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Error Analysis for SINS Alignment Using Gravity Integration in Inertial Reference Frame *
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Abstract ; Sensitivity analysis for Strap-down Inertial Navigation System ( SINS) alignment using gravity integration in
inertial frame is carried out with respect to IMU sensor errors and linear vibration. And the explicit analytical error
formulations are derived. By inspecting the error formulations, it can be found that the proposed alignment algorithm
is more sensitive to linear vibration than sensor errors and gyro biases can be estimated by the fitting slope of the
calculated initial Euler angles. The analysis is well validated by simulation and thus it’s helpful in design alignment
process for Strap-down inertial navigation system.

Key words: error analysis ; alignment ; inertial reference frame ;sensor errors;linear vibration

EEACC.7220;7320E doi:10.3969/j. issn. 1004-1699. 2013. 03. 014

AT S = R4 RS SINS 5(1‘/%;%:/% T
2 W &AL R OB kEX TEW

(L. P T RE A shibagbe , P22 7101292, Bl PG 1EHEf 25 11%'%/\7 Bept B 723102)

OE AP T E BB RS TGRS AT T I A R 25 2 B TP X A B s, ST
TEPERS 5 2 55 060 Y 22 ) AT 2 05 06 2R, 4 H T DA H0) A B £ i M v 4 BB MR T RS £ 6., SE BRI R A TE R b o
HIE T IR AL G AT X 0 £ 12 50 1) SRR £ A X 43 B 1 R, 4R Bl IR R A S B X A 1
FERZE, D ERE LT b i A B,

KRR AR T X IS S R BRI R 22 BB 5

FE 53K S . U666. 1 XHERARIRED . A X EHS.1004-1699 (2013)03-0361-06

In a strapdown inertial navigation system, the
purpose of alignment is to determine the transformation
matrix which relates the instrumented body frame to the
computational navigation frame'''. The poor initial
alignment accuracy will end up with poor navigation
performance. Since inertial navigation systems are
entirely self-contained, the Direction Cosine Matrix

(DCM ) can be

measurements knowledge of accelerometers and gyros,
(3]

directly computed using the

that is, the gravity and earth rotation vectors'”' ,in the
two frames. That is analytic alignment, or conventional
analytic alignment ( CAA) , or direct analytic alignment
(DAA)'"'). Theoretically, an analytic alignment method
for strapdown systems is functionally equal to the

physical gyrocompassing in gimbaled systems. The error
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characteristics are provided in detail in papers''*™®).

The authors had investigated the impact of gentle
swaying disturbance on CAA of SINS, and then the
applicable conditions of CAA on swaying disturbance
base are discussed in paper'”’.

The CAA method is suitable for alignment in a
which

estimation is bounded by the angular vibration profile.

quasi-stationary base environment, accuracy
To overcome the shortcoming above ,considering that the
observation of the gravity slow drift in the inertial space
(the projection of the gravity in the inertial frame
defines a cone) allows one to determine the Earth axis,
thus the North direction, based on that, Lenonid"®,
Gaiffe'” o

other approaches. Lenonid utilized gyro outputs for

, Napolitano and Prof. Qin'"! presented
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continuously tracking attitude system and accelerometers
for attitude estimation which called gyrocompassing.
Meanwhile, the error analysis of gyrocompassing had
been done then the paper pointed out that azimuth
estimation is based on the estimation of a very slow
trend ( proportional to the earth angular rate ) which
makes it very sensitive to linear vibrations. Noticing that
the gravity vector is proportional to the up axis and the
derivative of gravity vector is proportional to the east
axis, Gaiffe and Napolitano presented a novel clew to
deal with the alignment by virtue of an inertial frame

2] researched on the method

and a low-pass filter. Lian
in detail and discussed the error characteristics.
Motivated by Gaiffe and Napolitano and based on the con-

M used

ventional analytic alignment framework , Prof. Qin
the integrations of the gravity of two different period of
time in the inertial frame as the reference vectors and this
method is called indirect analytic alignment (IAA ) here
( compared with DAA ). And Gu'"®' validated the
performance of IAA by two-axis turntable test.

Compared with CAA, the reference vectors of
TAA"™ ) are more complex and the error characteristics
of which are only researched by simulations by far. It is
difficult to deduce the error analysis formulas, but it is
important for us to comprehend and make use of the IAA.
So we investigate the error analysis formulas of TAA
aroused by inertial sensor errors and linear vibrations.

The coordinate frames used in this paper are
defined in Section 2. In Section 3, the algorithmic
principle for the TAA is presented. The error analysis
formulas are described in Section 4. The simulation test
illustrated

results are in Section 5. Finally, the

conclusion is presented.

1 Coordinate Frame Definitions

The coordinate frames used in this paper are
defined as follows:

b Frame = “body” coordinate frame parallel to
strap-down inertial sensor axes.

n Frame = “navigation” coordinate frame having z
axis parallel to the upward vertical at the local position
location. A “geographic” n Frame would have the x,y
axes rotated around z to maintain the y axis parallel to
local true north.

e Frame = “earth” referenced coordinate frame with

fixed angular geometry relative to the rotating earth.

i Frame = “inertial” non-rotating coordinate frame.

n, Frame = “ inertial ” non-rotating coordinate
frame. It is formed by fixing the n frame at the beginning
of the alignment in the inertial space.

b, Frame = “ inertial ” non-rotating coordinate
frame. It is formed by fixing the b frame at the beginning

of the alignment in the inertial space.

2 Algorithmic Principle for TAA

The Direction Cosine Matrix ( DCM) , which relates
the body frame to the computational navigation frame,
could be described as follows:

Ci(1)=Cl, (1) CCh(1) (1)
Where C°(t)is the rotation matrix of the body frame b
relative to the reference frame b, and can be calculated

using the gyro outputs as follows''"

Cr(1)= € (1) (@), %) (2)
C, (1)is as follows:
cwt sLswt —clLswt
CZO( t)=| —sLswt s’Lewt+c’L —sLeL(cwt—1)
clswt  —sLel(cwt—1) ¢’ Lewt+s’L
(3)

Where cwt=cos (w, t),swt=sin(w,t),cL=cos(L),
sL=sin(L).
CZ(‘)’ could be calculated by the following equation ;
(vzzlo T -1 (V?IO)T

T b, bo\T
C;jg = ( vfl" xvj’z‘) ( VXV, ) (4)

ng ng ng\ T bo by bo\T
(V) xvOxv)! (v,0xv,2xv/")

Where ¢, is the end time of alignment,and 0<¢, <i, ;v;°

L

and " are as follows:
o= [ engd (5)
0
vfoz_j(') Co(D)f di (6)

3 Error Analysis

In this section, the error characteristics of IAA are
investigated. According to Eq. 1, the alignment error
C;(t)can be described as

8C;(1)=8C, (1) CC (1) +C, (1)8CCY (1) +
C, (1) C8Cy (1) (7)
Eq.7 contains three components on the right side. The

first component is the attitude error of relation between
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the current navigation frame and the n, frame caused by
the time precision, while the time can be obtained
precisely, the time error can be ignored rationally. The
third term,due to the drift biases of gyros and the attitude
algorithm,is downplayed because of the short duration of
alignment using navigational grade gyros. The main error
of IAA comes from the second term,which is the initial
Euler misalignment between the b frame and n frame at
the initial time. This component is derived from two
aspects :inertial instruments errors and base vibration. So
we pay more attention to the second error.

The equations for €% can be written in the form:

Cr=MQ (8)
Where,
( vnO -1 (vbn )
M= (vnoxvno ,Q: (VIIOXV )
bo o 2bo b
(V0% XV;LI" (V Uxp) Xy 0)

The elements of M are constant at any latitude when the
¢, and ¢, are fixed on,but @ contains measurement un-
therefore be

certainties. The equation above can

written as
Cpo=M(Q+5Q)= (I,+M5QC)Cy?  (9)
where
(ov)"
80 = (Ov, xv,2 49,0 x5,°) "

( Bvb" va" va“ +vb" ><8v bo va‘) +vb“ va" ><6vb" )T

ézg can be orthogonalized using the formula'’
(), —C;:g[(é;gﬂé;:gr”%
[L,+(M5QC?-CsQ™M")/2]Ce (10)

Let us assume that the initial Euler misalignment angles

are ¢, ,then
1 ,l[ ”(
(¢o><)=?[(C535QTMT)-(C;,§5QTMT)T] (11)
Where
(Svm) T

(OV XV +v, " X6V,

Cyio0" = (12)

(8,0 XV Xxv 0 +p0 X0V O XV, +
PO xp o x8y )"
1 2 1
3.1 Error Aroused by Sensor Errors
Eq.2 and Eq. 6 are developed for the attitude and
velocity updating. How the sensor errors affect the

attitude and velocity are described by the error dynamics

equations. We derive these equations by applying a
differential operator to Eq.2 and Eq. 6. It is convenient

to represent the attitude error angles of C;? and velocity

error by 9" and & due to gyros drift & and
accelerometers bias V.

n"=-C’(1)&’ (13)

(1) =" xf* (1) -Cpo(1) V'’ (14)

Consider a stationary alignment for a SINS and assume

the body frame coincides with the navigation frame.
Then Eq. 13 and Eq. 14 can be written;

70 =-C(t)&" (15)

(1) =g -Co () V" (16)

Considering the use of Laplace transformation and

inverse Laplace transformation to above equations, the

time-response approximate solution of 6v"(t)are ;

()= ~( V Et+%g8Nt2) (17)
ovo(1)= ~( V yi- gaFt +é coslgw,e,)  (18)

ovio(t)=-(-V Ut+?congw V.t +iconga)w ext’)

3

(19)
Considering 2¢, =t, =t in Eq. 12, then substituting Eq.
(17) ~Eq. (19)into Eq. (12)and Eq. (11) ,the initial
Euler error angles for the initial body attitude matrix C}

are given up to one order of time by

¢0E:_7‘H‘ (20)

¢01\ o T (21)

&y V glanl &t
+ +—

by =- (22)

3.2 Error Aroused by Linear Vibration

w,,cosL g 2
To predigest analysis, assume the body frame
coincides with the navigation frame and the linear

vibration profile is 8f (), then the linear vibration

@3
velocity are ov,) = fo 8f (z) dr at time ¢, and ov}° =

3]
f 8f(7) dr time t,. Substituting o, and &v;* into
0

Eq.12 and Eq. 11,

aroused by linear vibration are as follows:

4] "of (eyde + [ ofy(r)de
Do =- ’ gt } (23)
2[f, (e

bpy=——" " (24)
gt

then initial Euler error angles
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a2 “8f(e)de - [ 8y () de] 01717
0 0o —~ 0.1716 F
ou = 2 (25) < 01715
gw, coslt S 01714
0.‘17‘13 1 1 1 1 1 |
. . 0 100 200 300 400 500 600
4 Simulation 017
. . . . c 018
In this section,we carry out simulation to evaluate = o9k
v 1ot 1 -0.20 1 1 1 1 1 |
the error characteristics of the IAA method described 0 100 200 300 200 500 600
above. The simulation mimicking typical alignment -2.58 -
conditions are as follows :the first for a stationary SINS, % 260 /
> =262+
the other one for a swaying SINS without linear vibration 64 . \ \ \ \ \

and another one for a swaying SINS with linear
vibration. The SINS is assumed to be located at latitude
34° longitude 108° and 440 m height. It has gyros with
drift rate 0.01°/h and accelerometers with bias 5x107

g. The sampling rate is 200 Hz. The random walk
coefficient are 0.003 °/+/h and 8 pg/+/Hz for gyros and

accelerometers respectively. The initial Euler angles are
0°(pitch) ,0°(roll ) and 0°(yaw).

Firstly, consider the SINS to be completely
stationary. Fig. 1 shows the initial Euler error angles
obtained by TAA, as well as curve for our parameter

setting in Eq. 20 ~ Eq. 22.

bop | [-0.1719 0
doy | =] 0.1719 |+]4.166 7x107° |t (26)
by | L-2.6485] [8.3333x107

Nice agreement between IAA alignment results and
analytic results is observed in Fig. 1. The initial
alignment Euler angles obtained by IAA are ploted in
Fig. 2.

The fitted slope of initial roll and yaw angles in
Fig.2 are —=3.9933x107"/s and 8. 8531x107"/s,or e-
quivalently £,=0.009 6 °/h and £,=0.010 6 °/h re-

spectively ,which implies that we might instead estimate
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Fig.1 Initial Euler Error Angles on Static Base
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Fig.2 Initial Alignment Euler Angles

ey and &, using the actual slopes of initial alignment
roll and yaw angles.

Secondly, we consider the SINS angularly swaying
without linear vibration. Keep the initial angles unchanged
and the three angle rate to 0.27mxsin(0. 171)°/s,0. 187X
sin(0. 067t)°/s and 0. 167rxsin (0. 0877t ) °/s. The angles
estimates along with the true value are plotted in Fig. 3.
Estimates of the constant initial Euler error angles by IAA
are plotted in Fig. 4. Similar characteristic with those in
the stationary case can be identified for IAA. It indicates
that the TAA method could alternatively serve as an
evaluation tool of SINS calibration in that the existence of
significant biases would lead to apparent climbing trends

in the estimates of initial Euler angles.
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Fig.3  Alignment Result without Vibration
Thirdly ,the SINS is swaying with both angular and
linear vibrations, then keep the above angular motions
unchanging and additionally add linear vibrations. We
set zero initial ground velocity and the three ground
velocity rates to 0. 05sin (0. 27¢) m/s,0. 05sin (0. 377t )
m/sand 0. 05sin (0. 477t ) m/s. The alignment results
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along with the true value are given in Fig. 5. The initial

Euler angles by IAA are given in Fig. 6.

— IAA ---- Analysis
-0.160
f\; o W
S 0170 f VM A A A e
~0.175 I I I I I ]
0 100 200 300 400 500 600
0.20 -
< 019
< 018
0.17
0 200 300 400 500 600
-23r
~ —24f
< _%'; L
%0 200 300 400 500 600
t/s
Fig.4 Initial Euler Error Angles on Sway Base
— IAA ---- TRUE
4 —
~ 2
S
—4 L 1 1 1 ! ]
0 100 200 300 400 500 600
4 -
~ 2
< or
= ot
4 I I | I I ]
0 100 200 300 400 500 600
4
: 2
= 0
=2
4l I I I ]
200 300 400 500 600
t/s
Fig.5 Alignment Result with Vibration
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Fig.6 Initial Euler Angles Estimates with Vibration

Both Figures imply that the liner vibration imposes
considerable effect on the TAA method. The climbing
trends of initial attitude angles are submerged in and
cannot be distinguished from the misalignment angles.
Compared with sensors errors, the IAA method is more

sensitive to linear vibrations.

S Summary and Conclusion

This paper introduces the indirect

alignment (IAA ) method for strapdown inertial navigation

analytic

system and the corresponding error characteristics.
Sensitivity analysis of the IAA method with respect to
sensor biased and linear vibration has been made and
explicit error analytic formulas are derived for a
stationary case. By fitting slope of initial Euler angles,
the significant sensor biases can be estimated,but it is
not available when serious linear vibration. The analysis
is well validated by simulation. These results are helpful
for investigating the indirect analytic alignment of

strapdown inertial navigation system.
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