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A Dynamic Model Compensation Orbit Determination Method
for Maneuvering Satellite
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Abstract ; The uncertainty of thrust acceleration will cause enormous error to model and track the accelerating space-
craft, it’ s reasonable to assume that the measurements mainly reflect the uncertainty of the thrust acceleration. This paper
focuses on modeling and building on-line filter to identify the continuous thrust acceleration to compensate the uncertainty of
the force model during the maneuver process, an elegant differential equation is derived for variable acceleration, an Ex-
tended Kalman Filter (EKF) is developed for dynamic system to identify forwardly the variable acceleration in real time,
also the variational equation for the measurement vector to acceleration is detailed to linearise the discrete-time measurement
equations. The mission flight scenery shows the algorithm developed here can estimate the acceleration and determine the
orbital parameters precisely during the continuous thrust maneuver process.

Key words: Accelerating spacecraft; Parameter estimation; Orbit determination; Orbital maneuver

CLC number: V448.2 Document code: A Article ID: 1000-1328(2010) 10-2269-07

DOI: 10.3873/j. issn. 1000-1328. 2010. 10. 006

HNhEMNEZEIEHNERERZE

FRE, BHA?, FARE
(1. PEEZTRENE TR IEERERLEE, T 710043;
2. BRAGERFRETEBIILT, WL 710048)

B E: ZBETEI AR PRI I B B SOmn s T AR SR IR 22 B 5%, Wl 2 Rz T2
BRI IR o A SCLABRER FORE 4 E L2 (B WL3h B AR o B B9, 45 tH 5 T M T8 38 S ORI , S Ak -4 Ty e
BIET BN AR A B E B . 85 L e ) 4 o A i 3l ) S A, 4 1 9 T 7 B
HIB B2 7 R s S AR I BE AT R GURZS IR, MY R R /R SR BB B4 E vk IR 48 B St R T2
B BIPIRA S THE I B AR 732 30 75 78 5 SEBR WA T4 i L A R B « ) P M T 0 B 500 , S b 4 i B2 5 b
BERGEBN SRR R IR T SR 32 15 TR PUB RSB <E R

XER: ZEDE; SHMTH; PUEsE; PUENLH

. flexibility in realizing the maneuver of space vehicles.
0 Introduction

According to the magnitude of maneuver increments,

A special concern of this paper will focus on whose scope is from several kilometers to multimillion
tracking and navigating the satellites with continuous kilometers in semi-major axis, the maneuver duration
thrust acceleration, which has become common in cur- will last from several minutes to several years. The is-
rent space research activities, due to its efficiency and sues about tracking and navigating accelerating targets,
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are the hotspots in space navigation, control and dy-

[4-16] 1t’ s an indicative differ-

namics in recent years
ent problem to position the satellites with or without
thrust acceleration, for latter case, the order of magni-
tude of dynamics model can reach a precision as
10 "' =3} (suppose the center force is 1) ,it is reason-
able that the measurement data only reflect the aber-
rancy of prio estimation of orbital parameters. Both
batch and sequential estimators are powerful methods
that have successfully been applied to orbit determina-

2-31 In con-

tion problems without thrust acceleration
sideration of maneuvering process, the uncertainty of
thrust acceleration will cause enormous error to model
and track the accelerated motion during orbit transfer
process, it’ s reasonable to assume that the measure-
ments mainly reflect the uncertainty of the thrust accel-
eration. There are many reasons to arouse interests in
this issue. Firstly, being the requirement of space de-
fense, tracking and positioning the maneuvering accel-
erating space objective requires the smart filter arith-
metic to process the measure data in real time. Hough
M. E, Heppner S. and Fowler J. etc. focus on this
background, a series of effective algorithms have been
developed to track maneuvering vehicles during reentry

t~%). Secondly, the varying orbital parame-

and boos
ters and thrust acceleration are required momentarily
for the purpose of picking up the accelerating satellites
and revising the control process in case of emergency.
This paper focuses on this background, specially focus
on building on-line filter to estimate the continuous
thrust acceleration to compensate the uncertainty of the
dynamics model during the maneuver process. In first
section spacecraft variable mass motion equations dur-
ing thrust acceleration transfer process are provided,
which respect to the position and velocity in the ECI
coordinate system. An elegant differential equation is
derived for variable acceleration, which is chosen as a
state variable, and measurement equation is built to re-
flect the relationship between the state space and meas-
urement sampling space in section 2. An extended Kal-

man filter (EKF) is developed for dynamic system in

section 3 to estimate forwardly the variable acceleration
in real time. Also the variational equation for the meas-
urement vector of acceleration is put forward in order to
linearising the discrete-time measurement equations.
The real flight mission scenery is introduced in section
four to ascertain the algorithm developed here can esti-
mate the acceleration precisely and determine the orbit-
al parameters during the continuous thrust maneuver
process. The algorithm has been applied successfully to
maneuver process in commanding LEO satellite into

Geo-stationary orbit.

1 The variable mass motion equations with con-
tinuous thrust acceleration

Consider spacecraft motion states of position and
velocity vectors under the influence of gravitational ac-
celeration ( consider The Earth’ s oblate ness effects
J, ) and thrust acceleration. The three dimensional of
freedom equations describing the motion of the space-
craft are given in the Earth Centered Inertial ( ECI)
coordinate frame as

dr
di

d_': r + w, +q
dr &r EuWe /4

(1)

For the duration which the acceleration is estimated, e-
quation (1) is sufficient accurate to model the gravita-
tional acceleration using the central body and oblate-
ness effects J, , ignore the high order term of the
Earth’ s nonspherical force and other perturbations,

consequently

g = 35 (1 -5(2))

=253 ()

r r

(2)

Where J,(1.08263 x 107°) is the second order zonal
term, u (3.986005 x 10"*m’/s*) is the Earth’ s gravi-
tational constant, R, (6378140. O0m) is the radius of
the Earth’ s equatorial plane, r,r are the position and
velocity vector in the ECI coordinate frame, w, = (0,
0,1)" is the polar direction, p is the thrust direction,

that relies on the coordinate frame upon which the atti-
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tude is stabilized and surveyed during the maneuver
process, a is the variable acceleration, which is related
to the magnitude of thrust force and remained mass of
the satellite.

Actually, we have no knowledge of these varibles
or have only designed values. The uncertainty of thrust
acceleration will cause enormous error to model and
track the accelerating motion of maneuvering target
during orbit transfer process. It’ s reasonable to assume
that the measurements reflect the uncertainty of the
thrust acceleration. So we choose the acceleration as
an unknown parameter to be estimated by conducting
discrete radar measurements, and once the right side of
the motion equation (1) to be compensated, the three
dimensional freedom equation (1) could be predicted
during the maneuver process so as to track and position

the accelerating satellites.
2 The variable acceleration differential equation

Suppose that we know the initial conditions of the
differential equation (1) asrl,_, =r,, rl tetg = r, the
position and velocity at anytime during transfer process
can be expressed to be

r(t) r(taa,rm’zo)
{. (3)
r(t)

In this section, an elegant differential equation will be

':(taa,rojo)

derived for variable acceleration, which is chosen as a
state variable, and measurement equation is built to re-
flect the relationships between the state space and
measurement sampling space. Assume that the mass of
satellite is m, (kg) , when the propellant burns on, the
mass flow rate is m (kg/s), the specific impulse is I,
(m/s), then the variable acceleration induced by the
propellant is

F I.m
‘O 0@ T 1)

(4)

Formula (4) indicates that the acceleration varies
not only with the duration of the propellant burn, but
also relates to the initial mass of spacecraft, the mass
flow rate and specific impulse of propellant. The un-

certainties of each of factor above will cause the excur-

sion of acceleration. Apply differential operator to two
sides of equation (4), an elegant differential equation
is derived for variable acceleration
o, 4\ Ly
dt dt\my - m(s -1,)
_ o um 1
T (my —m(t - 10))* I,

The differential equation (5) indicates that the

- (s)

rate of thrust acceleration only relates to the specific
impulse of the propellant, and does not correlate with
the magnitude of mass and mass flow rate totally. The
greater the specific impulse, the lesser the rate of
thrust acceleration, (see fig. 1). Because of its almost
linear property, some researches take the continuous
thrust acceleration as a linear or quadratic curve,
whose coefficients are estimated by conducting discrete
radar measurements''®. The drawback is that even the
system is observable, the relatively more state space
dimensions will debase the observability of dynamics

system.
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Fig. 1 the variable acceleration with different

specific impulse

Therefore, the dynamics system takes the continuous
thrust acceleration as the state variable, and takes the
discrete radar measurements as the system observation
equations. this comprises a continuous state-discrete

observations system, such that:

da 1 2
— = —a" +u(t)
de I, (6)
z = 2(1,a;,) + v,
Where u(t) ,v, are dynamics model and measurement

noise respectively, which are zero mean Gauss noise,
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and satisfy

Efu()} = 0,Efu(s)u’ (1)} = 08;

E{v,} =0,E{vy/| = R5;
Here Q@ = 0, R = 0 are covariance of dynamics model
and measurement noise respectively, §; is the Kroneck-

er function.
3 The forward estimator for variable acceleration

3.1 The extended Kalman filter for acceleration esti-
mation

For continuous state-discrete observations system,
the state estimated and its error covariance are defined

respectively as:

a=Elal,P =E{(a-a)(a-a)T}

The notation ( ), denotes quantities of propagation
before the k™ measurement, and (); denotes the quan-
tities of filter after the k" measurement respectively.
Furthermore, It is assumed that the initial state esti-
mated and the initial error covariance are known re-
spectively. The EKF is described in follow three steps:

(1) The state and error covariance propagation

The EKF propagates the state estimate cfz\,:',l and its
error covariance P, , from t, , to £, by integrating the
differential equation (5) and covariance Riccati equa-
tion respectively

-~ I a,,

a, = N (7)
Isp - a’l:—l(tk - tk—l)
P, = &(1,,4, )P, @' (1,,6,,) +Q  (8)
Where @&(t,,t,_,) is the system transfer matrix, which

approximates with

~

D(t,t,) =1 +2(aI’:—_l)(tlc = t) (9)

(2) The optimal Kalman gain
K =P [H ]"{HP,[H] +R " (10)
Where H, is the measurement matrix, which is the Ja-

cobian matrix about measurement with the state varia-

bles.

H; = (3—2)“% (11)

(3) The state and covariance updating
a; =a, +K[z, —2(¢,, a;)]
P; = [1-KH;P; (12)

In the computation of partial derivations that de-
scribe the dependence of measurement on the accelera-
tion, because each radar measurement, either the an-
gle or distance, may be expressed as the functions of
instantaneous position and velocity vector of satellite,
and the instantaneous state of satellite, or as the func-
tions of unknown acceleration, see formula (3). So
the Jacobian matrix about measurement with the state
variables can be expressed with step partial derivations

W (Z)E) ()
da or/\ da or/\ da
3.2 The variation equations

In view of the full partial derivation (13), the
terms (3z/dr), (dz/9r) are the Jacobian matrixes a-
bout measurement with the instantaneous position and
velocity of satellite respectively, one may obtain an an-
alytical solution in general papers. The terms
(ar/da), (3r/da) are the Jacobian matrixes about the
instantaneous state of satellite with the unknown accel-
eration. With the treatment of the satellite motion e-
quation (1), one may not obtain any analytical expres-
sions anymore,, however, one may solve a special set of
differential equations, which describes the dependence
of instantaneous position and velocity transfer on the
thrust acceleration. The variational equations offer the
mathematical background to solve this problem.

In order to develop the variational equations for
the Jacobian matrix about the instantaneous state of sat-
ellite with the unknown acceleration, omit the second
harmonic effects J, , and employ partial derivatives for

the acceleration to two side of equation (1), yield

i) )
w5 =m(%)

A 2)-4(2)-

) +a(g—1;) (15)



410 3]

LI Heng-nian,et al: A Dynamic Model Compensation Orbit Determination Method for Maneuvering Satellite 2273

The thrust direction and its Jacobian matrix about
acceleration depend on dedicated coordinate frame up-
on which the thrust defined'”>~*'. One may unite the
motion equation (1), which describes the instantane-
ous state with time, with the variational equations (14
—-15), which describe the changes of instantaneous

state with the estimated acceleration

d._;

e

if— F+ow +a

dt _gr gw e p

) . (16)
i(ﬂ)=a_r

dz\ ga da

dyory _ (3w, _p\or P
dt(aa)_ (rSrr r3)¢9a+p+a¢9a

With the combined equations (16), if the instanta-
neous states of satellite at sampling epoch z,_, are known
as r;_ ,ri,, the variation matrixes are known as (9r/

éa) 1, , (or/éa) |, ,, and the optimal estimated accel-

eration c;,:' . Integrate the equation (16) fromz, ; toz, as a
general initial differential problem. One may obtain the
instantaneous state 7; , 7; at sampling epoch 7, , and the
variation matrixes (or/da) |, ,, (dr/da) |, at the same
time, then the trustful measurement data could be predic-
ted, and the Jacobian matrixes about measurement with
the estimated acceleration could be obtained. With the
Kalman gain equation (10), the improved acceleration at
the measurement epoch z, together with the associated co-
variance could be updated by equation (12). The observ-
ability of system (6) is totally determined by measure-
ment matrix §z/da, one may consider that any changes of
acceleration would cause the different bias of instantane-
ous states absolutely, then the variation matrixes
(ar/da), (9r/da) are no chance to be zero from equa-
tion (16). So if the motion state of satellite is observa-
ble, whose observability has been discussed by many pa-

10-14
erst ]

p , the unknown acceleration as a state variant of

dynamics system (6) can be estimated accurately.
4 The real flight mission scenery

To ascertain the forward estimator, the real flight

mission scenery is summarized here. The satellite X
was transferring to GEO orbit by firing the apogee mo-
tor. The first burn was scheduled on epoch 16: 14:
08, April 15th, 2009, the burn duration was 1835
seconds, and ended on epoch 16: 44: 44 the thrust
direction fixed at local coordinate frame in the satellite
centre. The measurement were carried out by a tradi-
tional ground station. The outputs were slant range and
the pointing angles, the sampling frequency was one
second, so the measurement equation was

z = (p,, A, E,,p,) k=1, N (17)
And measurement data were corrupted with white
Gaussian noise, its error covariance is

R = diag(10°,(0.02 %)2,(0. 02 %)2,12)

With the initial conditions:

a; =0.0, Py =2°

and the instantaneous states of satellite and variation
matrixes at initial epoch

I‘J = r(to) ”:g = ’:(to) ’

0 . 0
r r

(56), = (0| (Ga), =10
0 0
By conducting the measurement data in real-time, the
acceleration was estimated sequentially and the dynam-
ics model was compensated online. Fig. 2 shows the
estimated acceleration in the burn duration. Fig. 3 il-
lustrates the detail information by zooming in the burn

duration, the semi major axis and inclination estimated

online are presented in fig. 4 and 5.
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Fig.2 The estimated acceleration versus time

Table 1 summaries the performances of the arith-
metic presented here. If comparing with the post-ma-
neuver orbit, the error in semi major axis is about 2

kilometers, relative to the semi major axis’ s incre-
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Fig.5 The estimated inclination versus time

ments, the relative error is 0. 5% , The eccentricity is
about 10 ~*, the relative error is 5% , and the inclina-
tion error is 10", relative error is about 1% . The re-

sults totally satisfy the requirements of the flight control

mission.
Table 1 The accuracy of the arithmetic
It Semi-major E tricit Inclination
ems a_Xls/km ccentricity /Degs

Expected 25724.517 0.641551 14.010
Post orbit 25771. 885 0.63846 13.884
Esti

stimated 760160 0.63863 13.851

online

The residuals are presented in Fig. 6, which ascer-

tain that the algorithm is of great convergent tendency.
5 Conclusions

This paper focuses on building on-line filter to es-
timate the continuous thrust acceleration to compensate
the uncertainty of the dynamics model during the ma-

neuver process. An elegant differential equation has
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Fig. 6 The residuals (0-C) versus time

been derived for variable acceleration, which was cho-
sen as a state variable. The measurement equations
have been built to reflect the relationships between the
state space and measurement sampling space. An ex-
tended Kalman filter ( EKF) has been developed for
dynamic system to estimate forwardly the variable ac-
celeration in real time, also the variational equation for
the measurement vector to acceleration has been put
forward in realizing the linearization of the discrete-
time measurement equations. The real flight mission
scenery has been introduced to ascertain that the algo-
rithm developed here can estimate the acceleration pre-

cisely during the continuous thrust maneuver process.
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