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Cubature Kalman filter-Kalman filter algorithm
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Abstract: A filtering algorithm, cubature Kalman filter-Kalman(CKF-KF) filter, is proposed for conditionally linear
Gaussian state model, which respectively employs CKF and KF to estimate nonlinear state and linear state in the model. The
above states are carried out cubature sampling, which are propagated through linear and observation equations to estimate
nonlinear state. The maneuvering target tracking simulation results show that, compared to the Rao-Blackwellized particle
filter(RBPF), the algorithm running time of CKF-KF is less than 1% of that with a slightly lower filtering performance loss,

and the estimation accuracy of CKF-KF coincides with that of UKF-KF, whereas the algorithm running time reduces by 22%

and effectively improves real-time.

Key words: conditionally linear Gaussian model; cubature Kalman filter-Kalman filter; RBPF; UKF-KF; real-time

.

1 51 5

25 A 2 P v 0T R A A TR T 2 B0 A
JRBE I I B IR AE 4 1 R A B e 1 R A P o A
Js, RS R AR VF 2 S s AU BLAS B T )T Y
F. 4 A 2 1 v 07 55 BROIR S Ay o 10 5 FH O R R R
HIRL7 JE B¢ (PF) 55 R /K 2 38 3¢ (KF) A1 45 15 1] Rao-
Blackwellized particle filter(RBPF) 337 #0371, [X 5 1%
HBETRY T FRDIR 25 AR 5 1) S M8 40 70 AR 2o k30 20 1 4 2
TR B g3 AT AT AR Ok sk AR, AT AT A Y KE Al
THEMIRAS, A8 ] PE Al v R 2 MIRAS. K1 RBPF ¥
H 7 PFIMHESE, B DAt sl s 7 550 5K HE AR AL
SIS P ) ) R i ok RBPF v 55 8 KRN 4 vy S 1)
AT T3-SR I A G P D8 3 7 VB PR, X 45 £ 4%
PR B (R E L MRS BEAT AL v 2R T R SR, 3¢

PANPIAT

Yis BER:
HEEWA:
TEZ BN

2011-04-08; f&[E HHEA: 2011-05-20.
K ARFF ST H (60775001,60834005).

PERL AL AEDE R ST,

BR (8] #2 Hh T JCi R /R 2 8P 4 (UKF)P1 5 KF A4 &
() unscented < 7K 2 YR /R 2 JE P EEL. ZEIEN
ARSI ) A 2 1 35 43 SR F U 855z /N T PF (1) UKE, 1M
2 P58 43 MK 1H R H KF. 5 RBPF A Lb, 2% 50 AR ms 2K
VRS B B0 R, KR RS T iF L e m T
S PE. AR1 UKF AT N R 8, B, s FESCBR
B P AT PR, A BRI L (0 DB R A R
ANTTE, B2 2n + LASKREE AL 4 1 35 UKF 1) |
AR, P8 KN R DA St — 04 B AR Al 1 (1)
SIS P, AN SCHT I SCHR (8] () REAR, W fe il B AR 2k
4 3€ % cubature Kalman filter(CKF)['9 5 KF 45 &, #%
i cubature < /R 2 U8 J- 1~ /R 2 U8 P 1% (CKF-KF).
MUB H AR L2 W, CKE-KF 1 11 %5 % 55 UKF-KF A
M, A ERIZAT I (A BRI T 22%.

IMN(1944—), 55, Hbx, 1A 00, NFHBE ST, 7RSS0 AR ZE0984-), 5, T, FHR



2 PR IR A T 1P N
. L N Elk—1 = 5~ ik|k—1>
S FER R AR A T B L5, n
2n
e pen/ ), 0 Pk‘lk—1 - % ZXZMk—lXZzlk—l_
T = A(Zk)xk-_1 + B(zk)wk + F(zk)uk, 2) i=1
yr = C(zk)xk + D(zp)vp + G(2k)ug. 3) £k|k71£5|k_1 + Qk—1- (10)

Hore 2z HARGMRES, 9 SRR, Fod Feng
e ~ N(0,Q,); zp ALMIRES; yp UM w AT
FNEIAE SN m R S we~N (0, Qu)s ve~N (0, R);
A, B, C, D, F, G437l by O 50 00K 28 R0 B 08l &6
Wi e P R S A N S R . R T s BORE HE Ze MR
A 2 MRS 2, FPRESALTH, RBPE A A 1R 138
W R IR 2 P8R UAE SEB). RBPF 1) ks 1 g 9 57k
XF 2 BEAT RAE, SR JG H R 7K 2B B0 @, (0 IE uf F1
Ji 2% S REAT TN B . {2 RBPF JCk i v vF 5
K, SIS 2 ) ) B, DAL b 9 2 <3 SR IR DB & A oK
i 13 )
3 Cubature Kalman filter-Kalman filter
Rk
3.1 Cubature FREIEH
F gt M) 2 4ERCE R )
1(f) = [ f(@)exp(—a"z)de. @)
Hor f(o) AT R E, RO XS — s Ol
T, IR RS AR BT B G VR IR A, 7 H U Ay
TR AT B FOLADME. T B — 4 KA RCE A 1) A
I(f) =) wif(&).
i=1
Idlr, SCHR 9] 4 tH— 2T spherical-radial #E )
(1) CKF E 2 1 & ik i >k ik £ ik figE. CKF i
spherical-radial ¥ 11| 3% HY 2n(n hy BR 25 4 50 A~ B A M
[A] B I¥) cubature fi:

&)

2n
i =/ o i
: \/12[]
2n
i=1,2,---,2n.

o 1], RAES [ A, 6T 4ilin =2,
) = {.01", (1,01, fo, ~1]", 10,1]" }
T8 H cubature 555 (w;, &) S 5l AT DL & B (0] 588
R 543 B CKF 389 V2.
3.1 IR E
CKF Sy 0] 5 il R 5 R 40 ke

Xik—1k—1 = mfi + Th_1jk—1, (7
X g1 = F(Xig-1jk-1), ®)

3.1.2 =WEH
CKF Sy 50 B R 7 B2 2 il n F

Xiklk—1 = \/ Prjp—1& + Trjp—1, (11)
Zi k-1 = MXi gk—1), (12)
1 2n
Zulk-1= o > Zigjk-1s (13)
i=1
2n
P ke—1 = sz’Xi,k\k—lziT,k\k—l_
i—1
Thik—12h k1) (14)
2n
P kk—1 = ZWiXi,k\kflzgk\kfl_
i—1
Frlk-125-1> (15)
Wi = Pre k1P o1 (16)
Trpk = Tpp—1 + We(zk — Zpji—1), (17)
Pyk = Prji—1 — WPy gy Wy - (18)

3.2 Cubature Kalman filter- Kalman filter & 5%

A SRR STk (8] 1 AR, 42t CKF 5 KF AT
Fill 5 1) CKF-KF 53, JF R FH 1% 502000 4% 1 v R
A PEATIREAGTF, Horp: Al CKF3EAT JE 4 1
ARES 2z vk, I KE BEATZR IR o filivh. CKEF-
KF S35 e anr.

3.2.1 CKF flithJELMRES 2,
MY
2k = f(Zkthkfl)'
b () AARERIEREL, r, ~ N(0,Q,) KA.

k — 1 ZIEPIRES 2 Al Ak VHE 3 500 R 2y A
Tp1, (T Z AN P,y M Py o, R 2y M P, oy
HHATIRST 4E (4L RRESRIR A 22, 42508 n)

19)

T

Zh = [zg—l TIE—l Ug—l} ) (20)
Pz,kfl 0 0

Plr1= 0 Q0 (21)
0 0 R

AR B R, $4E S R &z 2n A
cubature ;i ] KRN

a — a . =a
Ziwr =/ Plr &+ 20,

i=1,2--,2n. (22)



%510 3

FN A % Cubature F R

ZRE-FREZIEEF X 3

B A 2 (19) X cubature 5i 27, HEAT AR 2tk A%
&, B

i*,i/k—l = f(ng—l)a (23)
M4 ZPRAS 2 (TR I 7 22 0
2n
sa 1 *a
B =572 Zikpr (24)
=1
1 2n
ng/kfl o Z Zii/quﬁgkq - ég/k—lég;rk—l'
=1

(25)

F 5 2 (D) A (12) 7T 0, A0 0 & o 1) 9000 A1 5

R AR PRS2 10486 = 1,2,---,2n) 4>
cubature s TAERE, R

21 =\ Plr 18 + Z k- (26)

447 30(2), 3) M (12) W] 41, CKF 5k YE T 1
e 00 ST I B £ gy (%) T A e, 7 e
& Q) M FE A SO PR o, B, R o 7 2230
1T cubature KA. [FIH, A T 5RE221i(i = 1,2,
-, 2n) > cubature £ [ %5 H @E 47 VT AT ifg 3 7] S22
y P, RS 2 (i = 1,2, -+, 2n) > cubature
=il
Xinho1=/Pogp—1& + Tp_1. (27)
kL 26), 2D RA D
Tk sh—1 =AZ g jp—1) Xiky—1+
B(Z%4 Wik + F(Z8 sk (28)
HitrL(26), 28) M (3), 17
Yik/k—1 :C(qu,k/k—l)xiak/k—1+
D(Z¢ k- )vik + G283 o i (29)
B, WA X (13)~(18) SR I I ZIPIR A& 2 (1l
VHE 25 A5 ZE il THE Py, B

2n
. 1
k=1 = 5~ Zyz}kwcfla (30)
=1
1 2n
Pyy k-1 = o Zyi,k/qufk/;ﬁ,l - @k/kqﬂg/kfp
=1
(31
1 2n
Py k/h-1= 5~ Z Z k1 Yik k1 = Fhsk1Ohk—1s
=1
(32)
Wy = sz,k|k—1pyiy%k‘k,17 (33)
2 =2 p—1 + Wi(yk — Gkjk—1), (34)
Pl =Pk 1 — WPy k1 Wy - (35)

SE1 R 2 BT 2 BT S T P
W20 R e, RIS,

3.2.2 KF it &R E,

W CKEAG o 143 2R &2 10 45 7 i 2, )5,
3 (2) F(3) il S B0y 2 R 2 2 TR AL Y, AT L 9%
FIH R R SR AG T MRS oy W 15

Thp—1 = A(Zk)Tr—1 + F(Zk)ur, (36)
Yr/k—1 = C(Zr)Tr/n—1 + G(Zx)ur, (37)
Py i/k1 = BQuBT + AP AT, (38)
Ji. = DRD" + CP, .07, (39)
K =P, ,1CTJ ", (40)
Ty = Tph—1 + K(Ye — Yr/r-1); (41)
Pry =Py k-1 — KCPpj/k—1- (42)
4 fiEsrir

N o — A B AR R T ) 1 % %2 RBPF,
UKF-KF, CKF-KF = Ff & % 5. 130 B A BR

ﬂ[lll]yg
oty 0%l g o120k — 1)) +
= . — T
2 1+22, m

xp = Axp_1 + Fzp + wy,

2k
(43)

yr = Cxg + vg.
by w, v B0 I GRS, J7 2253 5008 Q.
Qu> Ry 21 WHLEN HARME, 2 = [z,y,2,9]T 705 3R
7 kIS 2 H BRI 2 Ay J7 [n] (A7 BRI L. 7 S 4L
s

1001 0 1.25
01 0 0.1 1.25
A=  F= :
00 1 O 0.25
00 0 O 0.25
1000
Qr =1, C= ;
0100

Quw = 0.09044, R =9I4y4,
P B I WG B A 20 = [20,30,1.2,1]7, 4]

10 0 00

Pro— 0 10 0 0 ’

0 010

0 001
HERHLSMEIBIAGAE N 20 = 0, WIERTT 20 P, o = 10.
RBPF ¥i 1 % 4 300; UKE-KFH' (] Z ¥ o, B, k4>
BIECL, 2, 05 5 BCES [A) 24 200s; 47 2 4] 4 E HXG
To/0 = To, 20/0 = 20> Prje,0 = Pro> Pryzo = Peo-
3 S vk AE A A 4% A4 #E4T 100 X Monte Carlo 1/
L. A FLEE 4 Matlab 7.1(R14), 17 2L iF 82 HLME fig
WI'R: H% Pro 2 000, Intel i % 2 % E7500, CPU F
#512.93 GHz, AT 2 G. #5083 2% 1M RE R T T35 48 6]



4 i= Ll 5

* E 3 %027 %

EHIRZEVEAT LU 5 5 VIR 31 AE K I 21 10 2 4
XHE R ZEE X1

L
1
Gk =7 > 1o = apul (44)
=1

3eth: L7l Monte Carlo {)j JLIKHL, ), oy 85 1 047 3T
I ke B 20585 5 AR B, 2 ) A THE.

3
HF
250 —— CKF

DLB) H PRE

t/s

XL EH

0 40 80 120 160 200
t/s

B2 Bt FHexEiRE

yhLE

4IO 8IO léO 16I0 200
t/s
3 yfUEMITFEHRENMERE

XL &

0 40 80 120 160 200
t/s

B4 zREMITTFHEMERE

——RBPF
——UKF
——CKF

yhLE

0 40 80 120 160 200
t/s

5 yEEMHITFHENEIRE

F1 KESMEIT R ERENTHE

ZR7R RBPF UKF-KF CKF-KF
HLBIE 0.9424 1.233 1.231
x PLE 1.561 1.812 1.818
ROA- 1.534 1.818 1.819
x HE 1.229 1.244 1.248
y HE 1.242 1.211 1.219

Fz2 100X MCIAEEEATFEITRIE s

ik RBPF UKF-KF CKF-KF

BATIN A 12.5508 0.0852 0.066 5(22%)

BLah H br BRI 07 B 45 R 1~ 5 s, AR
AN VI 38 46 B R 22 1 E I R TR,
1~ 5 0] LLF i, CKE-KF F1 UKE-KF (1) 45 71K &
i Al T RBPF, {H 57512 1T W) [/] A 2] RBPF 1) 1%, 5K
IV K R . fH T RBPE Y FH 7 P HE LS, 5
Rt (RPRL 0 2 MRS 5 50 e 25 85 8 3R A7 3 i A
M SEBLRASAG T, SRR, FER & Bhah,
TEARL M R GeAl b v, R0 98 B M Re AR T 2L Ath 1) =y
I %% (UKF, CKF %). [A i, RBPF A% 1 CKF-
KF #! UKE-KF, 4X1fij, CKE-KF il UKF-KF H 754 BRA
ST AR VR AL 3, FLVPR 35 X SAE AN 7 22 WAl T 4
Rl 21 2 0 e T X 00 = RS B2, DAL, P Al TR
B2 (FF s 451 R, UKF I M3 S50 8 = 2%
UE T BB AN E 5 22 (10 22 8 O 200 DY B I P s
1B 22 1) (4 AH 0 58 22 d /NIBY, i CKF G 25 ik 2 4%
1 Sk CRAIE X A 6 15 22 B /S, R L DY B I AH
XJ iR 72 5 T UKE, AT A SCA) . 1 UKF-KF Al o 8
JERY i 28, 1 SRS AT I R L RBPRAIE.  [A] I, X
Lt UKF 5 CKF 5% 0] LU th, UKF #7i% 4% 2n + 141
AT AR PEAL HE, 1T CKE H 5 2n AN 24, BRI CKE-
KF 57 7 52 B0 0] 22K T UKF-KF, 52 i 1 5 .
1 2 2 1] 41, #H % T UKF-KF, CKE-KF iz 47 It [i) [
KT 22%. MeAb, UKF /)53 J5 B gk sg 0 15 1 15
& S HR T A ek B A ALK Sigma g K FERUE,
1) CKF X 75 ik 5 (6) wi e 77 i Hi A5 cubature £ J2 H:
BUHE, 1% 54l 3 CKF-KF 535 Wi 5 5. Rk, 76
S5 AT S M v RS 2 RIS L (1) ik o, AN i N



%510 3

FN A ZF: Cubature F R ZEK-FREIERFAE 5

5% I8 S ST PE SR E, A5 T RBPF AT UKF-KF,
CKF-KF #B & —Fi S A )k £ A2
5 4 w

Bt O0F 4% e M v R AR R TR A AR, R SR
T CKF-KF JE 3 53k, %505 F ) CKF Al o 52 2 v
(AR AR A, FERH KE AR E. b T %
fil > CKF I KF, Xf KF il vF e PR & EAT R P, HE
I 5 CKF H ) cubature 5 VGt 528 A1 2 IR A Ak o
SR BLRIALE) H bR ERER 5 2145 R W, 5 RBPF AH
EL, FE I JKE FE (5 0 R, CKE-KF S5 32 47 1 [a) 45
217 99%. #%} T UKE-KF, CKF-KF % i1 52 8, ¥ {5
L SN PESR T 22%, TR BE S UKE-KF AH Y. R,
CKF-KF T3 A A2 H bR BRER S S R 5 3
BN B SA Lt i RRAS A - 17 8

£ % 3k (References)

[1] Doucet A, Godsill S, Andrieu C. On sequential Monte
Carlo sampling methods for Bayesian filtering[J]. Statistics
and Computing, 2000, 10(3): 197-208.

[2] Bar-Shalom Y, Li X R. Multitarget-Multisensor Tracking
Principles and Techniques[M]. New Orleans: University of
New Orleans, 1995: 40-60.

[3] Mustiere F, Bolic M, Bouchard M. Rao-Blackwellised
particle filters: Examples of applications[C]. Canadian
Conf on Electrical and Computer Engineering. Ottawa,
2006: 1196-1200.

[4] Matti Vihola. Rao-Blackwellised particle filtering in
Random set multitarget tracking[J]. IEEE Trans on
Aerospace and Electronic Systems, 2007, 43(2): 689-705.

[S] Nando de Freitas. Rao-Blackwellised particle filtering
for fault diagnosis[C]. Proc of IEEE Aerospace Conf.

(6]

(71

(8]

(9]

(10]

(11]

[12]

[13]

Montana, 2002, 4: 1767-1772.

Arnaud Doucet, Neil J Gordon, Vikram Krishnamurthy.
Particle filters for state estimation of jump Markov linear
systems[J]. IEEE Trans on Signal Processing, 2001, 49(3):
613-624.

Mustiere F, Bolic M, Bouchard M. A modified Rao-
Blackwellised particle filter[C]. IEEE Int Conf on
Acoustics, Speech and Signal Processing. Toulouse, 2006,
3: 21-24.

FHEH, sKEEAK, MRTT. Unscented /R 2 3§ - /R 2k
PSRN REE TR B THIR, 2008, 30(4): 617-620.
(Yin J J, Zhang J Q, Lin Q. Unscented Kalman filter-
Kalman filter algorithm[J]. Systems Engineering and
Electronics, 2008, 30(4): 617-620.)

Julier S, Uhlmann J, Durrant-Whyte H F. Anew method for
the nonlinear transformation of means and covariances in
filters and estimators[J]. IEEE Trans on Automatic Control,
2000, 45(3): 477-482.

Arasaratnam I, Haykin S. Cubature Kalman Filter[J].
IEEE Trans on Automatic Control, 2009, 54(6): 1254-
1269.

Sanjeev Arulampalam M, Simon Maskell, Neil Gordon, et
al. A tutorial on particle filters for online nonlinear/non-
gaussian Bayesian tracking[J]. IEEE Trans on Signal
Processing, 2002, 50(2): 174-188.

Yuanxin Wu, Dewen Hu, Meiping Wu, et al. A numerical-
integration perspective on Gaussian filters[J]. IEEE Trans
on Signal Processing, 2006, 54(8): 2910-2921.

Simon J Julier, Jeffrey K Uhlmann. Unscented filtering
and nonlinear estimation[J]. Proc of the IEEE, 2004, 92(3):
401-422.



