a maximum principle, in the sense that the
size of the Holder norm of the solution is not just bounded in terms of the initial data and force, but as time
evolves its size is estimated solely in terms of the force (Theorem 5.2 and Lemma 5.3). In the unforced case
this amounts to proving the decay of the Hoder norm and higher Sobolev norms.

1.5. Long time dynamics: the existence of a finite dimensional global attractor. Armed with a proof
of regularity that is dynamic, we can study the long time dynamics of solutions of the forced SQG. The
decay in the unforced case has been addressed in [Don10]. The behavior of the long-time averages along
solutions of the critical SQG equations via viscous approximations was addressed in [CTV13], where we
have obtained the absence of anomalous dissipation. We note that the later result may also be proven using
the estimates of this paper, but necessitates higher regularity on the force than in [CTV13].

In the second part of the paper we address the existence of a compact global attractor, and prove that
it has finite box-counting dimension, and a forteriori finite Hausdorff dimension. The space-periodic set-
ting is needed for this purpose. The critical SQG equation is quasilinear. To the best of our knowledge,
until now all proofs of finite dimensionality have been done either for dissipative or damped semilinear
equations, or subcritical quasilinear equations. See e.g. the works [FP67, FMTTS83, FT84, CF85, CFTS5,
CFMTSS5, FST85, Con87, CFT88, FST88, DGI1, FT91, JT92, Kuk92, JT93, FK95, CJT97, GT97, Zia97]
for the 2D periodic Navier-Stokes equations and related systems, the books [CF88, Hal88, Lad91, BV92,
Tem97, FMRTO1, Rob01, CV02], and references therein. In the context of the dissipative SQG equation,
the global attractor has been addressed previously addressed only for the subcritical regime: [JuOS] proved
the existence of compact global attractor and [WT13] showed it has finite dimensionality fractal dimension
(see also [Ber(02] for weak attractors).

In order to prove finite dimensionality we establish the existence of a compact absorbing set in phase
space. We work in the phase space H', which is the largest Hilbert space in which uniqueness of weak
solutions of SQG is currently available. Weak solutions are known to exist for initial data in L? but their
uniqueness is not known [Res95]. It is known that solutions of the unforced SQG with initial data in H 1
exist for short time [Ju07], as a result of weak-strong stability of the equation in H'*¢. The time of exis-
tence however depends on the initial function and not only on its norm. There is no lower bound on the
time of existence based solely on the H' norm. Nevertheless, the solution is unique, and becomes instantly
smooth [Miu06, Ju07, Don10]. The same result can be proved for smooth forced SQG. We need only a
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limited amount of smoothness, in particular C', for small o > 0. We use the nonlinear maximum princi-
ple [CV12] (estimate (4.16) below) to show the global persistence of a C“ norm, with o small compared
to the L® norm of the solution (Theorem 4.3). We use the LP Poincaré inequality for the fractional Lapla-
cian (Proposition 2.2 below) to show that solutions become bounded in L*° with a bound that depends only
on the norm of the force and not on the initial data, after a time that depends on the initial H 1 data. We
apply again the new proof of global existence to show that the solution becomes bounded in a C'“ space
with both « and the solution bound depending only on norms of the forces (Lemma 5.3). Since we now
have supercritical information, we use the nonlinear maximum principle again in its C variant to show that
the solution becomes bounded in H3/2. The upshot is that there exists a compact absorbing set B for the
evolution of SQG in H'! which is a bounded set in H 3/2 (Theorem 5.2). This means that for any initial data
6y € H' there exists a time t(6) after which the unique solution S(t)f with initial datum 6 belongs to this
absorbing set 13, which in turn depends on the forces alone and not on the initial data. We show additional
properties of the solution after this transient time: higher regularity, specifically S(¢)fy € H? for almost all
t > t(0y), continuity in phase space (Proposition 5.5), and backward uniqueness (Proposition 5.7), i.e., the
injectivity of S(t) on the absorbing set. These properties are used to show that the the set A = Ny~ S(t)B
is the global attractor for the evolution in H' (Theorem 5.1). For any 6y € H' the solution tends to the
global attractor. The convergence is uniform on bounded sets in H'*¢. We also establish compactness of
the linearization of the solution map and local uniform approximation results (Proposition 6.2). The finite
dimensionality of the attractor (Theorem 6.4) is then obtained by applying classical tools [CF85, CF88].

2. PRELIMINARIES

We abuse notation and denote in the same way spaces of vector functions and scalar functions. We do not
write the subindex “per”, to emphasize that we work with T2-periodic functions, i.e. L}2)er is simply written
as L2. We also overload notation to denote by : R? — R the periodic extension to the whole space of a
T? periodic function ¢.

We use the following convention regarding constants: C' shall denote a positive, sufficiently large con-
stant, whose value may change from line to line; C' is allowed to depend on the size of the box and other
universal constants which are fixed throughout the paper; to emphasize the dependence of a constant on a
certain quantity ) we write Cy or C(Q); ¢, co, c1, ... shall denote fixed constants appearing in the estimates,
that have to be referred to specifically; again, to emphasize dependence on a certain quantity (), we write cq
or ¢(Q).

The fractional Laplacian A®, with s € R may be defined in this context as the Fourier multiplier with
symbol |k[*, i.e. A*p(z) = > 1 cp2 |k|° D) exp(ik - z), where o(z) = >\ 2 D) exp(ik - z). Note that the
eigenvalues of A = (—A)'/? are given by |k|, with k € Z2 = Z \ {0}. We label them in increasing order
(counting multiplicity) as

D<M <. <

and denote the eigenfunction associated to \; by e;. Then {e;};>1 is an orthonormal basis of L?, and the
sets {A;};>1 and {|k|}rcz2 are equal. In view of the choice T? = [—m, 71]%, we have that A, = 1.

As a consequence of the mean-free setting, for s € R we may identify the homogenous Sobolev spaces
H*(T?) and the inhomogenous Sobolev spaces H*(T?), and we simply denote these by H*® (without “dots™).
As usual these are the closure of (mean-free) C°°(T?) under the norm

lellzs = [[A°@l| 2.

Moreover, for p € [1, 0] we denote by HP = H*P(T?) the space of mean-free LP(T?) functions ¢, which
can be written as ¢ = A%, with ¢) € LP. This is normed by |||/ gs» = ||A®p||L». Lastly, Holder spaces
are denoted as usual by C* for « € (0, 1), with seminorm given by

[@]CO‘ = sup |90(‘T) B 90(y)|
xF#y€eT? ‘l‘ - y’a
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and norm [[p||ce = [[spl| o + [@ce.

Recall cf. [CZ54, Sha64, SW71] that for o € C°°(T?) the periodic Riesz transforms ‘R ; may be defined
in terms of their Fourier multiplier symbol R ¢, = ik; |k| =1 Py, for all k € Z2. Alternatively this is defined
as the singular integral

Ripla) = PV. [ ola+ )Ry @
where the periodic Riesz transform kernel R is given by
Rj(y) = R;(y) + ) (Rj(x +2mk) — R;(2rk)) 22)
kez?

for y # 2772, and R; is the whole space Riesz-transform kernel given by

Ri(y) = Qity/lyD) _ _wi

= 2.3)
lyl? 2mly[?

for y # 0. The explicit form of the §2; is not important: it is a smooth function which has zero mean on St.
Note that if we extend ¢ periodically to R?, we may rewrite (2.1) as

Rjp(z) = P.V. /R2 o(r +y)R;(y)dy (2.4)

where the principal value is both as |y| — 0 and |y| — oo. See e.g. [CZ54, pp. 256-261], or [SWT1,
Chapter VII] for a proof.

The functional analytic characterization the fractional Laplacian A% as the Fourier multiplier with sym-
bol |k| turns out to be useful for estimates in L2-based Sobolev spaces, but not for pointwise in x esti-
mates. For this purpose, we recall the kernel representation of the periodic fractional Laplacian [CC04], see
also [DNPV11, RS12]. Note that other very useful characterizations are available, see e.g. [CSO7] to obtain
monotonicity formulae.

For a € (0,2) and ¢ € C*°(T?) we have the pointwise definition

A%p(z) = P.V. - (p(z) — o(z +y)) Ka(y)dy

where kernel K, is defined on T2 \ {0} as

1
Ka(y) = ca Z m (2.5)
kez?

and the normalization constant is
~2°T(1 4+ «a/2)
ID(—a/2)lm
Under this normalization one has that lim, 2 A% = —A¢p, and lim,—04+ A%p = ¢ — @, pointwise in
x € T?, where @ is the mean of ¢ over T2. When o € (0, 1) the above definition is valid for ¢ € C*¢,
while for o € [1,2) we need that p € C1*~1+¢_ for some € > 0.
We recall the following two statements, which we use frequently throughout the paper.

(2.6)

Ca

Proposition 2.1 (Pointwise identity). Let o € (0,2) and p € C™°(T?). Then we have that
2p(x)A%p(x) = A*(p()?) + Da[e](x) 2.7)

holds, where

Dal¢)(z) = P.V. T2(sO(ﬂ«") —o(z +y))* Ka(y)dy

= PV. [ (ola) = olo+ ) sy 238)
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pointwise for x € T?, and we denote by o the periodic extension of o to all of R?.

Identity (2.7) was proven in [CCO04] (see also [Con06, CV12]). The same identity was used in [Tol00,
Lemma 3.1] for the periodic case in one dimension, in the context of Stokes waves. In [CC04] the pointwise
estimate f'(p)A% — A“f(p) > 0 was established for functions f which are non-decreasing and con-
vex. The second equality in (2.8) follows from Fubini’s theorem, a change of variables and the Dominated
Convergence theorem.

Proposition 2.2 (Fractional Laplacian in LP). Letp =4q, ¢ > 1, 0 < a < 2, and let p € C* have zero
mean on T%. Then

1 1
0P~ (2)A%0(x)dx > ~[|A“2(6P/%)|12, +
Td p Ca,d

holds, with an explicit constant C, q > 1, which is independent of p.

1017, (2.9)

When the second term on the right of (2.9) is absent, the above statement was proven in [CC04]. Since
forp =4q,q > 1, 6P/ is not of zero mean, it is not immediately clear that the first term on the right of (2.9)
dominates the pth power of the LP norm. (In contradistinction with the case p = 2, which is the classical
Poincaré inequality). The proof of Proposition 2.2 to our knowledge was first given in [CGHV 13, Appendix
Al]. For the sake of convenience we include a sketch of the proof in Appendix A below.

Remark 2.3 (Scaling). Choosing to work on the periodic box T2 = [, 7]? is just a matter of convenience
for the presentation, so that the group of characters is Z2. All the results in this paper may be translated to
the case of a general periodic box T2 = [—L/2, L/2]? as follows. The critical SQG equation has a natural
scaling invariance associated to it. If §(z, t) is a solution of (1.1)=(1.3) on [0, 7] x T2, with force f(z) and
initial data 6y (z), then
Ox(z,t) = O(x/A\ t/N)

is also a solution of the equations, but on the space-time domain [0, NT'] x [—Am, Aw]2, with force f)(z) =
(1/X)f(x/A) and initial condition 0y (z) = 6p(z/A). The value of x remains unchanged. Thus, in order
to work on the box T%, one merely has to set A = L/(27) in the below argument. Note also that ||0]| .« =
10|l for any A > 0 and that the L°° norm is non-increasing along solution paths, which is why it is
customary to refer to (1.1)—(1.3) as the critical SQG equations.

3. GLOBAL REGULARITY FOR THE FORCED CRITICAL BURGERS EQUATION

In order to present the main idea of the proof of global regularity for the critical forced SQG equation,
we first consider the one dimensional critical forced Burgers equation

00+ 00,0+ A0 = f 3.1)

on a periodic domain T = [—m, 7|, with smooth force, and smooth initial data 6y. We assume that the data
and the force have zero mean on T, so that the same holds for the solution € at later times.
First notice that we have a global in time control on LP norms of the solution. Since

/98x60p1d:c S / 0, (6" ) dx = 0
T p+1Jr

we multiply (3.1) with 7!, integrate over T, and use the the lower bound in Proposition 2.2 to obtain

d
i 10lze +cllbllze < [ f]lz»

for all p > 2 even, where the constant c is independent of p. Integrating in time and then passing p — oo
thus yields

1
1)1z < [0l + — [ fllze =: B (3.2)

for all ¢ > 0. See also Proposition 4.1 below for similar estimates for the SQG equation.
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Our goal is to give a global in (positive) time bound for the C' norm of the solution, for some o € (0, 1).
It is well-known that due to the critical power of the dissipation, such a bound would in turn imply that the
solution cannot develop singularities in finite time.

Let o € (0, o], where a € (0,1) is to be determined later in terms of the initial data and the force. In
order to study the propagation of Holder continuity in (3.1) we study the evolution of

v(z,t;h) =

where 050(x) = 0(x + h) — 6(x) is the usual finite difference. Note that a bound on sup, etz |v(t, 7; h)|
is in fact equivalent to a bound on [0(¢)]ca. Evaluating (3.1) at « 4+ h and z and taking the difference one
obtains

(O + 001 + (0n0)0h + Az) (610) = (Onf)-

Multiplying by |h|~2%(5,0) and appealing to Proposition 2.1 we thus arrive at the pointwise inequality

D[0x0] e 2(0nf) da A f L
00, + (5,0 A) v? = 5,0)3 < 3 .
(Or 4+ 00, + (6,0)0n + Ay) v° + e |h|2a+1( n8)° + B v < |h‘1—av + e v (3.3)
where
1
D[6,0] = cP.V. / (6,0(z) — 0,0(x + y))QWdy-

The main idea is to combine a nonlinear lower bound for D[66], with the smallness of « to obtain an ODE
for [|v(t)|| Lse , which has global bounded solutions.
Using the argument in [CV12], see also (4.16) below, we have that

16,6(2) >
Dlondl(=) = Zrgr <l

for some C' > 0. Therefore, using (3.2) we arrive at
D) . Bb@f
WP = Clfllm 72~ CBuefh[—
Inserting the above bound in (3.3) yields

3 dav® A f|l L
By + 00, + (640)0) + Ag) 02 v < . 3.4
(0 + + (610)0n + Az)v +CoBoo\h|1_a_|h|1_o‘+ e (3.4)
Therefore if we choose « such that
<
0= 8CoBos

the nonlinear term on the right side of (3.4) can be absorbed into the left side of the inequality, and moreover,
once we appeal to the e-Young inequality in order to hide the forcing term in the dissipation, we arrive at

Ud

— <<
4Co Boo|h|= =

1—4a

CLBY2| 32 R = (3.5)

(Or + 00, + (0n0)0p + Ag) v* +

for some C; > 0 which depends only on Cy. Formally evaluating (3.5) at a point (1, h) where v? attains its
maximal value, and noting that such a point must necessarily obey |h| < 7 (the latter is due to the periodicity
in h of 6,0, and the strictly decaying nature of |h| ™), we obtain
v3(Z, h) - v3(Z, h)
— L < (O + 00, + (5p0)Oh + Ag) VP (T, h) +
iCoBoomia = (O 00+ (0n0)0h + Au) v™(@, h) + 37 p s
1—-4a

< C\BY2|| |32 7=, (3.6)

(0*)(Z,h) +
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as long as we impose

ag <

|

In (3.6) we used that at the maximum (in joint  and h) of v? we must have 9,v% = 9,v? = 0, and Av? > 0.
One can then rigorously show that on for almost every ¢ in [0, 7% ), the maximal time of existence of a smooth
solution to the initial value problem associated to (3.1), we have

d o
Sl < @0?)@,h)

which combined with (3.6) yields that for any « € (0, ap], with ap = min{1/(8CyB), 1/4}, we have
1-2«a
00w = [o(0)l15, < mas { Bolow, (4Co0) *n 3 B2 1112}

for all t € [0,T,), and thus a posteriori for all ¢ > 0, thereby completing the proof of global regularity for
critical Burgers.

Notice that the key ingredients were the nonlinear lower bound on A, and the smallness of «. This
argument carries over to the SQG case modulo some technical issues having to do with the fact that the
velocity depends linearly but in a nonlocal fashion on 6. We give details in Section 4 below, where we also
fully justify the arguments presented here only formally for clarity of the exposition.

4. GLOBAL REGULARITY FOR FORCED CRITICAL SQG

In this section we give a new proof of global existence and uniqueness of solutions for (1.1)—(1.3) which
has the advantage that the bounds require merely f € L>° N H'. The proof is based on the nonlinear lower
bound for the fractional Laplacian discovered in [CV12]. We first recall some L? estimates for solutions of
the forced critical SQG equation.

Proposition 4.1 (Absorbing ball in LP). Let 6 be a smooth solution of (1.1)—~(1.3), and let p > 2 be even.
Then we have

_ 1 _
0¢8]l ze < (|60l re™"" + CTKHfHLP(l — eteon) (4.1)
for some universal constant cy. Moreover,
_ 1 _
10C, )]l Lo < (6ol Loce™0" + CTHHfIILoo(l — e ') (4.2)
holds with the same universal constant cy.
Proof. Multiplying (1.1) by #7~!, and using Proposition 2.2 we arrive at
d
i 10llze +corl0]l e < |f v

for some ¢y > 0 which is independent of p. Therefore we obtain (4.1) for all ¢ > 0 and p > 2 even.
Moreover, since the constants appearing in (4.1) are independent of p, and we are on a periodic domain
T? = [, )2, we have that

_ 27)%/P _
10, t)]lLe < (27)%/|6o | o e 0" + (CO)HHfHLoo(l — e 1om)
which yields (4.2) upon passing p — oo. (|

In particular, Proposition 4.1 shows that for any p € [2, 00) even and p = co we have that

1
10C, e < [|00]lLr + cTanHLP = My(0o, f) = M, (4.3)

for any ¢ > 0. Next, we recall the following local existence [Miu06, Ju07] and smoothing [Don10] result.
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Proposition 4.2 (Local solution). Assume 0y € H' and f € H' N L*°. There exists T, = Ti(6p, f) > 0
and a unique solution 0 of the initial value problem (1.1)—(1.3) which obeys the energy inequality and

9 € C([0,Ty); H') N L*(0, Ty; H*/?). (4.4)
Moreover, for any 8 > 0, if f € HP we have that
sup 7100 6)|l res < 1”00l + erw T2 £l e 4.5)
0<t<Tyx

for some positive universal constant cy. Additionally, we have limy_,o t°|0(-,t)|| 145 = 0, when 3 > 0.

We emphasize that the time of existence 7 doesn’t depend in a locally uniform way on ||fy|| 1. The
above result was proven in the aforementioned works in the absence of a forcing term, but it is not difficult
to verify that estimate (4.5) holds assuming f is sufficiently smooth. We omit these details. Note that the so-
lution may be extended uniquely past 7} assuming that a priori we know e.g. that sup¢(z, /2,1,)[0(t, )] co <
00, for some o > 0.

The first result we obtain is the propagation of Holder continuity for smooth solutions, which may then be
applied to a sequence of solutions to a regularized problem, in order to obtain in the limit the corresponding
result for weak solutions (see Theorem 4.4 below).

Theorem 4.3 (Propagation of Holder regularity). Let 6y and f be sufficiently smooth, T > 0 be arbitrary,
and let § € C/%((0,T); CY1/2) be the unique classical solution of the initial value problem (1.1)~(1.3). As
in (4.3) above, define

Mo = Moo(b0, ) = [0l + (cor) ™ | fllzee.

There exists a sufficiently small universal constant €y > 0 such that for any o with

O<a§a0:min{;2%,i}, (4.6)
if g € C“ we have
[0(t)]ca < Ma(t) (4.7)

forallt € [0,T], where M, is the solution of the ordinary differential equation (4.36) below. In particular,
we have that

Mo (t) < max {[eo]ca, e } 48)
0
foranyt € [0,T], and also
M, (t) < 20 (4.9)
€0

forallt > t, = to(Meo, [6p]ce), which is defined explicitly in (4.37) below.

Proof of Theorem 4.3. For o« > 0, we look at the evolution of weighted finite differences

|00()|
v(z,t;h) = .
|hl*
Since 0y € C'*, we have that
H’U()HLZ?h S [eo]ca S MQ(O). (4.10)

Our goal is to find an upper bound M, (¢) such that
lo(, 5 )lnge, < Malt) 4.11)
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for any ¢ > 0. In view of the periodicity in h of §5,60(x), we would in turn obtain from (4.11) that

[v(-,t)]ce = sup — < |lw( 5 )llee, < Ma(t) (4.12)
sherz P 8
which would then conclude the proof of the theorem.
In order to find M (t) for which (4.11) holds, we first write the equation obeyed by d,0. If follows by

taking finite differences in (1.1) that pointwise in x, ¢, h we have

(815 4+u-Vi+ ((5hu) -V + KVA) O0pl = opnf. 4.13)

Upon multiplying (4.13) by

5h0(x,t)
|h|2a
and using Proposition 2.1, we obtain that v obeys the equation
D[éhe] h U (5hf)1)
-V, . A2t Z — 4 Lo
(O +u-Vy+ (dpu) - Vi, + kA) v* + 72 a(opu) ] ]h!+ B
2 4 ooV

< 4aléy, u|‘h| ”{}!'Z (4.14)

where 6,u = R (6,0), and
D501 )—1PV/ (510(2) ~ 3400z + ) 5 @.15)

hx_QW.'thx hxy‘y|3y .

from (2.8) with a@ = 1, and we have used the explicit formula (2.6) for the normalizing constant. First we
give a lower bound on the dissipative term D|[dp6], and then estimate the velocity increment |Ju| in (4.14).

Throughout the proof we will use a cutoff function x: [0, 00) — [0, co) which is smooth, non-increasing,
identically 1 on [0, 1], vanishes on [2, 00), and obeys |x'| < 2.

In the spirit of [CV12], we obtain a nonlinear lower bound for the dissipative term in (4.14). Pointwise in
x and A it holds that

10,0 ()[?

c2||6]| o= |R]
for some universal constant ca > 0. To prove (4.16), we proceed as follows. For r > 4|h| to be determined,
we have

Doy > - [ B =B0E 0P (, (1Y),
e 0 [ iy Lo | [ W (1-x (")) o

y|>2r Y|

) = 50w [ 106+ 0[50 (- x (’“))\

. Ly>3r/4 13p/a<y|<or/a
25h0(x>|2—0|5he(x)|ye||Loo|hy/ ey | Lonfisloisor
2r A
Al

D[6,0)(x) > (4.16)

v

Vv

1
> o |0n0(2)[* = Clond ()10 =5 (4.17)

for some C' > 1. In the above estimate we have used estimate (4.19) below. Setting
_ 400z,

|0n0(z)|

in (4.17), which obeys r > 4|h| due to |50 < 2|0 L, completes the proof of (4.16).
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In (4.17) above we have used the following. The mean value theorem gives that for a smooth g we have

10ng(y)| = [h- Vg((1 = Ny + Ay + h))| < [h] nax, [Vg(y + Ah)| (4.18)
for h,y € R2. In particular, for
1 Iyl>>
9y) =73 1-x (
= (1 ("
we have that
1 T 1 T T
max |Vg(y +Ah)| < C < WI23r/4 | Sr/AslSy /4> (4.19)
AE[0,1] ly r

whenever |h| < r/4.
Combining estimate (4.16) with the a priori bound (4.3) (with p = o0) we obtain that the positive term
on the right side of (4.14) is bounded from below as
kD[0p,0] S K 161,03 K v3

= 4.20
B = TR Mo B caMog R[S *:20

pointwise in x and h.
We now estimate the velocity finite difference dju. For this purpose fix « and h (ignore ¢ dependence)
and let p > 0 be such that

p > 4h|. 4.21)

As before we let x be a smooth cutoff function, that is 1 on [0, 1], non-increasing, vanishes on [2, c0), and
obeys |x'| < 2. We decompose the singular integral defining d5u as

1 1
Spu(z) = RE(G,0(x)) = PV, / V= 506+ y)dy = Syttin() + Snttons (1),
2 R2 Y|
where the inner piece is given by
1

Opu; (;U):PV/ ix Iyl onb(z +y)dy
T e e P\ )

= %P.V. /]R2 ‘ZZ//;’X (’i‘) <5h9(m +y) — 5h9(x)>dy

by using that the kernel of R has zero average on the unit sphere, and the outer piece is given by

1 yt y
Sntout(x) = o /R? DE <1 - X <|p>> 0nd(z +y)dy

(a5

by using a finite-difference-by-parts.
For the inner piece, by appealing to the Cauchy-Schwartz inequality, we obtain

0ptin| < C (pD[616])Y2. (4.22)
In order to bound the outer piece, we recall that the mean value theorem gives
0ng(y)| < [h| max [Vg(y + Ah)] (4.23)
A€[0,1]

for smooth functions g. We apply (4.23) with

o35 (-+(2)
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which yields
Liyi>p/2
0-rg(y)| < |R] Jnax, X [Voly = An)| < Clhl = 55— WE

when |h| < p/4. This in turn implies that

CMy|h
|6nUout| < C]h\/ 3\9(:,; +y)|dy < %’OH. (4.24)
ly|>p/2 1Y ’ |
Combining the inner (4.22) and outer (4.24) velocity estimates, we obtain that
Mo |h
il < € (o002 + M=) (4.25)
p
if p is chosen so that p > 4|h|.
Using the Cauchy-Schwartz inequality we obtain from (4. 25) that
2 M 2
da|Shul ’“ < Ca (pD[8,0))"/ = W + Ca—2l
p
kD[6n0]  czalpvt  czaMoov?
- 2|h’2a H|h’2—2a p
for some sufficiently large c3 > 0. Therefore, letting
KM B R MA 4.26
p = 041/21) - 051/2|5h9| | ’ ( . )
we obtain
D[5h6]  2c3032MY? 0P
safopul s < BPLWIL | 2e507 Mo v 4.27)

’h‘ 2’h’20‘ Kk1/2 |h’1—o¢'
Note that in order to define p as in (4.26), we need to ensure p > 4|h|. By the triangle inequality we have
|01,0] < 2M, and hence indeed

. 1/2
pz<%mf) h] > 4jn|

holds, since by assumption « € (0, a] and

(4.28)

<5

Y0 =390,

Combining (4.14), the lower bound (4.20), estimate (4.27), and recalling the definition of M, in (4.3),
we arrive at

1/2 3
) _ 2 K gip2e3Moo v deok Moo
(O +u- Vg + (dpu) - Vi, + kA)v* + <202Moo o 17 ) e S e (4.29)
Since a < ag, with
K
< _ 4.30
0= (80203)2/3M00 ( )
we furthermore obtain from (4.29) that
K v3 4ok Moov
dh+u- Spu) - A)v? < % 431
(O +u-Vau+ (0pu) - Vi +kA) v +402Moo]h\1—a_ e (4.31)
pointwise in « and h. Upon using the e-Young inequality for the right hand side, that
03
(O +u- Vg + (5hu) - Vi + £A) 02 + —= < canh|FE ML (4.32)

6co Mo |h|1 o«
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for a positive universal constant ¢4 which may be computed explicitly (cs = (4¢o)3/?(4¢p)/?).

We now proceed as in [CCO04, Section 4], and refer to Appendix B below for details. Since 6 is sufficiently
smooth v2 is a bounded continuous function in both x and h, which is periodic in x. Moreover, given
x,h € T? and k € Z?2 we have that

v(x,t; h)? > v (z, t; k + 27k),

in view of the periodicity in h of §,0, and the strict monotonicity of |h| @. Therefore there exists at least

one point (Z,h) = (z(t), h(t)) € T2 x T? where the function v(-, ¢; -)? attains its maximum. We define
g(t) = sup v(w,t;h)* = v(F(t), t; h(1))*. (4.33)
x,heT?

In Appendix B below we show that g is Lipschitz continuous on [0, 77, and that for almost every ¢ there
exists (Z(t); h(t)) such that

J'(t) = (8w*)(z(t), t; h(t))
and (4.33) holds. Evaluating (4.32) at the joint x, h-maximum (Z, B), using that at the maximum we have
V.u(Z,t;h)? = 0= Vyu(z,t;h)>  and  Av(z,t;h)* >0,
and the fact that |h| < 47 we thus obtain

g'(t) +

1—4

g(t)%? < ey M2 (Am) 2" (4.34)

K
6co M 5 (471’)1_a

once we additionally assume that

0 < (4.35)

]

Since we are now dealing with an ordinary differential equation, by the usual comparison principle for
ODE:s it follows that

lv(®)ll7g, = 9(t) < Ma(t)?,

where M, (t) is the solution of the initial value problem

a M2+ K
dt ¢ C5MOO
where ¢5 = c5(c2, ¢q), is a fixed deterministic constant which is independent of k, M, or c.
In particular, there have proven that

[0(t)]ce < My(t) < max {[0p]ce, cs Moo }
for any ¢ > 0. Moreover there exists to, = to (Moo, [fo]ce) > 0 defined as

M2 = cEeM?2,  M,(0) = [f]ce, (4.36)

0, if [HO]C’O‘ < 2C5MOO (4 3 )
to = 0020 . 37
el 771& (4[02}]\22 — 1) if [90]0a > 2c5 Mo
such that
[0(t)]ca < 2c5 Moo
for any ¢ > t,. The above bound shows that the solution forgets the initial data even in the C'* norm. ([l

Theorem 4.3 implies the propagation of Holder continuity for weak solutions.

Theorem 4.4 (Holder propagation for weak solutions). Assume f € L* N H', 6§y € L°NHY, T > 0
is arbitrary, and let § € L>(0,T; H") N L?(0, T; H*/?) be the unique weak solution of the critical, forced
SOG equation (1.1)—(1.3). Let oy = ap(||00|| o, || fl| o) < 1/4 be defined as in (4.6). For any o € (0, cv),
ifbp € C?, then § € L*°(0,T;C%). Moreover, we have [0(t)|ce < My(t) for a function My (t) which
obeys (4.8) and (4.9).
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Proof of Theorem 4.4. Let J.. be a standard mollifier operator. For ¢ € (0, 1], we let 6 be the solution of
O10° + KAG® +uf - VO —cAO° = J.f, v =RLY6°, 65=0. (4.38)

As in Proposition 4.1 we obtain that
1 1
16l zee < NBollzee + —[[Jefllzee < |00l + — [l = Moo (00, f)- (4.39)
CoR CoR

Indeed, the addition of the regularizing term —eA#° in the equation does not change any part of the ar-
gument, and J, is given by convolving with an L' kernel of mean 1. Once we have that #° € Ly, a
supercritical information for the dissipation given by the Laplacian, the existence of a unique global smooth
solution of (4.38) follows from classical arguments (see e.g. [CW99] for subcritical SQG). Since J. f € C°,
in fact a bootstrap shows that §° € C*°((0,T) x T?), but with bounds that depend on ¢.

At this stage we compute o as in (4.6), which is independent of e due to (4.39), and then apply Theo-
rem 4.3 to §°, which we are allowed to since 6° is smooth. We emphasize that the presence of the regular-
izing term —eA does not require any modification to the proof of Theorem 4.3. The Laplacian (in x) does
not affect the finite differences in 5, and the negative Laplacian evaluated at the maximum of a function is
non-negative. Therefore, for any £ € (0, 1], we have

[0°(t)]ca < Maf(t) (4.40)

for all ¢ > 0, where M, (t) (which is independent of ¢) is given by the solution of (4.36), and obeys the
bounds (4.8) for all time, and (4.9) for long enough time.

The sequence of solutions {6°}.¢ (g ) is thus uniformly bounded in L>°(0,7; C®). In particular, since
IT?| < oo this implies that §¢ is uniformly bounded in L>(0,T; H*), and from (4.38) we have that 9;6°
is uniformly bounded in L°°(0,T; H*~2). Since the injection of H(T?) into L?(T?) is compact, and the
injection of L2(T?) in H*~2(T?) is continuous, the Aubin-Lions compactness lemma and the uniform in &
estimates obtained earlier, imply that there exists § € L> (0, T; C%), with bounds inherited (e.g. by duality)
directly from (4.40), such that

6° — fin L?(0,T; L?).
The above strong convergence in L?@ is enough in order to pass to the limit in the weak formulation of
(4.38), and show that f is a weak solution of the critical forced SQG equation (1.1)~(1.3) on [0, 7). This is
seen by writing the nonlinear term in divergence form.

To conclude the proof we notice that in fact § = . This follows in the spirit of weak-strong uniqueness:
one writes the equation obeyed by # — 6 and performs an L? energy estimate. The equation for the difference
has zero initial data and zero force. Using that § € L°CS we have [ R0 -V (0 — 0)(0 — §)dz = 0, and
since § € L HY quHi/Q we have | [ RE(0—0) - VO(0 — 0)da| < ][0 — 0]|2,,,, + C|10 — 01|12, [10]12,5».-
The proof of § = 6 is then concluded via the Gronwall inequality. O

The results obtained in this section may be summarized as follows.

Theorem 4.5 (Global regularity). Let 0y € H*(T?) and f € L°°(T?) N HY(T?). There exists a unique
global solution § € L>®([0,00); H') N L2 ((0, 00); H3/?) of the initial value problem (1.1)~(1.3). For any
t1 > 0 we have § € L>([ty,00); H3?) N L2 ([t1,00); H?).

loc
Itis clear that if we would furthermore assume f € C°°(T?), then § € C*°([t1, 00) x T?), for any t; > 0.

Proof of Theorem 4.5. By the local existence result of Proposition 4.2, there exists a time Ty = T (6, f) >
0, and a unique solution § € L H: N L?H, ji/ % of (1.1)-(1.3) on [0, 7). In addition, by the local smoothing
estimate (4.5), since f € H' we conclude that 6(t;) € H? D C%, where g = ap(||0o|| L=, || f|| ) is as
in Theorem 4.3, and ¢; € (0, 7}) is arbitrary. The propagation of Holder continuity result of Theorem 4.4,
with initial data 0(¢;) then yields

sup  [0(t)]ceo < C(bo, f)
te[tl,T*fT]
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where the constant C'(0y, f) is independent of 7. Since the Holder bound is supercritical for the natural scal-
ing of the equation, we use the C'“° version of the nonlinear lower bound for the fractional Laplacian [CV 12,
Theorem 2.2] in order to bootstrap in regularity and obtain

Te—T1
sup [0 B+ [ 1000) Bt < (6o, £)
t€lts,T—7] t
independently of 7. The proof of this bootstrap procedure is given as part the proof of Theorem 5.2 below,
and we omit the details here to avoid redundancy. The above estimate in particular shows that the solution
6 may be continued uniquely past T}, since for data in H%/? the time of existence of the L¥H!NL2H, ;’/ 2
solution depends only on the size of the norm in H 3/2 (we do not have this fact available if the initial data
merely lies in H'). Having extended the solution past 7T}, we repeat the above argument and conclude the

proof of global regularity. g

5. EXISTENCE OF A GLOBAL ATTRACTOR

In view of the global existence established in Theorem 4.5, we define a solution operator S(t) for the
initial value problem (1.1)—(1.3) via

S(t): H' — H',  S(t)8y = 0(-,1), (5.1)

for any ¢ > 0. In this section we establish (cf. Theorem 5.1 below) the existence of a global attractor A for
the long-time dynamics of S(¢) on the phase space H*.

Theorem 5.1 (Existence of a global attractor). The solution map S: [0,00) x H' — H' associated to
(1.)=(1.2) with f € L>® N H', possesses a global attractor A, which is a non-empty compact connected
invariant set (i.e. S(t)A = A for all t > 0) such that for every 6y € H' we have

tlgglo dist(S(t)bp,.A) = 0.

The set A is maximal in the sense that for any bounded subset By C H't0 with & > 0, which is invariant
under S(t), obeys By C A. Moreover, there exists M 4 which depends only on &, || f|| g1, and universal
constants, such that if 0 € A, we have that

0] 7372 < Ma (5.2)

and
1 t+T
T/ 1S(7)032dT < M3 (5.3)
t

foranyT > 0 andt € R. In particular, for 0 € A we have ||S(t)0| g2 < M 4 for almost every t.

The proof of Theorem 5.1, given at the end of this section, follows closely the steps outlined in [CF88],
and relies on the following main ingredients:

(i) There exists a compact absorbing set 13 (which is a ball around the origin in H?/2) for the dynamics
induced by S(t) on the phase space H' (cf. Theorem 5.2 below).

(ii) For each 0y € H' the solution S(t)fy: [0,00) — H' is a continuous function of ¢, and for fixed
t > 0, we have that S(¢): B — H' is a Lipschitz continuous function of 6 (cf. Remark 5.4 and
Proposition 5.5 below).

Establishing (i), the existence of a compact absorbing ball, turns out to be the most important step. For this
we need to use the global regularity twice. From the local existence of solutions we pick up a time when
a C® norm of the solution is finite, with o small. Then we guarantee first that the solution satisfies strong
bounds for all time, but the bounds depend of the initial data. However, after long enough time the L>° norm
of the solution obeys a bound that no longer depends on initial data (its size depends solely on force). At
that time, because we have guaranteed that the solution remained smooth enough in the meantime, we apply
again the C'™ persistence result, but this time the size of § in L°° is given by f, which permits a calculation
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with an « that depends only on f. After an additional time, we obtain a bound of this C'* norm that depends
only on f. At this stage, because the bounds make the situation subcritical, with constants which depend on
f only, we bootstrap in regularity and obtain that the size of the H3/2 norm is determined by f alone.

Theorem 5.2 (Absorbing ball in H 3/2), Let 0y € H' and f € L N H. There exists a time t H3/2 =
tyss2 (0o, f) and an Mo ¢ = M3 ¢ (|| f|lpoonm) such that for all t > tys/2 we have

1S@)00ll g2 < M3,y (5.4)
That is,
B={0¢cH: 0|52 < Mza s} (5.5)

is an absorbing set. Moreover, there exists an My = My ¢ (|| f|| poonmt ), such that

1 t+T ) )
o[ Iselear <3, 5.6
¢
foranyt > tys and any T' > 0.

As described in the above outline, in order to prove Theorem 5.2, we first need to show that after waiting
long enough time, the solution belongs to a Holder space, with both the Holder exponent and the Holder
norm, independent of the initial data. We achieve this in the following lemma, by combining the estimates
established in Proposition 4.1 and Theorem 4.3 (respectively Theorem 4.4).

Lemma 5.3 (Absorbing ball in C%). Let 6y € H', f € L™ N H', and define the Hélder exponent

2

. 1K 1
s = (|| fllze) := mln{,} (5.7)

[l

where €1 > 0 is a universal constant. There exists a time t,,, = t,, (0o, f), such that

2 Loo

1S@0llcer < M = M1 (5.8)
1R

forallt > t,,.

Proof of Lemma 5.3. By Proposition 4.2 there exists tg = to(6p, f) > 0 such that S(tg)fp € H? and
moreover by (4.5) we have

15 (t0)boll 2 < Cr™' 5 M 100l + Cr™If - (5.9)
By the Sobolev embedding it follows from (5.9) that
1S (t0)0ollc1/a < C|S(to)bol| 2

< Crx™ 't |00l i + Cx M| flln = C(k, b, f)- (5.10)

In particular, ||S(¢0)0|| > < C(k, 6o, f) holds.

Throughout this proof the value of C'(k, 6, f) may change from line to line, since we just want to
emphasize the dependence of this bound solely on data and force.

We now apply Theorem 4.3 with initial data S(to)6p. Let £¢ be the constant in Theorem 4.3, and define

. ok 1
ar e { Moo (S(to)00, )’ 4}

where
_ | £l Lo
Moo (S(t0)0o, f) = [1S(t0)0ol| L + ———
cok

is as defined as in (4.3), with corresponding constant cg. Since S(t9)fy € C1/* C ¢ and (5.10) holds, it
follows from estimate (4.8), that

[S(t)0o]cer < C(k, b0, f)
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for all ¢ > ty. Since in fact we know S(t9)0y € H 3/2 we bootstrap the above global in time estimate for
the C'“! norm, which is a subcritical quantity, to obtain

HS(t)HOHHi”/Q < C(R,Go,f) (5.11)

for all ¢ > tg. We refer to the Proof of Theorem 5.2 for the main idea in this bootstrap argument.
We now apply Proposition 4.1, with initial data S(tg)fp € L° bounded as in (5.10), to conclude that
there exists

1 S(t0)0o]| Lo
b =00, f) = ——log (1+ cor|| S (t0)o]l . )

[ £l oo
such that
2 I,00
1560l < 2=
CoR
forallt > t1 + tg.
Now finally define
. { EQCOI-iz 1}
o, = min , =
2| fllL="4

and apply the argument in Theorem 4.3, with initial data taken to be S(to + t1)8y € H%/? C C*. We
conclude from (4.9) and (5.11) that there exists to, = tq, (6o, f) with t; + tg < t,, < 0o, such that

Al e

ar <
IS0l < =2 E

holds for all ¢ > ¢, which concludes the proof the theorem. O

The proof of Theorem 5.2 now follows from Lemma 5.3 and a bootstrap procedure, which is based on
the sub-criticality of the Holder norm and the nonlinear lower bound on the fractional Laplacian [CV12].

Proof of Theorem 5.2. Let a, = au(||f||z), and t,, = ta, (6o, f) be as defined in Lemma 5.3. Using
estimate (5.8), we have that

|S(t)bo||cor < Moo s <:: HH> (5.12)
1R
for all ¢t > t,,, and moreover, by (5.11) we know that
1S(£)80]|33/2 < C(k, 00, f) < o0 (5.13)
forallt > t,,.
For the rest of the proof, denote
05 = S(ta.)bo. (5.14)

The first step is to obtain a bound on time averages of the H*/2 norm of the solution. We apply V to (1.1)
and pointwise in x take inner product with V@, and apply Proposition 2.1 to obtain

(O +u -V +KA) VO + kD[VO] = —20,u;0;00:0 + 2V f - VO (5.15)
where
D[V)(x) = PV g IVO(x) — VO(z + )| Wdy
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and we use the same notation for the T?-periodic function V6, and its extension to all of R? by periodicity.
The main observation here is that since we already have from (5.12) a bound for sup,~,_[|S(t)fo||ce«, we
have an improved nonlinear lower bound on D[V ). Indeed, from [CV12, Theorem 2.2] we have

D[Vo)(x) > w (5.16)

Clo)ge
where the constant C' depends only on «., and is uniformly bounded for cv,. € (0,1/2]. Combining (5.16)
with (5.12), we arrive at
Y T
DIVO|(z,t) > —‘ @ )‘1 (5.17)
C7Molo ox

forall ¢ > ¢,,, where c¢7 is a universal constant which is independent of «., for o, € (0,1/2].

Next, we estimate the nonlinear term on the right side of (5.15). Let x be a smooth cutoff function, that
is 1 on [0, 1], non-increasing, vanishes on [2, 00), and obeys |x’| < 2. For p > 0 to be determined, using the
same argument which led to (4.25) we obtain

wunl < o [P [ o () Vot s |+ 5| [ o (- (%) Voo + )y
< C(pD[V@](z))l/Q + c”e”pL”
for some universal constant C' > 0. Therefore, we have
270l V0@ < C(pDIve)a)) " 180) P+ = o)
< ZD[VH)(x) +C <p|v9(:c)|4 ”e”p” V6(z )|2>
< SDIVI(r) + 02 Vo) (5.18)

by letting p = £'/2||0]|}/2 |V (x)| 1.
Since t > t,,, we combine (5.12) with (5.15), (5.17), and (5.18), to arrive at

K|VO(x, 1) 1505 M2 o
—5 §2|Vf!|V9|+1—

(8t+u-V+IiA)|V0|2+£D[V0] + /s

(5.19)

derM Olof})‘*

for some universal constant cg. Using the e-Young inequality, since (3 — a,)/(1 — aw) > 3 we furthermore
infer from (5.19) that

3—ax 3—3ax
Vo(x,t)|T-ox 8 2ax Soou
(O +u-V + KA) VO + ZD[VG} L AVO@ DI o p vl + %M;y . (5.20)
8C7M1 Qux /{W
f
Next we integrate (5.20) over T2, and use
1
5 [ D0l = [ V0. AV0d = 613, = 6]
T2 T2
to obtain
d 6 (8c7) Zoe" o=
K K cglocy o a*
1013 + Z 1013 + T1012 < S + B M (521)

K Y™
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for times ¢ > t,,. Using the Gronwall inequality we obtain from (5.21) that
ISt +ta. )00l 71 = IS0 1 7

3—3ax
% _tr 36 cg(8cy) 20+ gfaa* _tr
< 62]2e 6+<||f||§{1+(9LMMo§,f*>(1—e SAErYS

2
k 6k dax

Recall cf. (5.13) and (5.14) that [|6]13,, = [|S(ta.)00ll3: < C(k, 60, f). We conclude from (5.22) that
there exists

tgr =t (0o, f) = ta.,
such that for all £ > t ;1 we have

3—3ax

72 cs (807) 2ok 97;**
Hﬂmw#s;ﬂm#+—;§@—f;f=ﬂﬁf (5.23)
K dox

Note that cf. (5.7) we have a, = o (]| f||z~) and cf. (5.8) we have My, ¢ = Moo ¢(||f|lLe=), so that
M, s = My ¢(k, || fllLcnmt). The dependence on « and f may be computed explicitly from (5.7)—(5.8)
and (5.23).
Inequality (5.23) not only gives an absorbing ball in H!, but combined with (5.21), integrated between ¢
and ¢ + 1, it also gives the bound
6+ kK
K

t+1
[ 106 s < 50 (5.24)
t

forallt > tg.
Estimate (5.24) now directly implies the existence of an absorbing ball for S(t) in H3/2. To see this, we
take the L2 inner product of (1.1) with A3 and write

d 1
01102 + 510117 < —I1f I +2 / (A%2(u- V0) —u- VAY?) A 20da
dt K T2

1
< 1l + C116| /214> 201 4[| A o

1 K C9

< Nl + 100 + 1101 /e (5.25)
for some universal constant cg > 0. In the above estimate we have appealed to the commutator estimate
(A.2) of Lemma A.1, and we used the the Sobolev embedding H/2  L*. We obtain from (5.25) that

d K 1 Co
%HGH?{SN + 5”‘9\’%{2 < EHfH%zl + (;WH%M) HQH?{:’)/? (5.26)

fort > 0.
At this stage we apply the Uniform Gronwall Lemma C.1, with the functions

Co 1
v =012 alt) = Zl01gae, b= —lflin

that by (5.24) obey the bounds

t+1 6 t+1 6 t+1 1
/ x(s)ds < + HMlzf, / a(s)ds < L;mef, / b(s)ds = —| flI3n
t K ' t ’ t K

for any ¢ > tg1. We conclude from (C.1) that

6+~ 1 co(6 + k)
150001 < (SEE0t2 4 Ll Yoo (25 arz ) a0
for any ¢ > ty3/2, where

tyae = tys2(Oo, f) =1ty + 1.
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We also note that since both o* and M ; depend only on x and || f|| e~z (and universal constants), we
have M35 y = M3jo (K, || fllLoorr)-

Lastly, we notice that L? H2 bounds are also available from the above argument. By combining (5.26)
with (5.27) we obtain

1 t+T 9 269 )
T, 15(7)boll7r2dr < — Hf”H1 + M3/2f My (5.28)

for any t > t;3/2 and T > 0. This concludes the proof of the theorem. ([l

Remark 5.4 (Uniform attraction). Theorem 5.2 guarantees that for 6y € H 1 there exists a time ¢ H3/2
which depends on 6y (and f) so that S(t)fy € B for t > t;3/2. Note however that ¢s/2 (6, f) does not
depend solely on ||6p|| z1, and it is not a priori locally uniform with respect to initial data. The sole reason
for this is that the time of local existence of the solution arising from initial data §, € H' is not guaranteed
to depend only on ||f|| ;1. On the other hand, we would like to emphasize that if 6y € H'*° with § > 0,
it can be shown that ¢/ = ty3/2(||00|| g1+, || fl| Lonpt) and the time of entering the absorbing ball
is a non-decreasing function of its arguments. In particular, this implies that given a ball Br = {0 €
H: ||| y1s < R}, there exists a time tg = tr(R, || f|| scnm) such that S(t)Br C B for all t > tp.
The reason for this fact is the following. For this smoother initial data 6y € H'*?, we find a local time
of existence of a unique L°H! N LtQHg/ ? solution, that depends only on ||| y1+5 and norms of f. Then
going line-by-line through the proofs of Lemma 5.3 and Theorem 5.2 above shows that by waiting long
enough, depending only on the H'* norm of 6y and on norms of f, the C** norm and then the H3/2 norm
of S(t)fy are under control. To avoid redundancy we omit further details.

As stated in the outline below Theorem 5.1, besides having a compact absorbing set 5 we need continuity
properties of S(t) on B. The next lemma in particular proves the Lipschitz continuity of S(t): B — H'! for
fixed £ > 0. The proof is given in Appendix C below.

Proposition 5.5 (Continuity). For fixed 6y € H' we have that S(-)0y: [0,00) — H" is continuous. Fix a

ball By € H3/%. We have that for 6y, 90 € By with ||y — 90||H1 < ek, for some universal 0 < ¢ < 1, we
have

15(t)80 — S()0ol[ 11 < e(t)]|60 — Ool|
for some non-decreasing continuous function of time e(t). In particular, if {t,}n>1 is a sequence of times
that diverge to oo as n — 00, and {0y » }n>1 C By are a sequence of initial data such that

1S (tn)00,n — Oollgr — 0
as n — oo for some 6y € H', then for any fixed t > 0 we have
IS(t + t)00.0 — S0l = [S(E)S(En)b00 — SE)o]l 1 — 0
as n — oo.

The proof of the existence of the global attractor on the phase space H' now follows. We only outline
the main steps, as the proof follows the same argument given in [CF88, pp. 133-136].

Proof of Theorem 5.1. By Theorem 5.2 we have a compact absorbing set B = {0 € H32: |10 32 <
M35 ¢}, where Ms 5 ¢ can be computed in terms of &, . The idea is that
for any bounded B; € H'*% with § > 0 by Remark 5.4 we have that the omega limit set obeys w(B;) C B
and thus, by Proposition 5.5 we have

S(t)(w(Br)) = w(By)
for all ¢ > 0, where the omega limit sets w(-) are taken in the H! topology. The solution map is continuous
with respect to initial data in 3, and the global attractor is just

A= w(B).
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This set is clearly, compact, non-empty, and invariant in positive time. That lim;_,~ dist(S(¢)6p,.A) = 0
for any 0 € H' follows since S(t)w(fy) = w(fp) C B and the definition of .A. Note that one may in fact
show that
A=[)5tB.
>0

One inclusion follows by the definition of an omega limit set, while the other one follows by the in-
variance of w(B) in positive time and Remark 5.4. The bounds (5.2)—(5.3) follow by taking M, =
max{Msz/y r, Ma s}, where Ms ) ; and My s are as defined by (5.27) and (5.28) above. O

Remark 5.6 (Higher regularity). If f € C°°(T?), it can be shown that in fact A C C°°(T?) with bounds
that depend only on « and f. Similar statements hold in the real analytic or Sobolev categories.

We conclude this section by noting that if the force f lies in H'*¢ for some £ > 0, one may show the
solution operator S(¢) is injective on .A.

Proposition 5.7 (Backwards uniqueness). Assume that f € H'*¢(T?) for some ¢ > 0. Let 961), 682) €
H¢ be two initial data, and let

00 () = S(1)6L” € C(]0, 00); H3?) N L(0, 00; H?)

be the corresponding solutions of the initial value problem (1.1)—(1.3) for i € {1,2}. If there exists T > 0
such that 00 (T) = 62 (T), then 9(()1) = (9(()2) holds.

The proof uses the classical log-convexity method of Agmon and Nirenberg [AN67], and is given in
Appendix C below.

6. FINITE DIMENSIONALITY OF THE ATTRACTOR

In this section we establish a bound on the fractal (and a forteriori Hausdorff) dimension of the global
attractor A for S(t) evolving on H'. The physical meaning of this bound is that the long-time behavior
of solutions to the forced critical SQG equations can be fully described by a finite number of independent
degrees of freedom.

We recall that the fractal dimension d;(Z) of a compact set Z is given by

: lognz(r)
() =5 Tl
where nz(r) is the minimal number of balls in H! of radii r needed to cover Z. Note that fractal dimension
gives an upper bound (which may be strict) for the Hausdorff dimension of a compact set Z.

The proof closely follows the outline given in [CF85, CF88], where the connection with global Lyapunov
exponents and the Kaplan-Yorke formula is established. The main idea is as follows. Assume A is covered
by a finite number of balls of radius r. Let the flow S(t) transport a ball of radius 7 centered at 6. Then
up to an o(r) error the image of the ball is an ellipsoid centered at S(t)6p, with semi-axes on the directions
given by the eigenvalues of M (¢,6y), of lengths given by r multiplied by the eigenvalues of M (¢, 6)),
where M (t,0p) = (S'(t,00)*S'(t, 00))1/2, and S’(t,00) is the Fréchet derivative of S(¢)6p. A control on
the volume of this ellipsoid (given in terms of the product of the eigenvalues of M (t, 6)) then gives a bound
on the number of balls of radius r needed to (re-)cover the ellipsoid. It then turns out that in order to estimate
the fractal dimension of A, it is sufficient to find an integer N with the property that n-dimensional volume
elements carried by the flow decay exponentially, for all n > N 4 1. We now make these ideas more precise.

Definition 6.1 (Continuous differentiability of S(t)). The solution map S(t) is continuously differentiable
on A if for every 0y € A there exists a linear operator

S'(t,00): H' — H!



LONG TIME DYNAMICS OF FORCED CRITICAL SQG 23

and a positive function e(r,t), which is continuos with respect to both variables, such that

1S (t)po — S(t)8o — S'(t, 60) [0 — bolll 71

sup 5 <e(r,t) 6.1)
90,300€A,0<||90—W0||H1 <r ”SOO - HOHHl
with
li ,t) =10 6.2
Jim, e(r,t) (6.2)
and moreover
sup 1S’ (¢, 00) (o]l g < o0 (6.3)

Ooe A€ol g1=1

foreveryt > Q.

The solution map S(t¢) induced by the critical SQG equation is indeed continuously differentiable on .A.
For 6 € A, write § = 0(t) = S(t)fp and for & € H! let us introduce the elliptic operator

Agy(1)[€] = Agl¢] = —KAE = RH9 - VE — RTE - V6. (6.4)
We express S’ (t, 6p) using Ag, (¢).
Proposition 6.2 (Linearization about a trajectory on the attractor). The solution map S(t) associated

to (1.1)—~(1.2) is continuously differentiable on A. Moreover, the linear operator S'(t,0y), when acting on
an element &y € H' is given by

S'(t, 00)[€0] = £(1)
where £(t) is the solution of
0 = Agy(D)[€) := —RAE = R0 - VE-RYE-VO, £(0) = &. (6.5)
Also, for any t > 0 the operator S'(t,0y) is compact.

It follows from the proof that the function e(r, ) in Definition 6.1 may be taken ~ 72~%exp(C't) for
some a € (0,1) and some C' > 0, which depends only on « and || f||j,ccnzr1. The proof of Proposition 6.2
is quite technical, and we defer it to Appendix C.

We next show that there is an /V such that volume elements which are carried by the flow of S(¢)6, with
0y € A, decay exponentially for dimensions larger than N. Consider 6y € A, and an initial orthogonal set
of infinitesimal displacements {1 o, ..., &, 0} for some n > 1. The volume of the parallelepiped they span
is given by

Vo(0) = [l€10 Ao Anollp-

The reason we have introduced in Proposition 6.2 the linearization S’(t, 6y) of the flow near S(¢)6 is that
these displacements &; evolve exactly under this linearization, that is, we define

&(t) = S'(t,00)[&,0) forallie{l,...,n}, andt >0,
or equivalently the &; obey the equation
& = Ag,(D)[&],  &(0) = &p,
where Ay, (t) is defined in (6.4) above. Then it follows cf. [CF85, CF88] that the volume elements

Va(t) = [E2@) A+ A &n (@)
satisfy

Va(t) = V,(0) exp </0t Tl"(Pn(S)Ago(S))d8>
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where the orthogonal projection P,,(s) is onto the linear span of {&1(s), ..., &,(s)} in the Hilbert space H*,
and Tr(P,(s)Ay) is defined by

s)Ap) = Z TQ(—A%(S))Ae[%(S)]dw (6.6)

for n > 1, with {¢1(s),...,¢n(s)} an orthornormal set spanning the linear span of {£1(s),...,&n(s)}.
The value of Tr(P,(s)Ap) does not depend on the choice of this orthonormalization. Therefore, letting

. I
(PrAg,) = hmsup/ Tr( P, (t)Ag, (t))dt (6.7)
T—o0 0
we obtain
Vo (t) < V,(0) exp (t sup sup (PnA90)> (6.8)
Opc A Pn((])

for all ¢ > 0, where the supremum over P, (0) is a supremum over all choices of initial n orthogonal set of
infinitesimal displacements that we take around 6.

Next, we show that n-dimensional volume elements decay exponentially in time (at a rate that is bounded
from below), whenever n is sufficiently large, independently of the choice of 6y in A, and independently
of initial set of orthogonal displacements {; o}7_; which define P,(0). The key is to to show that the
symmetric part of the operator Ag, (t) obeys good quadratic form bounds in the H' topology.

Proposition 6.3 (Contractivity of large dimensional volume elements). There exists N = N(r, M 4)
such that for any 0y € A and any set of initial orthogonal displacements {&; o}I"_,, we have

(PnAgy) <0 (6.9)
whenever n > N. In particular, V,,(t) decays exponentially in t for any n > N.

Proof of Proposition 6.3. Let £ € H' be arbitrary. By the definition of Ag[¢] in (6.4), and the fact that R0
is divergence-free, we have

A2€Ag[€)da = —mH&Hf,{?,/Q + ‘/ OR*6 - VEdREd| + ‘/ OR(REE - VO)OEda
T2 T2

< —6l€1 72 + ClNO a2 €l v 1Ell err + CNEN /2101 22 1€ g2
Here we have appealed to the Sobolev embedding H'/2 ¢ L*. Using the Poincaré inequality it follows that

TQ

K c10
| A Aol < =S8 para + = 12 1€ 7 (6.10)
for some universal constant ¢;0 > 0. Now, for any 6y and any ¢ > 0 the definition (6.6), the inequality
(6.10), the normalization of the ¢;’s (recall that {¢1(t), ..., ¢n(t)} an orthornormal set spanning the linear
span of {&1(t),...,&u(t)}), and estimate (5.3) yield
1 / Te(Pa(t) Agy (1) / [ (-Be0)Aales 0]
C10 1
<-%2 / Z\m Wt + 223 [ ot HmZH% i
< [ mEon e L [ ool
——= r n—
= 4T J, " kT e
< -3y S0 6.11)
C11 K
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where in the last inequality we have used that the eigenvalues {)\;};>1 of A2 obey

N
C11

for a sufficiently large universal constant c1; > 0 (see e.g. [CF88]). Choosing
N = N(H, MA) = ’7(010011/€_2M3\)2—‘ (612)
the lemma now follows directly from (6.11) and the definition (6.7). ]

The upshot of Proposition 6.3 is that /V-dimensional volume elements decay exponentially in time. This
also implies that the fractal (box-counting) dimension of A is finite, and is bounded by this V.

Theorem 6.4 (Finite dimensionality of the attractor). Let N = N (x~' ML) be as defined in (6.12) above.
Then the fractal dimension of A is finite, and we have dimf(A) < N.

Proof of Theorem 6.4. We follow precisely the lines of the argument in [CF88, pp. 115-130, and Chap-
ter 14]. The main ingredients are the continuous differentiability of S(¢) on A, the compactness of the

linearization, and the exponential decay of large-dimensional volume elements which follows from (6.8)
and (6.9). We omit further details and refer to [CF88]. ]

APPENDIX A. FRACTIONAL INEQUALITIES

We recall the following fractional product (Kato-Ponce), commutator (Kenig-Ponce-Vega), and Sobolev
estimates, cf. [KP88, KPV91, Tay91, SS03, Ju04] and references therein.

Lemma A.1 (Fractional calculus). Lef f, g € C*°(T?), s > 0, and p € (1,00). Then we have that

IA*(f)llr < Cllgllzes[[A° fll ez + ClIA g os || f]| Lra (A.D)

where 1/p = 1/p1 + 1/pa = 1/ps + 1/p4, and pa,ps € (1,00), for a sufficiently large constant C' that
depends only on s, p, p;. Moreover,

1A*(fg) = fA°glle < OV fllpes (1A gl o + ClIA® flzosllgll zoa (A.2)

where p; are as above. For q € [p,0) and f of zero mean we also have

2_2
[flle < CllAP" 7 f|[Lo (A3)
for a sufficiently large constant C' that depends only on p and q.

We conclude this appendix by giving a sketch of the proof of Proposition 2.2. The detailed proof can be
found in [CGHV13], and we give below only the main ideas.

Proof of Proposition 2.2. The case o = 0 trivially holds, while in the case a = 2 estimate (2.9) follows
upon integration by parts. Therefore, henceforth consider a € (0, 2). For p = 2 inequality (2.9) holds due
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to the Parseval’s identity, and the rest of the proof we let p > 4 be even. For 0 < o < 2 we have

/ 07 (2)A0(z) dx
—ipV. / (0"~} () — 0""1 () (0(x) — 0(y)) Kol — y)dyda
=PV [ (2O @) =071 0) 60 - 0) 2 (0720) = ) ) Kol — )
+ I;P.v. // (67/2(x) - W?@))Q Ko(z — y)dydz
= 5o PV [ [ 506).00) Ka(o — g)dyde -+ 420
= 3T+ A (A4)

where the double integral is over T24 and we have defined
Jola,b) = p(a?™" — P )(a — b) — 2(a”/? — P?)?.

it can be easily seen that f,(a,b) > 0 on R? when p is even, and so the term 7 is positive. The main idea is
that exactly 7 gives the ||0||"/, term in the lower bound (2.9).
We next claim that for p > 4 even, and a, b € R we have

fola,b) >

This fact may be checked directly using calculus. Using (A.5) we now prove (2.9). Since K, is positive,
letting e; = (1,0,...,0), we have

P20, p2er2. (A.5)

T > 7PV // N20(x)P 2Ky (z — y)dydz
> P e [0 ooy iy
2(2m —IEZleaifd']I‘Z d+o // )0y dyd
At this point we use that # has zero mean. It then follows from (A.6), that
e LT (A7)

2(2m + |diam(T9)|)d+a
This proves (2.9) with the constant
(p—2)2°T((n + @)/2)|T| - 2°T((n + a)/2)| T _ 1
4p(27 + |diam(T4)| )4+ T(—a/2)|742 = 8(27 + |diam(T4)| )4+ |0 (—a/2)|7%2  Cyq

for any p > 4. When d = 2 and « = 1 the above constant Cy , may be taken to equal 2972, (|

APPENDIX B. INTERCHANGING THE SPATIAL SUPREMUM WITH THE TIME DERIVATIVE
Lemma B.1 (Switching d/dt and sup). Let K C R? be compact, and let T > 0. Consider a function
f:(0,T) x K —[0,00)
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and assume that for every \ € K the functions
A =FEN0,T) = [0,00)  and  fA() = ()5 N): (0,T) = R
are continuous. Additionally, assume that the following properties hold:

(i) The families { fx} cx and { f \faek are uniformly equicontinuous with respect to t.
(ii) Foreveryt € (0,T), the functions f(t,-): K — [0,00) and (0, f)(t,-): KK — R are continuous.
Lastly, define

F(t) = Sup )

Then, for almost every t € (0,T) the function F is differentiable at t, and there exists A\, = A\ (t) € K such
that simultaneously

F(t) = fr(t) and F(t) = fi.(t) (B.1)
hold.
Proof of Lemma B.1. The proof follows along the lines of [CC04, Theorem 4.1] and [KV11, Lemma A.3],

but for the sake of completeness we present here the full argument.
The uniform equicontinuity of { f)(¢) } xex implies that there exists § > 0 such that

sup [fa(t) — fa(s)| <1 whenever |t —s|< 4.
AeC

Since (0.f)(T/2, \) is a continuous function of ), it attains its maximum over the compact /C at some A,
and we obtain from the above that

) ) T
sup sup [fa(®)] < [fa (T/2)] + 3= M < o
te(0,T) Aek
Therefore, for ¢ € (0,7'), and |At| > 0 sufficiently small so that ¢ + At € (0,7"), we have
E(t) — F(t+ At)| = |sup (1) — sup fa(t + Ab)| < sup [f2(6) — falt + Ab)
e e AeK
= |At|sup | fr(1)] (for some 7y, € (t,t + At))
Ael

< |At|M.

Therefore, F' is Lipschitz continuous on (0, 7"), and Rademacher’s theorem implies that ' is differentiable
almost everywhere.

Fix t € (0,7) such that F is differentiable at ¢, and let A¢ > 0. In view of the continuity in A of
f(t+ At, \) and the compactness of /C, there exists A(t + At) € K such that

F(t+ At) = fagtan(t).
Since K is compact, we can find a sequence At,, — 0" and a point A\, € K such that
At + At,) = A\ as At, — 07, (B.2)
We now check that

F(t) = fx. (@),

i.e., the second statement in (B.1). We write

PO~ SOl < lim [F(t) - F(t+ Aty)

n

li t+ At,) — t
+At7}§0+ ‘f)\(HAtn)( + ) f)\(tJrAtn)( )‘

i a— (0] B.3
[ faean) () = £, (B-3)
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Note that
F(2) = F(t+ Aty)] < sup [fo(1) = fult + At
€

and
| et + Atn) = Fraran) @)] < sup IFa(t) — fa(t + Aty)].
c

In view of the equicontinuity at ¢ of the family { f)} xcic, we have

li t)— At+ Aty =0
Al SUDLA(E) = Sa(t+ Atn)]

and thus the first two limits on the right side of (B.3) vanish. The third limit vanishes in view of (B.2) and
the assumption of continuity with respect to A of f(¢, \), at any given fixed ¢. This proves the second part
of (B.1).

Lete > O and fix t € (0,7). In view of the uniform equicontinuity of the family { f} cx, we have that
there exists 61 = d1(g) > 0, such that

sup | fr(t) — fa(7)] <& whenever |t —7| < d1. (B.4)
Ael

Also, in view of the continuity with respect to A of (9;f)(¢, A) at a fixed ¢, there exists d2 = do(g,t) > 0
such that
1Fx(t) = fo. ()] <& whenever |\ — \.| < . (B.5)

Let n be sufficiently large, so that 0 < At,, < d; and |A(t + At,) — Ai| < d2, which is possible in view of
(B.2). Using the fundamental theorem of calculus, (B.4), (B.5), and the fact that At,, > 0, we obtain

F(t+ Aty,) — F(t)

At,

_ arat,) (E+ Aty) = fagrat,) (t) N Iaerae) () — Hr.(t)
B At,, At,

t+ AL,
< Atn/t f)\(t+Atn)(5)d5

1 t+At, | 1 t+At, ) .

+ Altn /tHAtn (fx(wmn)(s) - f/\(t+Atn)(t)> + (f,\ (t) — fA*(3)> + (fA(t+Atn)(t) — fa. (t)) ds

< i (t) + 4e,
which shows that

Ft) = lim F(t+ At,) — F(t)

- < f(t B.6
At —0+ At, <A (B.6)

since € was arbitrary, and we chose ¢ so that F(t) exists. Conversely, for At,, > 0 we have
F(t+ At,) — F(t) Iatrae) (t+Aty) — o, (t+ Aty) n In(t+ At) — £, ()

Aty, Aty Aty
- At,
which shows that
F(t)= lim F(t+At,) = F(1) > fr (1) (B.7)

 Atn—0+ At,
Estimates (B.6) and (B.7) prove the first part of (B.1), and hence of the lemma. ]
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Corollary B.2. Assume that 0 € C?((0,T); C*#(T?)) is a classical solution of (1.1)~(1.2) on (0,T), for
some 3 € (0,1), with force f € CP. For 0 < a < 3/2 we define

_[onf(x,t)|  |0(x 4 h,t) — O(x, )]

v(t,z;h) = = : T2 % (0,T) x T? - R
|hl* |h]®

with the convention that v(t, x;0) = 0. Then for almost every t € (0,T), there exists a pair

(Z,h) = (a’:(t),ﬁ(t)) e T? x T?
such that

o(t,z;h)* = sup  o(t, )’
(x,h)ET2XT?

and moreover
4 ( sup v(t,-;-)g) = (9p?)(t, % h)
dt \ (z,h)eT2 xT?
holds.
Proof of Corollary B.2. The proof follows by applying Lemma B.1 to the function
f(t,\) =v(t,z; h)?

with A = (z; h) € T? x T? = K, which is clearly compact. It is clear that f is a non-negative function.
By assumption, for fixed A = (z; h), the function

T —O(z.t))2
I = FO) = olt, s h)? = L& h]sza 6(x,1))

is continuous with respect to ¢. In fact, since 2«0 < 8 < 1, for ¢, s € [0,7] and A\ = (x; h) we have that

|FA(t) = fa(s)] |6n0(x,t) + 6p0(x, 5)| [0n0(x,t) — 0r0(, 8|

_
|h’2a

< ([0(®)]cza + [0(s)]c2a) (16(z + R, t) — O(z + h, )| + [0(z,t) — 0(z, 5)])

< 40| Loo (0,508 [t — 5’ﬁ||9”CB(O,T;L°°)

<4t - SIBHQ”QCB(O,T;CB)

which shows that the family { f)} xex is uniformly equicontinuous on (0, 7).
Using the equation (1.1) obeyed by 6, we moreover have that

A1) = @) N) = Doft, s
_ 2(9(1’ + ﬁl;jﬁa— 0(1’, t)) (ate(x + h, t) _ 8t9(1:, t))
_ 25%(;2,25) (6nf(x) — KO AO(z,t) — u(z,t) - 6, VO(z,t) — Spulz,t) - O(x + h,t))

is also continuous with respect to ¢, since by assumption V@, A0 € CP(0,T;CP), and v € C?(0,T;C"P).
To verify the equicontinuity of the family {fj}\cx, we note that for ¢, s € [0, 7] and (z;h) € T? x T? it



30 PETER CONSTANTIN, ANDREI TARFULEA, AND VLAD VICOL

holds that
| A(t) = fa(s)]
< Ot = P8l oo o.r,m00y (1f lc2e + K10l oo o,7501.20) + 18] oo 03020 18] oo (0,750 20
+Clt = 51°]10]| Loo 0,75020) (KHQHCB(O,T;CW) + HeH%‘ﬁ(QT;CIﬁ))
< Clt - s/’ (HchB + &ll0llcs 0,108y + HeHéﬁ(QT;CLB))

which by assumption is a finite number times |t — s|°.

It is left to check that for fixed ¢ € (0,7), the quantities f(¢, ) and 0. f (¢, A) vary continuously with
respect to A = (x; k). This can be verified similarly to the equicontinuity of f) and f - Note that there is no
problem at h = 0 since by assumption 8 > 2«.. We omit further details. g

APPENDIX C. TECHNICAL DETAILS ABOUT THE EXISTENCE AND SIZE OF THE ATTRACTOR

In this appendix, we present the present a number of technical lemmas which are needed in order to
establish the existence of the global attractor for the solution map S(¢): H' — H'! associated to the critical
SQG equation, and to give an estimate on its fractal dimension.

The following variant of the classical Gronwall lemma is used in the proof of Theorem 5.2, in order to
bootstrap information about the time average of the H3/2 norm, to information about the pointwise in time
behavior of the H3/2 norm. The lemma is due to Foias and Prodi [FP67]. See also [CF88, Tem97, Rob01].

Lemma C.1 (Uniform Gronwall Lemma). Assume x,a,b: [0,00) — [0, 00) are functions such that

o
ar =

and in addition assume that there exists v > 0,ty > 0 such that

t+r t+r t+r
/ z(s)ds < X, / a(s)ds < A, / b(s)ds < B
t t t

forallt > ty. Then we have
z(t) < (Xr ' 4+ B)eA (C.1)
forallt > tg+r.

Next, we give the proof of the backwards uniqueness property for S(¢). The proof uses the classical
log-convexity method of Agmon and Nirenberg [AN67], see also [Tem97, Rob01, Kuk07].

Proof of Proposition 5.7. First we note that if § € L>(0, T; H3?(T?)) N L?(0, T; H?(T?)) is a solution of
00 +RM0-VO+ kA= f (C.2)
with initial data
0, € H1+6(T2)
and force
fe HHE(’]I‘Z)
for some ¢ € (0, 1). Then in fact
0 € L>®(0,T; H3?%(T2?)) N L2(0, T; H***(T?)) (C3)
holds.
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To see this, let s = 3/2 + . Apply A® to (C.2) and take an L? inner product with A*6 to obtain

d s C — s s
A 01172 + [ AT20)13, < —lIA° V211175 4 ClIA%O| La[l[A%, R0 - V16| Lass

<

<

Q= |Q

The proof of (C.3) is completed using Gronwall’s inequality, since s — 1/2 = 1 + ¢.

1A £112, + CIAS 2] 12| A% 12| V| s

s5— Fias ¢ s
[AS=12F12, + §||A +1/29)2, + EHA 0117211013/

31

In view of (C.3), it is sufficient to show that if (1), §(2) e C(0,T; H3/?>(T?)) N L?(0,T; H>*4(T?))

are two solutions of (C.2) such that 81 (T") = 6(2)(T"), then we must have that 9(()1) = 9(()2).

We proceed by contradiction. Without loss of generality we assume that §) — #(2) £ 0 on [0, 7"), and
that the solutions agree at time 7. Let § = #() — #(2) and 26 = 6V 4 (). Similar notation for the

velocities. The equation for the difference is
00 +KkANI+1-VO+u-VO=0,

where we know that § € L>°(0,T; H3/?*¢) 0 L?(0, T; H>*¢) for some £ > 0.
We introduce the Hamiltonian

H(t) = |[A~20(t)|[72,

the energy
E(t) = [0(6)]7:,

the energy dissipation

D(t) = [|AY?6(t)]7,
the maximum of the Hamiltonian

M =3 max H(t),

te[0,7
the Dirichlet quotient
E(t)
t) = —=
and M
W(t) =1 .

By assumption we have that 0 < M < oo, W(t) > 0 on [0, T'], and most importantly
lim W(t) = +o0
t—T—
which is what we will show is not possible.
As a preliminary, we compute

1d -

s H= —k||0]|32 — /u -VOAT1H — /u -VOA'0 =: —kE - R
Here we used the two cancellation property

/u-véA—le = /u-VA—19 6= /viA—le VA9 6 =0.
Also, we shall need

1 _
Ldp_ —r||AY29)2, — /u V00 =: —kD — S

2dt
where we used the cancellation property
/ w-Vo8o=0.

(C4)

(C5)
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We now compute the time evolution of W. Using (C.4) we obtain

1d _ —34H k|02, +R
2dt 0 H H '

From the estimate

IR| = '/u -VOA1H

= ‘/u VA9 «9' < |lallpeBll72 = ||allzE-

we obtain
1d 1A _
sV = </<a+ IR 6HLoo) Q< (k+C|0] ri+e) Q. (C.6)

Next we estimate the evolution of (). This is the main computation. From (C.4) an (C.5) we obtain

1a,_ 4B 140
2dt H H
:—HIID{—S_ (_HZ_R):_“D;{QE+QRH_S- 7
The first observation is that
0D QE= A0, — e nieg o, s 0
[A=1/26][7,
The second observation is that by appealing to the previous cancellation property we have
S = /u V0 = /A—1/2(u - VO)A/%0
- /Al/Z(u -vé) <A1/29 - QA*1/29> +Q / u-VIA~10
- /A_l/Q(u ) (A1/29 - QA—1/29)
and therefore, using Cauchy-Schwartz and the fractional Sobolev embedding, it follows that
S| < QYV2[ATY2(w- V)| 12
<504 D VO < St SR C8)
Next, we write R as a commutator
R= /u VoA = / <A‘1/2(ﬂ V0) -1 VA‘l/QG) A1/,
The claim is that
|R| < C|l0]] o+ H (C.9)

for any £ > 0, and some C' > 0. To prove (C.9) we write R using Fourier series as

R=C Y U L PEMLATRYS
hHI=0,5,kI€Z2 L2 [R[Y2(JE2 + [k[12) ]
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Taking absolute values in the above we obtain

R<c Y 1 L " P
S i T

<c ) (H’@ﬁﬁ) (1301851) (1#177218l) (10172161

J+k+1=0,5,k,1€22

< C|||j||9_j|||el(22)|||k|_1/2|9k|||e2(zz)||\l\_l/QWZ!He?(zz)
OGP0, sy I 21 iz N0 o0z
< ||| r2+< [ ATH20|2 (C.10)

as long as we choose 0 € (0,2¢/3). This proves inequality (C.9).
Inserting (C.8) and (C.9) into (C.7) yields

d Q ~ C -
G+ ngy < (ClBllnee + 10130 ) @

and by the Gronwall inequality

_ c
Q) < QO)exp (CT1Blzi0 w0, + 101 c.1n

forany ¢t € [0, 7).
Estimate (C.11) shows that @ € L°°(0,7'), which combined with (C.6) implies that W € L>(0,T).
This contradicts the fact that H(T') = 0 < W(T') = +oo, thereby concluding the proof. O

We now give the proof of the continuity property of the solution map with respect to time and with respect
to perturbations in the initial data, in the H' topology.

Proof of Proposition 5.5. The continuity in time for fixed initial data was already given by Proposition 4.2,
so it remains to check continuity with respect to the initial data which originates from Bj.

Due to Theorem 5.2, we know there exists an absorbing ball B C H 3/2 for the dynamics induced by S(t)
on H'. In particular, by Remark 5.4 there exist a time ¢ ;3,2 (Bp) such that S(t)By C Bforallt > t 32 (Bo).
Since the sequence t,, in the statement of the proposition diverges as n — oo, we may assume without loss
of generality that 50771 = S(tn)00,, € Bforalln > 1, and even that S(t)gom € Bforallt > 0,n > 1.

Let 6y € H' be arbitrary. Fix some 6 € B such that 6(t) = S(t)8 € B for all t > 0, and such that

160 — Bl 1 < ek

for £ > 0 to be determined later. Denote 8(t) = 6(t) — O(t) = §(t)§o — S(t)0o, for all t > 0, and let u be
the corresponding velocity difference. The equation obeyed by 8 is

80+ kN0 — - VO+T-VO+u-V0=0.
Multiplying the above by —A#, integrating over T2, and integrating by parts, yields
1 - _ _ _ o _ ~ _
5\;9”1%,1 + 1[|0]|35/2 < ‘/(VE-VH)-VH‘ + ‘/(Vu~V9)~V9‘ + '/Al/Q(a-VG)A?’/zH
< C(IValls + [Vl L) 0]l 2 [ VO]l s + CIIAY? (@ - V)| 2116 2
< C10ll g2 + 10l o2 )0t 1011 gg/2 + Cllail oo 101l g2 101l e (C.12)
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Here we have also appealed to the fractional Sobolev embedding H'/2 ¢ L*, and the product estimate from
Lemma A.1. We may appeal to Brezis-Gallouét the inequality

I’ ; 16122 )
ltl|Lee = [[R0]Le < Cll0|| g | 1+ log ——=5 (C.13)
101172
which combined with the inequality
2\ 1/2 2
a 2a
ap <1 1 log ‘;) <ew’ + log (C.14)

which holds for any a,e > 0 and g > b (see [FMT88, Kuk96]), and the estimate (C.12), yields
d, = Kz 5 5 Co 7 ~ CollOl 75,2
101z + 5100172 < CollONarr 1011752 + —= 101172 1912 (1 +1log —— = (C.15)

for some universal constant Cy > 0. Note that the initial data 6, obeys
100l g1 < e

where ¢ is chosen so that 4509 < 1. Due to continuity in time, we therefore conclude that there exists 7' > 0
such that on [0, 7] we have ||6(¢)|| z1 < 2ck, and on this time interval from (C.15) we conclude that

K K '

d, - _
191 < 1613, 2 (14 o C.16)
Here we used the assumption that S (t)go € Bforallt > 0 and denoted by M the radius of the ball 5. Thus,

a posteriori we conclude that we could have chosen
klog 2

T =
CoM? (1 + log %oM)

=T(k,B)

so that
10(t) || g1 < 2er

for t € [0, 7). It is important that this 7" is independent of .

The proof of the proposition may now be concluded. The above estimates shows that as ||§07n — ol —
0, we have

IS(#)8on — S| — 0 as n— oo

forall ¢t € [0,7'(x,B)]. We then re-iterate this argument for ¢ € [iT(x,B), (i + 1)T'(k,B)] for all i > 1,
which proves the Proposition. U

We conclude the appendix by giving the proof of continuous differentiability of the solution solution map
around trajectories on the global attractor.

Proof of Proposition 6.2. For 0y, ¢ € A, denote &y = ¢ — 0y and define £(t) = S’(¢, 6p)[£o] via (6.5). We
let

n(t) = @(t) — 0(t) — &(t) = S(t)eo — S(t)0o — S'(t, 60) o]
and observe that n obeys the equation
om+ kAn+Rin-VO+ R0 - V= —Rtw - Vu, n(0) = 0. (C.17)
where

wt) = p(t) — 0(t) = S(t)po — S(t)6o = S(t)¢o- (C.18)



LONG TIME DYNAMICS OF FORCED CRITICAL SQG 35

In order to estimate ||7(t)|| 1, take an L? inner product of (C.17) with —An and use Lemma A.1 to obtain

1d
2dt
= RL?? - VOAndr — / R0 - Vnogndr + / Rtw - VwAndx
T2 T2 T2
< A3yl 2 A2 (R - V0| 2 + VRO pa [Vl al |Vl 2 + 1A% 0] 2 |AYV2 (R w - V)| 2

Wz + llnliZs -

< Clinllgsrz Ul 101 g /2 + [0l 20101 2) + Cllnll grs /2 (Hw||H1Hw||H3/2 + HRLwHLme”HWZ)
K C C w152

< Slnlae + =0l 10132 + =llwlillwlae. | 1+log —-% (C.19)
2 K K HwHH1

for some universal constant C' > 0. In the last inequality we have also appealed to (C.13).
Next we estimate w, as defined in (C.18). It obeys the equation

dw + kAw +RYp - Vw+RIw-Vo=0, w(0)=¢&. (C.20)

We note that in view of Theorem 5.1, we a priori have estimates on the A 3/2 and even H?2 norms of 6 and ®,
since they are elements of 4. Multiplying (C.20) with —Aw and integrating, similarly to (C.19) we obtain

1d

§£||U)H%11 + ’i||w\|qu/2
< [Jwl] gas (HVRLQDHL‘lew”L? + C|AVPR w] 14| VO 14 + CHRLwHLA‘HAl/QVQHL“)
< K 2 Q 2 2 0112 Cc21
< Sllwllgss + - lwllFn (lellzse + 101172) - (C.2D)

The Gronwall inequality and the bounds (5.2)—(5.3) for 6, ¢ € A then yield
lw(®) I3 < l1€oll7 exp (Cr™1EMZ) < (|0l 71 K (¢, Ma) (C.22)

for all ¢ > 0. Here and throughout the proof K (-,-) is an increasing continuous function in each variable.
This function may change from line to line.
Inserting the estimate (C.22) back into (C.21) gives

¢
/0 [w(s)||55/2ds < ||| 7 Cr™" (1 + k™ tMF exp(Cr™"tM3)) < |[&oll5 K (t, Ma) (C.23)
fort > 0. Estimate (C.23) can be upgraded to a pointwise in time bound, at the cost of losing the dependence
of & in H'. Since
[w(O) 372 = €0l sz = llpo = Ooll rarz < 2Ma (C.24)

we are justified to study the time evolution of ||w(t)|| ;y3/2. Taking an L? inner product of (C.20) with A3w,
we obtain

1d
5 s + sllwlle

< A 20| 2 [N, R - VTl + 1%0]| 2 |A(R w - V0) | 12
leollgare (JIAY2RE @]l Vel o + IVRY o]l 4 1A V]| )

IN

Nl (194wl 2o |90) o + 1R w] 1< | AV6)] 12 )

IN

K C
Sl + Tl (el + 1612
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by using Lemma A.1 and the embedding H'/2 C L*. It thus follows from the above estimate, the Gronwall
inequality, (5.3), and (C.24), that

[w(t)[|3ss < AMZexp (Cr™'t(1+ M3)) < K(t, M) (C.25)

for some universal C' > 0.
We now combine (C.19) with (C.22) and (C.25) to obtain

d 2 2 c 2 2 C 2 2 kuzsm
— < = 0 — 14 log —25—=
gl + klnls e < il 1012 + —llwllinllwls. {1+ log Tl
C C _
< ;Hn\l?pH@H?{z + ;IIwam“Hw!@j;‘}z

c —a
< —Inllz 101772 + 1€oll" K (¢, Ma)llwllys 2 (C.26)

where a € (0, 1) is arbitrary. Using the Gronwall inequality combined with (5.3), (C.23), and the fact that
7(0) = 0 we conclude from (C.26) that

e < exp (£ [ 1006 s ) el a6, 30a) [ a6y
< &l K (t, Ma) (C.27)
for a suitable function K as described above, and a € (0, 1). This proves that
2
lim sup M < lim r*7°K(t,M4) = lim e(r,t) =0
r—0-+ 90’¢0€A0<H§0”H1<"’ H&]”Hl r%0+ r—0+

with e(r,t) = 27K (t, M 4), and thus (6.1) holds.
In order to prove (6.3), consider &y normalized so that ||£o|| 1 = 1, and let 6y € A be arbitrary. Then,
using similar estimates as above we have

;jtllﬂ\m + wlEl32 < ClEl g2 €N 1101 grave + IRE Lo €] a0 16]] 122
< S1Ee + el ol (€28)
which combined with (5.3) yields
€)1 31 < exp (Ck™'tM3) (C.29)

which indeed proves (6.3).

It remains to prove that for any ¢t > 0 and 6y € A, the operator S’(t, 6p) is compact. Without loss of
generality we may look at the image under S’(t, 6) of the unit ball in H', and show it is precompact. More
precisely, we show that the image of this ball is included in ball in H 3/2 Combine (C.28) and (C.29) to
obtain that

t
/0 1€(5) 120/ < K (t, M.a)

for any ¢t > 0. By the mean value theorem, there exits 7 € (0,¢/2) such that

1
1€ 3572 < SR (¢, Ma). (C.30)
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Taking the inner product of (6.5) with A3¢, using the usual commutator, Sobolev, and Poincaré inequalities,
we obtain

1d
5 g7 N€llzar2 + Kl€llZe < A2, R0 - Vel 2 |A*€ 2 + IARSE - V)| 2 | AY%¢] 2
< CON a2 lEl T2 + ClON o ll€l a2 €l a2 + CIRTEN Lo 10 2 € 12

K c
< SlElEe + — Nl 21101172 (C31)

at times larger than the 7 in (C.30). Integrating (C.31) between 7 and ¢, and using the bound (5.3) and
(C.30), we thus obtain

c [t 1
€@ Iy572 < NE(T)I1ps/2 exp <H/ !\9(8)!\%2618) < ;K(t Ma)

for a suitable function K which is continuous and increasing in all its parameters. This concludes the proof
of the Proposition. 0
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