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1 NI+B3q�f�1��
min
x∈Rn

f(x), (1.1)^� f : Rn → R (5N,&~��^�N~�5v�b� (1.1) B_;Ip��NY���wBX	}g Fletcher � Reeves[1] v 1964 X�/B Fletcher-Reeves p��NY
(FR ^Y), �BI9h{(�

xk+1 = xk + αkdk, (1.2)

dk =

{

−g1, k = 1,

−gk + βkdk−1, k ≥ 2,
(1.3)

βk = βFR
k =

‖gk‖
2

‖gk−1‖2
, (1.4)�- 2012 W 8 s 14 j�<�2012 W 9 s 26 j�<Kdf�

∗ 
a~�* (KJ121112) �>Q�



1110 ` b � O O � 36)^� gk = ∇f(xk) ( f(x) v xk 2B�N
 αk ≥ 0 }�&_��gP	;��>=

dk }��^?
 βk (�;!�� FR ^Y_(i/KB�8IZ!�u[R"�wv
1970 X� Zoutendijk[2] �L< FR ^Y d g;��v�8� 1985 X� Al-Baali[3]�o��{%u=_ Wolfe ;���
 αk F��

f(xk + αkdk) ≤ f(xk) + δαkgT
k dk, (1.5)

|gT
k+1dk| ≤ −σgT

k dk, (1.6)^� 0 < δ < σ < 1
2 . Liu, Han� Yin[4] � Al-BaaliB�{%u=< σ = 1

2 . Dai� Yuan[5]�L<vu^ Wolfe ;��� (1.5) �
σ1g

T
k dk ≤ gT

k+1dk ≤ −σ2g
T
k dk, (1.7)6�l!�F� σ1 + σ2 ≤ 1 (0 < δ < σ1 < 1, σ2 ≥ 0), x,�L FR ^YvHX�$rXi6���^?�`f%�8��.�7R FR ^Y�FL�>=X1L�B Fletcher-Reeves p��NY (MFR^Y). ^3�vu^ Wolfe ;��6�L MFR ^YBf%�8I����R MFR ^Y� FR ^Y�F��xU�

2 MFR#!)4�&A+Fb�3q�f�1� (1.1) B MFR ^Y��� 1 kK x1 ∈ Rn, ε ≥ 0. � d1 = −g1, k:=1, k{ g1 = 0, !���� 2 �& αk F�u^ Wolfe ;�� (1.5) � (1.7), ^� σ1 + σ2 ≤ 1 (0 < δ <

σ1 < 1, σ2 ≥ 0).�� 3 xk+1 = xk + αkdk, k{ ‖gk+1|| ≤ ε, !���� 4 g (1.3) b dk+1, ��!� βk �k6m{� βMFR
k = max{0, βFR

k + φk}, ^� φk =
ugT

k−1
dk−1

‖gk−1‖2 , u ≥ 0.�� 5 p k := k + 1, ��� 2. 0 2.1 pM= {gk} � {dk} g MFR ^Y$r�xR�iB k ≥ 1, i
1 − σ1 − σ2 + σ2σ

k−1
1

1 − σ1
≤ −

gT
k dk

‖gk‖2
≤

1 − σk
1

1 − σ1
. (2.1)a 3dwSY�L�; k = 1 v� gT

1 d1 = −||gk||
2, �D (2.1) 9h(4��p�D (2.1) Rli\Pi k − 1 (k ≥ 2) (4�


1 − σ1 − σ2 + σ2σ
k−2
1

1 − σ1
≤ −

gT
k−1dk−1

‖gk−1‖2
≤

1 − σk−1
1

1 − σ1
. (2.2)6I�L�D (2.1) Rli\ k (4�l&�p (2.2), ,�

0 ≤ βMFR
k ≤ βFR

k . (2.3)



6[ A�-�t℄ Wolfe :��5W0J}? Fletcher-Reeves \V?�6G 1111R (1.3) 9O)[ gT
k , i

gT
k dk = −||gk||

2 + βMFR
k gT

k dk−1.l& (2.3) � (1.7), ,>
−||gk||

2 + σ1β
FR
k gT

k−1dk−1 ≤ gT
k dk ≤ −||gk||

2 − σ2β
FR
k gT

k−1dk−1.�C{9O"0[ −||gk||
2, i

1 + σ2

gT
k−1dk−1

||gk−1||2
≤ −

gT
k dk

||gk||2
≤ 1 − σ1

gT
k−1dk−1

||gk−1||2
. (2.4)� ρk−1 = −

gT

k−1
dk−1

||gk−1||2
, xl& (2.4) i

1 − σ2ρk−1 ≤ ρk ≤ 1 + σ1ρk−1. (2.5)Z� ρ1 = 1 � ρk−1 ≥ 0, R (2.5) {BEUi�C{�FF%�,>
ρk−1 ≤

1 − σk−1
1

1 − σ1
. (2.6)l& (2.5) � (2.6), ,>

1 − σ1 − σ2 + σ2σ
k−1
1

1 − σ1
=1 − σ2

1 − σk−1
1

1 − σ1
≤ ρk ≤ 1 + σ1

1 − σk−1
1

1 − σ1
=

1 − σk
1

1 − σ1
.9h��D (2.1) Ri\ k V(4�gwSY��K2(4�?3 2.1 gK2 2.1 B�D,�� MFR ^YF�,a6� ��

gT
k dk ≤ −c||gk||

2, c =
1 − σ1 − σ2

1 − σ
. (2.7)

3 MFR#!�5,71F(�L MFR ^YBf%�8I�RR�~� f(x) �k6�p (H):

(i) R�~� f(x) vY� Ω = {x | f(x) ≤ f(x1)} 6^i��^� x1 (-zG

(ii) p V ⊂ Ω, R�~� f(x) v V T5N,&�`�N~� g(x) v V TF�

Lipschitz  ��
5v%� L > 0, y> ∥

∥g(x) − g(y)
∥

∥ ≤ L‖x − y‖, ∀x, y ∈ V .O0 3.1 p x1 }yR�~� f(x) F��p (H) B-zG�+BX^Y xk+1 =

xk +αkdk,^� dk F� gT
k dk < 0,�& αk gu^Wolfe;��b>�xRli\ k ∈ N ,i

∑

k≥1

(gT
k dk)2

‖dk‖2
< +∞. (3.1)
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[gk+1 − gk]T dk ≥ (σ1 − 1)gT

k dk.?X^I�g Lipschitz  �i
[gk+1 − gk]T dk ≤ ‖gk+1 − gk‖ · ||dk‖ ≤ αkL‖dk‖

2.3d[o9{>
αk ≥

σ1 − 1

L
·

gT
k dk

‖dk‖2
. (3.2)g (1.5) � (3.2), ,�

fk − fk+1 ≥
δ(1 − σ1)

L
·
(gT

k dk)2

‖dk‖2
,Ro{4 k = 1, 2, · · · b��`l& f(x) 6^i��
� (3.1) (4�?3 3.1 g (2.7) � (3.1) ,> ∑

k≥1

tk
−1 < +∞, ^� tk = ‖dk‖

2

‖gk‖4 . 0 3.1 p x1 }yR�~� f(x) F��p (H) B-zG�xg MFR ^Y$rBG= {xk} �{ gk = 0 RPi k (4��{
lim

k→∞
inf ‖gk‖ = 0. (3.3)a l gk = 0 RPi k (4�x xk (G=B/KG�K2���bx�dZ�Y�L��p (3.3) �(4�x5v%� ε > 0, y>Ri\ k i

‖gk‖
2 ≥ ε. (3.4)R (1.3) 9ONY^�|2>

‖dk‖
2 = ‖gk‖

2 + (βMFR
k )2‖dk−1‖

2 − 2βMFR
k gT

k dk−1. (3.5)l& (2.3), (1.7) � (3.5) i�
‖dk‖

2 ≤ ‖gk‖
2 + (βFR

k )2‖dk−1‖
2 − 2σ1β

FR
k gT

k−1dk−1.Ro{9O"0[ ‖gk‖
4, ,>�

‖dk‖
2

‖gk‖4
≤

‖dk−1‖
2

‖gk−1‖4
+

1

‖gk‖2
·
(

1 − 2σ1

gT
k−1dk−1

‖gk−1‖2

)

.g (2.1), ,��
tk ≤ tk−1 +

1

‖gk‖2
·
(

1 + 2σ1 ·
1 − σk−1

1

1 − σ1

)

≤ tk−1 +
2σ1

1 − σ1
·

1

‖gk‖2
.j t1 = 1

‖g1‖2 , Ro{b��>
tk ≤

2σ1

1 − σ1
·

k
∑

i=1

1

‖gi‖2
.
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1−σ1

· k
ε
. ,� tk �T;Iz&�l} ∑

k≥1

tk
−1 = +∞. o{n%D 3.1GS�r�p�(4��D>��

4 9R6J3d MATLAB 7.0.1 �B*M9E�R [6] �B#�~��F<#��;���!� δ = 0.01, σ1 = σ2 = 0.1; ;!� u = 0.05,0.1� 0.5v�MFR ^YY3( MFR1 �
MFR2 � MFR3 ^Y�*M�� �( ||g||k ≤ 1.0 × 10−6, �{�7I93� It-max

>9999.� 4.1, 4.2 � “Problem” �| [6] �#�~�BM'
 “Dim” �|#�~�B)�
� 4.1��&h{( NI/NF/NG,Y3(I93��~����3���N���3��� 4.2 ��&h{( CPU/f, a��| CPU tFv� (:+(J) �R�~���
“NaN” �|^YR#�1�t��6I(<R�k^Y�FZq�l&�.�YB�� ��k6vK�l W ^YRlE i0 i#�1�t��xE i0 i#�1�BI93��~����3���N���3�� CPUv�a�dW^Y��^�#�~�B�7I93���7~����3���7�N���3���7 CPU v�9��. d [7] �Z�Æ=.Zq MFR ^YvI9^IB|�f>I��3d [8] �BÆ=R MFR ^Y4 CPU v�o�FR���{a��� 4.3 �$ 4.1.� 4.3 �$ 4.1 �{9| MFR ^YRl�k#�~�vI9^I� CPU v�^I*fl FR ^Y�
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Problem Dim FR MFR1 MFR2 MFR3

ROSE 2 119/349/302 35/126/106 33/137/112 34/156/126

FROTH 2 16/92/72 17/89/71 NaN/NaN/NaN 16/86/68

BADSCP 2 4091/9845/9780 44/277/250 22/151/136 35/242/222

BADSCB 2 239/821/700 19/132/119 21/159/147 36/233/218

BEALE 2 49/149/124 33/106/86 23/81/65 25/94/76

JENSAM 2(m = 8) 23/80/52 16/62/36 16/63/39 35/123/88

HELIX 3 39/116/97 47/146/121 57/166/141 233/596/528

BRAD 3 28/98/81 33/111/92 38/126/105 456/1158/1050

GAUSS 3 3/8/6 3/8/6 3/8/6 4/10/7

MEYER 3 1/1/1 1/1/1 1/1/1 1/1/1

GULF 3 1/2/2 1/2/2 1/2/2 1/2/2

BOX 3 1/1/1 1/1/1 1/1/1 1/1/1

SING 4 767/2071/1830 152/463/404 149/457/399 3924/9331/8309

WOOD 4 103/307/251 91/346/293 170/611/523 425/1326/1159

KOWOSB 4 411/1138/990 129/424/371 118/393/341 497/1407/1254

BD 4 NaN/NaN/NaN 45/180/142 49/180/143 51/202/164

OSB1 5 1/1/1 1/1/1 1/1/1 1/1/1

BIGGS 6 239/661/581 6818/19457/17227 NaN/NaN/NaN NaN/NaN/NaN

OSB2 11 NaN/NaN/NaN 730/1678/1579 1079/2508/2363 1877/4922/4394

WATSON 5 136/345/309 444/1256/1095 626/1732/1512 845/2323/2082

10 7/81/52 7/81/52 7/81/52 7/81/52

15 8/92/60 8/92/60 8/92/60 8/92/60

PEN2 50 151/630/546 189/888/783 222/971/848 256/1024/908

100 139/3378/337 76/224/194 86/238/206 NaN/NaN/NaN

PEN1 100 41/180/141 25/170/130 22/164/121 30/203/158

200 23/144/105 26/168/124 24/166/122 31/208/158

TRIG 100 322/448/447 70/133/130 69/144/137 90/212/190

200 333/457/456 61/113/111 53/108/105 77/196/178

ROSEX 500 126/371/320 38/142/121 35/148/123 36/165/134

1000 132/390/337 38/142/121 35/148/123 36/165/134

SINGX 500 1959/5740/5026 207/664/588 319/984/877 NaN/NaN/NaN

1000 3105/8718/7688 16822/522/460 383/1191/1057 NaN/NaN/NaN

BV 500 9821/12980/12979 866/1745/1735 716/1552/1516 203/528/479

1000 1247/1519/1518 75/144/143 59/118/117 25/64/5

IE 500 7/15/8 7/15/8 7/15/8 7/15/8

1000 8/17/9 7/15/8 7/15/8 7/15/8

TRID 500 48/104/99 33/74/69 35/81/68 39/90/77

1000 65/139/135 34/77/73 35/81/72 43/105/91

BAND 500 1/1/1 1/1/1 1/1/1 1/1/1

1000 1/1/1 1/1/1 1/1/1 1/1/1

LIN0 50(m=100) 2/3/2 2/3/2 2/3/2 2/3/2

100(m = 200) 2/3/2 2/3/2 2/3/2 2/3/2

LIN1 100(m=200) 2/3/2 2/3/2 2/3/2 2/3/2

200(m = 300) 3/5/3 3/5/3 3/5/3 3/5/3

LIN 500(m = 600) 1/3/2 1/3/2 1/3/2 1/3/2

1000(m = 1100) 1/3/2 1/3/2 1/3/2 1/3
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�
Problem Dim FR MFR1 MFR2 MFR3

ROSE 2 0.1198/3.6183e-014 0.0434/8.3833e-013 0.0467/8.4512e-013 0.0521/3.8537e-014

FROTH 2 0.0317/48.9843 0.0298/48.9843 NaN/NaN 0.0492/48.9843

BADSCP 2 4.1703/2.4382e-005 0.0791/5.3689e-006 0.0451/8.8093e-005 0.0905/5.4904e-005

BADSCB 2 0.2394/71.2952 0.1099/2.3493e-009 0.0457/0 0.1467/4.6183e-008

BEALE 2 0.0499/3.6544e-014 0.0405/2.0550e-018 0.0333/1.1098e-015 0.0426/1.8450e-016

JENSAM 2(m = 8) 0.1430/55.4158 0.0187/55.4158 0.1171/55.4158 0.0508/55.4158

HELIX 3 0.0419/1.2829e-014 0.0583/4.4292e-015 0.0609/6.0796e-015 0.2292/1.1696e-013

BRAD 3 0.0758/0.0082 0.0609/0.0082 0.0760/0.0082 0.6465/0.0082

GAUSS 3 0.0046/1.1279e-008 0.0046/1.1279e-008 0.0047/1.1279e-008 0.0132/1.1280e-008

MEYER 3 0.0044/1.6936e+009 0.0033/1.6936e+009 0.0039/1.6936e+009 0.0039/1.6936e+009

GULF 3 0.0016/0.0385 0.0013/0.0385 0.0014/0.0385 0.0074/0.0385

BOX 3 0.0783/1.0312e+003 0.0748/1.0312e+003 0.0872/1.0312e+003 0.0770/1.0312e+003

SING 4 0.8467/8.5632e-011 0.1655/4.5494e-010 0.1821/5.8759e-010 3.8607/7.6913e-010

WOOD 4 0.1165/3.3887e-015 0.1150/2.3486e-013 0.2082/9.7352e-014 0.5423/2.9555e-013

KOWOSB 4 0.5076/3.0751e-004 0.1841/3.0751e-004 0.1688/3.0751e-004 0.7089/3.0751e-004

BD 4 NaN/NaN 0.0866/8.5822e+004 0.2087/8.5822e+004 0.1098/8.5822e+004

OSB1 5 0.0021/0.8790 0.0019/0.8790 0.0017/0.8790 0.0019/2.1760

BIGGS 6 0.3416/0.0057 12.6697/1.5745e-008 NaN/NaN NaN/NaN

OSB2 11 NaN/NaN 2.4566/0.0401 3.4120/0.0401 6.3430/0.0401

WATSON 5 0.2182/0.0172 1.4451/0.0172 1.5472/0.0172 2.0759/0.0172

10 0.0232/3.0696e-023 0.0204/3.0696e-023 0.0238/3.0696e-023 0.0243/3.0696e-023

15 0.0293/3.6788e-022 0.0278/3.6789e-022 0.0287/3.6789e-022 0.0236/3.6789e-022

PEN2 50 0.4693/4.2961 0.7731/4.2961 0.7405/4.2961 0.7957/4.2961

100 0.5403/9.7096e+004 0.3681/9.7096e+004 0.3630/9.7096e+004 NaN/NaN

PEN1 100 0.6742/9.0249e-004 0.5775/9.0249e-004 0.5835/9.0249e-004 0.7409/9.0249e-004

200 0.9532/0.0019 1.0959/0.0019 1.1569/0.0019 1.4632/0.0019

TRIG 100 1.5819/1.8410e-006 0.4199/1.8410e-006 0.4198/2.4054e-006 0.5638/2.4054e-006

200 8.5504/1.0051e-006 2.2576/1.1542e-006 2.1100/1.1542e-006 3.2786/1.1542e-006

ROSEX 500 2.6506/3.8000e-013 1.0759/1.4603e-015 1.0106/1.3152e-017 1.0745/1.2669e-018

1000 8.8417/4.6361e-014 3.4025/2.9207e-015 3.2630/2.6306e-017 3.5120/2.5357e-018

SINGX 500 42.2934/5.6371e-010 5.0378/1.1681e-009 7.2480/3.5500e-009 NaN/NaN

1000 214.4327/3.4856e-010 12.1707/9.0345e-009 27.5978/2.1208e-009 NaN/NaN

BV 500 133.0830/6.6537e-009 17.1536/9.5771e-009 14.4972/9.7081e-009 4.6370/9.9778e-009

1000 45.0169/1.2061e-013 4.0786/1.2746e-009 3.3512/1.2785e-009 1.6639/1.2855e-009

IE 500 1.7261/1.6640e-013 1.7031/5.7919e-015 1.6849/5.7919e-015 1.6779/5.7919e-015

1000 7.5628/5.5450e-015 6.6030/1.1579e-014 6.6119/1.1579e-014 6.5787/1.1579e-014

TRID 500 0.9034/9.6202e-015 0.5738/8.3162e-015 0.6115/3.6844e-015 0.6644/1.7255e-014

1000 3.4754/1.3117e-014 1.8974/1.0050e-014 1.9121/8.1859e-015 2.3888/5.3085e-015

BAND 500 0.5395/18000 0.4604/18000 0.4784/18000 0.4546/18000

1000 1.6907/36000 1.6592/36000 1.6914/36000 1.5831/36000

LIN0 50(m = 100) 0.0669/100 0.0697/100 0.0638/100 0.0580/100

100(m = 200) 0.1568/100 0.1454/100 0.1465/100 0.1385/100

LIN1 100(m = 200) 0.6836/49.6259 0.6834/49.6259 0.6936/49.6259 0.6898/49.6259

200(m = 300) 1.5425/74.6256 1.4989/74.6256 1.5002/74.6256 1.5013/74.6256

LIN 500(m = 600) 0.6754/51.1259 0.6794/51.1259 0.6768/51.1259 0.6633/51.1259

1000(m = 1100) 0.3143/26.1269 0.3174/26.1269 0.2395/26.1269 0.3113/26.1269
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FR MFR1 MFR2 MFR3

1 0.5542 0.5969 0.8794SE eCqgÆÆ����/sR�.�/BÆx\��� - � C
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[8] Dolan E D, Moré J J. Benchmarking Optimization Software with Performance Profiles. Mathematical

Programming, 2001, 91(2): 201–213



6[ A�-�t℄ Wolfe :��5W0J}? Fletcher-Reeves \V?�6G 1117

Convergence of a Class of Modified Fletcher-Reeves Methods

Under the General Wolfe Line Search
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Abstract In this paper, a class of modified Fletcher-Reeves conjugate gradient methods is

proposed on the basic of Fletcher-Reeves conjugate gradient method, which has the sufficient

descent property and global convergence under the general Wolfe line search. Numerical

experiments show that the new methods substantially outperform Fletcher-Reeves method

for the given test problems.
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