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1 {v�M{> Sturm-Liouville �<P<
{

x′′(t) + f(t, x(t)) = 0, 0 < t < 1,

αx(0) − βx′(0) = 0, γx(1) + δx′(1) = 0
(1)Vq64D9&m�{E α, β, γ, δ Li++� ∆ = αγ + αδ + βγ > 0, βδ = 0, ^mb f(t, x) fRA(

(H0) φ0(t)h0(x) − p(t) ≤ f(t, x) ≤ φ(t)(g(x) + h(x)),2S φ0, φ ∈ C(J, R+), g ∈ (R+, R+), h0, h ∈ C(R+, R+), J = (0, 1), I = [0, 1], R =

(−∞, +∞), R+ = (0, +∞), R+ = [0, +∞), p : J → R L Lebesgue J��+�$t& Is�℄qJ5B�|	m�^mb f(t, x) %:$t&J t = 0, 1 5|	�X��$t&J x = 0 5B�|	m�� (H0) J:� f J�
i<�{�M{>DL�6P<��O 2011 w 9 " 20 �'A�2012 w 1 " 11 �'Aqko�
∗ �!PIz�8 (10971179, 11371221, 11071141); �M��rF�wIz!*T�8 (BS2010SF004); �M�mdI�\.�� (J10LA53, J11LA02) �F�$#ÆIz�8 (20110491154) MIp�
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�7 Sturm-Liouville �=Q=EWr75 1095?^mb f i�� BVP (1) D64D9&m�B℄�`}J�' [1–3] �{`}M\�s~:!?3D$� [4] &N2�A( (H0) ET^mb6"�LCA(Y�{>℄|	wW��,�(n, p) P<64D9&m��6P<VM���w^ÆG� P<�8Æ�D.RM+�ÆkB+}h�6P<64D9&m�<uM� BVP (1) &^mb�6��64D9&m����`}J�? β = γ = 0, BVP (1) L Dirichlet �<P<� [5–8]{>℄�6 Dirichlet�<P<�q�[q64D9&m�T�u��DY0Je3N�U�?'�1a�B�y)�^mb�}DhH�+�"H)hH�+&�7��DmD�}�b [9] �B℄|	�6 Sturm-Liouville �<P< n q64D9&m
B�H)^mb&T��5D�℄,,�+D�e�U�K�D Krasnosel’skii%NJLO�}�b [10] B�℄�6 Sturm-Liouville �<A(Y:4<P<�q64D9&m2�
U�Hya℄�Q��
4=Z [11,12] e!{>℄7^m
-^mA(Y
Sturm-Liouville �<P<64D�?2y
6I���eM\�� [14–17]{>℄�6Jea1S64D9&m�T<� [18] &A( (H0) fR��B�T^mb;l�YLC�U� [19] ;vDx���1aB�℄�6�J�<P<

{
y′′ + f(t, y) = 0, 0 < t < 1,

y(0) = 0, αy(η) = y(1)Vq64D9&m2��{E 0 < α, η < 1, αη < 1. )�*M\�[��MoD$U�%NJ?+Od�B|	�6 Sturm-Liouville �<P<Vq64D9&m2��"{>{4�p`�+D}U����+ x ∈ C[0, 1] ∩ C2(0, 1) fR�<P< (1) � x(t) > 0, t ∈ (0, 1), +.{L�<P< (1) D�q64�
2 {j�

G(t, s) =





1

∆
(β + αs)(δ + γ(1 − t)), 0 ≤ s ≤ t ≤ 1,

1

∆
(β + αt)(δ + γ(1 − s)), 0 ≤ t ≤ s ≤ 1,

e(t) = G(t, t) =
1

∆
(β + αt)(δ + γ(1 − t)), t ∈ I.[��

e(t)e(s) ≤ G(t, s) ≤ e(t), ∀ t, s ∈ I. (2)�M ��Y#��
(H1) g : R+ → R+ Yv,� h0, h : R+ → R+ Yv&
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(H2) T��6++ k0, �

∫ 1

0

φ(s)g(k0e1(s)) + φ(s) + p(s)ds < +∞,{E� e1(s) = s(1 − s);

(H3) 9& R0 ≥ 2c1 fR
g(R0)

g(R0) + h(R0 + 1) + 1

∫ R0

0

dτ

g(τ/2)
>

∫ 1

0

[φ(s) + p(s)]ds,{E� c1 =
∫ 1

0 p(t)dt;

(H4) 9&	$ [α0, β0] ⊂ (0, 1), u1 > R0 fR
Λ0h0

(1

2
u1

) ∫ β0

α0

e(s)φ0(s)ds > u1,{E� Λ0 = min {e(α0), e(β0)}.�M �D��K$L C[0, 1], T<<_+ ‖x‖ = max
t∈I

|x(t)|, ∀x ∈ C[0, 1], 70L�q Banach K$�a P = {x|x ∈ C[0, 1], x(t) ≥ 0, ∀ t ∈ I}, Q =
{
x|x ∈ P, x(t) ≥

e(t)‖x‖
}
. [�� P 
 Q $ C[0, 1] ED[qK�a

[x(t)]⋆ = max
{

x(t) − w(t),
1

2
R0e(t)

}
, ∀x ∈ P,{E�

w(t) =

∫ 1

0

G(t, s)p(s)ds, t ∈ I.�:�
w(t) =

∫ 1

0

G(t, s)p(s)ds ≤
∫ 1

0

e(t)p(s)ds = c1e(t). (3)T��65+ n, L�3N Tn : P → C[0, 1] �Y
(Tnx)(t) =

∫ 1

0

G(t, s)
[
f(s, [x(s)]

⋆
+ n−1) + p(s)

]
ds, t ∈ I. (4)zi 1[20] � X $� Banach K$ E D�q&5	� X1 $ X D�q�7F&5	� U $ X DKF�� U ⊂ X1. �� A : X1 → X �Yv� A(X1) ⊂ X1, "� A &

X1\U �i�%NJ�+�� i(A, U, X) = 1.zi 2[20] � E � Banach K$� P $ E ED�qK�T�� r > 0, L� Pr =

{x ∈ P |‖x‖ < r}. �� A : P r → P �Yv�fR Ax 6= x, ∀x ∈ ∂Pr = {x ∈ P |‖x‖ = r}.
(i) �� ‖Ax‖ ≥ ‖x‖, ∀x ∈ ∂Pr, qh

i(A, Pr, P ) = 0;
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(ii) �� ‖Ax‖ ≤ ‖x‖, ∀x ∈ ∂Pr, qh
i(A, Pr, P ) = 1.zi 3 #�A( (H0)–(H2) 0X�+Tjq65+ n, Tn : P → Q �Yv�� (Z9m Tn : P → Q. � n L��|LD65+�T��� x ∈ P , � (2) !B

(Tnx)(t) =

∫ 1

0

G(t, s)
[
f(s, [x(s)]

⋆
+ n−1) + p(s)

]
ds

≤
∫ 1

0

e(s)[f(s, [x(s)]
⋆

+ n−1) + p(s)]ds, t ∈ I,�
‖Tnx‖ ≤

∫ 1

0

e(s)
[
f(s, [x(s)]

⋆
+ n−1) + p(s)

]
ds. (5)%7tA (2) !�Sk�

(Tnx)(t) ≥
∫ 1

0

e(t)e(s)
[
f(s, [x(s)]

⋆
+ n−1) + p(s)

]
ds ≥ e(t)‖Tnx‖, t ∈ I.�$� Tn � P � Q.{7�9mTjq65+ n, Tn �Yv� Tn DYvm
�7m�:�Yl/m Tn$93N�� D ⊂ P L�7��%���m�Sk�9& L > 0,  B ‖x‖ ≤ L, ∀x ∈ D.a Mn = (g(n−1) + h(L + ‖w‖ + R0‖e‖ + 1)), +T��� x ∈ D, Sk�

∣∣∣
d

dt
(Tnx)(t)

∣∣∣ =
∣∣∣
∫ t

0

− γ

∆
(β + αs)

[
f(s, [x(s)]

⋆
+ n−1) + p(s)

]
ds

+

∫ 1

t

α

∆
(δ + γ(1 − s))

[
f(s, [x(s)]

⋆
+ n−1) + p(s)

]
ds

∣∣∣

≤
∫ t

0

γ

∆
(β + αs)

[
φ(s)(g(n−1) + h(L + ‖w‖ + R0‖e‖ + 1)) + p(s)

]
ds

+

∫ 1

t

α

∆
(δ + γ(1 − s))

[
φ(s)(g(n−1) + h(L + ‖w‖ + R0‖e‖ + 1)) + p(s)

]
ds

=

∫ t

0

γ

∆
(β + αs)(Mnφ(s) + p(s))ds +

∫ 1

t

α

∆
(δ + γ(1 − s))(Mnφ(s) + p(s))ds.-��e7u"U�A( (H2) B

∫ 1

0

∫ t

0

Mnφ(s) + p(s)dsdt ≤
∫ 1

0

(1 − s)(Mnφ(s) + p(s))ds < +∞,

∫ 1

0

∫ 1

t

Mnφ(s) + p(s)dsdt ≤
∫ 1

0

s(Mnφ(s) + p(s))ds < +∞,

∫ 1

0

∫ t

0

s(Mnφ(s) + p(s))dsdt ≤
∫ 1

0

s(1 − s)(Mnφ(s) + p(s))ds < +∞,

∫ 1

0

∫ 1

t

(1 − s)(Mnφ(s) + p(s))dsdt ≤
∫ 1

0

s(1 − s)(Mnφ(s) + p(s))dsdt < +∞.
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0 ≤

∫ 1

0

∣∣∣
d

dt
(Tnx)(t)

∣∣∣dt < +∞.U��eDETYvm: Tn(D) & [0, 1] �GRYv�� Ascoli-Arzela LO: Tn(D) L
[0, 1] �D`T9���6�Tjq65+ n, Tn : P → Q L�Yv3N�zi 4 #�A( (H0)–(H3) fR�+T��65+ n �

i(Tn, Ω0, Q) = 1,{E Ω0 = {x ∈ Q|‖x‖ < R0}.� �O 3 :�Tjq65+ n, Tn : P → Q �Yv�S|
z 6= µTnz, µ ∈ [0, 1], z ∈ ∂Ω0. (6)g+�9& µ0 ∈ I, n0 ∈ N, z0 ∈ ∂Ω0  B z0 = µ0Tn0

z0. � z0 ∈ Q B
z0(t) ≥ ‖z0‖e(t), t ∈ I. (7)��[��

w(t) =

∫ 1

0

G(t, s)p(s)ds ≤
∫ 1

0

e(t)p(s)ds = c1e(t). (8){�
w(t) ≤ c1e(t) ≤

c1

R0
z0(t), ∀ t ∈ I.�6�

z0(t) − w(t) ≥ (1 − c1

R0
)z0(t) ≥

1

2
z0(t) ≥

1

2
R0e(t), ∀ t ∈ I. (9)�$�

[z0(t)]
⋆

= max
{
z0(t) − w(t),

1

2
R0e(t)

}
= z0(t) − w(t). (10)B�%>�3JB

{
z′′0 (t) + µ0[f(t, z0(t) − w(t) + n−1

0 ) + p(t)] = 0, t ∈ I,

αz0(0) − βz′0(0) = 0, γz0(1) + δz′0(1) = 0.
(11)� (11) !B z′′0 (t) ≤ 0, t ∈ J . �6� z0(t) L I �DÆ�+�� (9), (11), (H0) � (H1) :

−z′′0 (t) ≤φ(t)[g(z0(t) − w(t) + n−1
0 ) + h(z0(t) − w(t) + n−1

0 )] + p(t)

≤φ(t)g
(1

2
z0(t)

)g(R0) + h(R0 + 1)

g(R0)
+ p(t), t ∈ (0, 1). (12)J�� βδ = 0, Yle�k8d�

• �k (a). β = 0. 6��J�� α, β, γ, δ $i++� αγ + αδ + βγ > 0, �:
α 6= 0, z0(0) = 0. H� z0(t) LÆD64�Sk� z′0(0) > 0. Yle[G�k8d�
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• �k (a1). ��T�� t0 ∈ (0, 1) P� z0(t0) 6= ‖z0‖. 6��[�� ‖z0‖ = z0(1) �
z′0(t) > 0, t ∈ (0, 1). S| z′0(1) = 0.g+�� z′0(1) < 0, +9& t0 ∈ (0, 1)  B z′0(t0) = 0, 2�<�gU
� z′0(1) >

0, δ = 0, + z0(1) = 0. � z0(0) = 0, {9& t0 ∈ (0, 1)  B z′0(t0) = 0, 2�<�gU
�
z′0(1) > 0, δ 6= 0, + z0(1) < 0, 2� z0(t) DimgU��� g : (0, +∞) → (0, +∞) ,� z0(t) & (t, 1) &�) (12) !8 t � 1 �eB

z′0(t) ≤ g(
1

2
z0(t))

g(R0) + h(R0 + 1)

g(R0)

∫ 1

t

φ(s)ds +

∫ 1

t

p(s)ds,�
z′0(t)

g(1
2z0(t))

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (13)%) (13) !8 0 � 1 �eB
∫ z0(1)

0

dτ

g(1
2τ)

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (14)� z0(1) = R0, � (14) !�Sk�
∫ R0

0

dτ

g(1
2τ)

· g(R0)

g(R0) + h(R0 + 1) + 1
≤

∫ 1

0

[φ(s) + p(s)]ds.

• �k (a2). 9& t0 ∈ (0, 1)  B z′0(t0) = 0. �:�
z′0(t) ≥ 0, t ∈ (0, t0), z′0(t) ≤ 0, t ∈ (t0, 1), ‖z0‖ = z0(t0).�� g : (0, +∞) → (0, +∞) ,� z0(t) & (t, t0) �&�) (12) !8 t (t ∈ (0, t0)) �

t0 �eB
z′0(t) ≤ g

(1

2
z0(t)

)g(R0) + h(R0 + 1)

g(R0)

∫ t0

t

φ(s)ds +

∫ t0

t

p(s)ds,�
z′0(t)

g(1
2z0(t))

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (15)%) (15) !8 0 � t0 �eB
∫ z0(t0)

0

dτ

g(1
2τ)

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (16)� z0(t0) = R0, � (15) !�Sk�
∫ R0

0

dτ

g(1
2τ)

· g(R0)

g(R0) + h(R0 + 1) + 1
≤

∫ 1

0

[φ(s) + p(s)]ds.

• �k (b). δ = 0. 6�� z0(1) = 0.



1100 � � , x x � 36D� δ = β = 0, + z0(0) = z0(1) = 0. 2G�k���&�k (a2) E�� δ = 0, β 6= 0, + z′0(0) ≥ 0. g+��� z′0(0) < 0, qh z0(0) < 0, 2� z0(t) DimgU�Yle[G�k8d�
• �k (b1). z′0(0) = 0. 6�� z0(0) > 0. g+�� z0(0) = 0, J�� z0(t) DÆm�Sk� z0(t) < 0, t ∈ (0, 1], 2� z0(t) DimgU��6�

‖z0‖ = z0(0) � z′0(t) < 0, t ∈ (0, 1).�� g : (0, +∞) → (0, +∞) ,� z0(t) & (0, t) �,�) (12) !8 0 � t �eB
−z′0(t) ≤ g

(1

2
z0(t)

)g(R0) + h(R0 + 1)

g(R0)

∫ t

0

φ(s)ds +

∫ t

0

p(s)ds,�
−z′0(t)

g(1
2z0(t))

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (17)%) (17) !8 0 � 1 �e�Sk�
∫ z0(1)

z0(0)

− dτ

g(1
2τ)

=

∫ R0

0

dτ

g(1
2τ)

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (18)�$� ∫ R0

0

dτ

g(1
2τ)

· g(R0)

g(R0) + h(R0 + 1) + 1
≤

∫ 1

0

[φ(s) + p(s)]ds.

• �k (b2). z′0(0) > 0. �� z0(0) = 0, qh2G�k���&�k (a2) E�%���m�� z0(0) > 0. 6��9& t0 ∈ (0, 1)  B z′0(t0) = 0, z0(t0) = R0 = ‖z0‖. �:
z′0(t) ≥ 0, t ∈ (0, t0); z′0(t) ≤ 0, t ∈ (t0, 1).�� g : (0, +∞) → (0, +∞),�z0(t) & (t0, 1) �,�) (12)!8 t0 � t (t ∈ (t0, 1))�eB

−z′0(t) ≤ g(
1

2
z0(t))

g(R0) + h(R0 + 1)

g(R0)

∫ t

t0

φ(s)ds +

∫ t

t0

p(s)ds,�
−z′0(t)

g(1
2z0(t))

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (19)%) (19) !8 t0 � 1 �e�Sk�
∫ z0(1)

z0(t0)

− dτ

g(1
2τ)

=

∫ R0

0

dτ

g(1
2τ)

≤ g(R0) + h(R0 + 1) + 1

g(R0)

∫ 1

0

[φ(s) + p(s)]ds. (20)�$� ∫ R0

0

dτ

g(1
2τ)

· g(R0)

g(R0) + h(R0 + 1) + 1
≤

∫ 1

0

[φ(s) + p(s)]ds.
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∫ R0

0

dτ

g(1
2τ)

· g(R0)

g(R0) + h(R0 + 1) + 1
≤

∫ 1

0

[φ(s) + p(s)]ds,�A( (H3) gU��6� (6) !0X��%NJ?+DmD:O0X�
3 �xeb℄i 1 �A( (H0)–(H4) 0X�6I�0X

lim
x→+∞

h(x)

x
= 0. (21)+�<P< (1) A��[q64 x∗

i , fR x∗

i (t) ≥ mie(t), t ∈ I, mi > 0 (i = 1, 2).� Tjq65+ n, �O 3 : Tn �Yv��A( (H4), 9& ũ1 > u1  B
Λ0h0(

1

2
ũ1)

∫ β0

α0

e(s)φ0(s)ds > ũ1. (22)� m fR
0 < m <

(∫ 1

0

e(s)φ(s)ds
)−1

.� (21) !�9& R > ũ1 fR
h(x) ≤ mx, ∀x ≥ R. (23)�

R1 = max
{
2R,

∫ 1

0
e(s)[φ(s)(g(1

2R0e(s)) + m(‖w‖ + R0‖e‖ + 1)) + p(s)]

1 − m
∫ 1

0 e(s)φ(s)ds

}
. (24)� Ω0 �O 4 6L�� Ω1, Ω01, U01 L��Y�

Ω1 = {x ∈ Q|‖x‖ < R1},
Ω01 =

{
x ∈ Q|‖x‖ < R1 � inf

t∈[α0,β0]
x(t) > u1

}
,

U01 =
{
x ∈ Q|‖x‖ < R1 � inf

t∈[α0,β0]
x(t) > ũ1

}
.�:� Ω0, Ω1, Ω01, U01 $ Ω E�7FF���

Ω0 ⊂ Ω1, Ω01 ⊂ Ω1, U01 ⊂ Ω1, U01 ⊂ Ω01, Ω0 ∩ Ω01 = ∅.
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 (24) [!:
(Tnx)(t) =

∫ 1

0

G(t, s)[f(s, [x(s)]
⋆

+ n−1) + p(s)]ds

≤
∫ 1

0

e(s)[f(s, [x(s)]
⋆

+ n−1) + p(s)]ds

≤
∫ 1

0

e(s)[φ(s)(g([x(s)]⋆) + h([x(s)]⋆ + 1)) + p(s)]ds

≤
∫ 1

0

e(s)
[
φ(s)

(
g
(1

2
R0e(s)

)
+ h(R1 + ‖w‖ + R0‖e‖ + 1)

)
+ p(s)

]
ds

≤
∫ 1

0

e(s)
[
φ(s)

(
g
(1

2
R0e(s)

)
+ m(R1 + ‖w‖ + R0‖e‖ + 1)

)
+ p(s)

]
ds

<R1, ∀ t ∈ I. (25)�6� ‖Tnx‖ ≤ R1, ∀x ∈ Ω1. �$�Sk9m℄ Tn(Ω1) ⊂ Ω1. tAO 1, Tjq65+ n, Sk�
i(Tn, Ω1, Q) = 1. (26)� (25) :� ‖Tnx‖ ≤ R1, x ∈ Ω1. T�� x ∈ Ω1, Sk�

x(t) − w(t) ≥ x(t) − c1e(t) ≥ x(t) − R0

2
e(t) ≥ x(t) − x(t)

2
=

x(t)

2
. (27)�$�

[x(t)]⋆ = max
{
x(t) − w(t),

1

2
R0e(t)

}
= x(t) − w(t).� (27) !�SkB

[x(t)]
⋆ ≥ x(t)

2
≥ u1

2
, t ∈ [α0, β0].�6�T�� x ∈ Ω1 �

(Tnx)(α0) =

∫ 1

0

G(α0, s)[f(s, [x(s)]
⋆

+ n−1) + p(s)]ds

≥
∫ β0

α0

e(α0)e(s)φ0(s)h0([x(s)]⋆)ds

≥Λ0h0

(1

2
u1

) ∫ β0

α0

e(s)φ0(s)ds > u1, (28)

(Tnx)(β0) =

∫ 1

0

G(β0, s)[f(s, [x(s)]
⋆

+ n−1) + p(s)]ds

≥
∫ β0

α0

e(β0)e(s)φ0(s)h0([x(s)]
⋆

)ds

≥Λ0h0

(1

2
u1

) ∫ β0

α0

e(s)φ0(s)ds > u1. (29)
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 (29) [!:�T��� x ∈ Ω1 �
(Tnx)(t) ≥ min

{
(Tnx)(α0), (Tnx)(β0)

}
> u1, ∀ t ∈ [α0, β0],2/m Tn(Ω01) ⊂ Ω01. �O 1 B

i(Tn, Ω01, Q) = 1. (30)N2J9
i(Tn, U01, Q) = 1. (31)T��65+ n, � (26), (30) �O 4 B

i(Tn, Ω1\(Ω01 ∪ Ω0), Q) = i(Tn, Ω1, Q) − i(Tn, Ω01, Q) − i(Tn, Ω0, Q) = −1.{� Tn A���q%NJ xn1 ∈ Ω1\(Ω01 ∪ Ω0). [�� xn1 fR
{

x′′

n1(t) + f(t, [xn1]
⋆ + n−1) + p(t) = 0, t ∈ I,

αxn1(0) − βx′

n1(0) = 0, γxn1(1) + δx′

n1(1) = 0.N2�O 4 D9m�1��A( (H2), Sk�
|x′

n1(t)| ≤
∫ 1

0

[
φ(s)(g([xn1(s)]

⋆
) + h([xn1(s)]

⋆
+ n−1)) + p(s)

]
ds

≤
∫ 1

0

[
φ(s)

(
g
(1

2
R0e(s)

)
+ h(R1 + ‖w‖ + R0‖e‖ + 1)

)
+ p(s)

]
ds

< + ∞, ∀ t ∈ I. (32)��eDETYvmJ: {xn1}L [0, 1]�DGRYv��T��� xn1 ∈ Ω1\(Ω01∪Ω0),A�9&�J tn ∈ [α0, β0] fR xn1(tn) ≤ u1. � Ascoli-Arzela LO� {tn} D�7mJ:�9& {xn1} DN_ {xni1}, �+ x1 ∈ Ω1\(Ω01 ∪ Ω0) ��J t0 ∈ [α0, β0] fR
xni1 → x1, i → +∞, x1(t0) ≤ u1. J�� ‖x1‖ ≥ R0, N2� (10) D9mJB

[x1(t)]
⋆ = x1(t) − w(t) ≥ 1

2
R0e(t). (33)�� xni1 = Tnxni1, U� (33), (H2) 
 Lebesgue LC&ZLO�Sk�

x1(t) =

∫ 1

0

G(t, s)[f(s, x1(s) − w(s)) + p(s)]ds, t ∈ I. (34)a x∗

1 = x1 − w. � (34) B
x∗

1(t) =

∫ 1

0

G(t, s)f(s, x∗

1(s)), t ∈ I,6!/m x∗

1 $ BVP (1) D�q64��L x1 ∈ Q, � (27) !B
x∗

1(t) = x1(t) − w(t) ≥ 1

2
x1(t) ≥

1

2
‖x1‖e(t), t ∈ I. (35)



1104 � � , x x � 36DT�jq65+ n, � (25) !J: Tn A���q64 xn2 ∈ U0,1. N2��*8d�9& {xn2} DN_ {xni2}, �+ x2 ∈ U01 fR xni2 → x2, i → +∞. [��
x2(t) ≥ ũ1(t), t ∈ [α0, β0].a x∗

2 = x2 − w, + x∗

2 $ BVP (1) D�q64�N2� (35) !�Sk�
x∗

2(t) = x2(t) − w(t) ≥ 1

2
x2(t) ≥

1

2
‖x2‖e(t), t ∈ I. (36)�L

x1(t0) ≤ u1 ≤ ũ1 ≤ x2(t0),6�� x∗

1, x
∗

2 $ BVP (1) D[q%DD64�
 mi = 1
2‖xi‖ (i = 0, 1). � (35) 
 (36)[!: x∗

i (t) ≥ mie(t), t ∈ I, mi > 0 (i = 1, 2).℄i 2 �A( (H0)-(H4) 0X�6I�9& R1 > u1  B
∫ 1

0

e(s)
[
φ(s)

(
g
(1

2
R0e(s)

)
+ h(R1 + ‖w‖ + R0‖e‖ + 1)

)
+ p(s)

]
ds < R1, (37)�0X

lim
x→+∞

h0(x)

x
= +∞, (38)+ BVP (1) A�9&�q64 x∗

i fR x∗

i (t) ≥ mie(t), t ∈ I, mi > 0 (i = 1, 2, 3).� �3N Tn ��F� Ω0, Ω1, Ω01, U01 �LO 1 6L��[��
R1 + ‖w‖ + R0‖e‖ ≥ [x(t)]

⋆ ≥ 1

2
R0e(t), ∀x ∈ Ω1, ∀ t ∈ I.�6�T�� x ∈ Ω1, � (37) !�Sk�

|(Tnx)(t)| ≤
∫ 1

0

e(s)
[
φ(s)

(
g
(1

2
R0e(s)

)
+h(R1+‖w‖+R0‖e‖+1)

)
+p(s)

]
ds < R1, t ∈ I,� Tn(Ω1) ⊂ Ω1. N2�LO 1 D9m���9m BVP (1) A��[q64 x∗

1, x
∗

2 fR
x∗

1 = x1 − w, x∗

2 = x2 − w, {E x1 ∈ Ω1\(Ω01 ∪ Ω0), x2 ∈ U01.Yl/m BVP (1) H�q64D9&m�� (37) !:�9&6+ R1 > R1 fR
∫ 1

0

e(s)
[
φ(s)

(
g
(1

2
R0e(s)

)
+ h(R1 + ‖w‖ + R0‖e‖ + 1)

)
+ p(s)

]
ds < R1. (39)a U1 = {x ∈ Ω|‖x‖ < R1}. T���65+ n, � (39) !: Tn(U1) ⊂ U1. {��O 1:

i(Tn, U1, Q) = 1. (40)� (38), 9& R̃ > R1  B
h0(x) ≥ ρ0x, x ≥ R̃, (41)
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2ρ0Λ

2
0

∫ β0

α0

e(s)φ0(s)ds > 1.a
R2 > max

{
R̃,

2R̃

Λ0

}
, Ω2 = {x ∈ Q|‖x‖ < R2}.[��T�� x ∈ ∂Ω2, Sk�

[x(t)]
⋆

= x(t) − w(t) ≥ 1

2
‖x‖e(t) ≥ 1

2
R2Λ0 ≥ R̃, t ∈ [α0, β0]. (42)� (41), (42), T�� x ∈ ∂Ω2, ��65+ n, t ∈ [α0, β0], Sk�

(Tnx)(t) =

∫ 1

0

G(t, s)[f(s, [x(s)]
⋆

+ n−1) + p(s)]ds

≥
∫ β0

α0

e(t)e(s)φ0(s)h0[x(s)]
⋆

ds

≥Λ0

∫ β0

α0

e(s)φ0(s)ρ0[x(s)]
⋆

ds

≥ρ0Λ0

∫ β0

α0

e(s)φ0(s)
1

2
R2Λ0ds

=
1

2
ρ0Λ

2
0

∫ β0

α0

e(s)φ0(s)ds · R2.�6�
‖Tnx‖ ≥ ‖x‖, ∀x ∈ ∂Ω2.tAO 2, T��65+ n, Sk�

i(Tn, Ω2, Q) = 0. (43)T��65+ n, � (40), (43) [!:
i(Tn, Ω2\U1, Q) = i(Tn, Ω2, Q) − i(Tn, U1, Q) = −1.{� Tn A���q%NJ xn3 ∈ Ω2\U1. ��LO 1 `DD8d:9& {xn3} DN_

{xni3}, x3 ∈ Ω2\U1  B xni3 → x3, i → +∞. a x∗

3 = x3 − w, +� x∗

3 $ BVP (1) DH�q64�N2� (35) � (36), Sk�
x∗

3(t) = x3(t) − w(t) ≥ 1

2
x3(t) ≥

1

2
‖x3‖e(t), t ∈ I.
 mi = 1

2‖xi‖ (i = 1, 2, 3), + x∗

i (t) ≥ mie(t), t ∈ I, mi > 0 (i = 1, 2, 3).ql 1 �A( (H0)–(H3) 0X�6I�fR
lim

x→+∞

h0(x)

x
= +∞.+ BVP (1) A���q64�



1106 � � , x x � 36Dql 2 �A( (H0)–(H3) 0X���9& Ri, ui (i = 1, 2, · · · , n), R0 < u1 < R1 <

u2 < R2 < · · · < un < Rn fR
∫ 1

0

e(s)
[
φ(s)

(
g
(1

2
R0e(s)

)
+ h(Ri + ‖w‖ + R0‖e‖ + 1)

)
+ p(s)

]
ds < Ri, i = 1, 2, · · · , n,

Λ0h0

(1

2
ui

) ∫ β0

α0

e(s)φ0(s)ds > ui, i = 1, 2, , · · · , n,�0X
lim

x→+∞

h0(x)

x
= +∞,+ BVP (1) A�� 2n + 1 q64�� �� β = δ = 0, qh BVP (1) G�0 Dirichlet �<P<�`}{>0�('M\ [6,7,15,16]. �M%:B��6 BVP (1) D[q��q64�X��B�℄ 2n + 1 64�2e2�%t��*M\�B��6��M2�$gD�

4 k�HY_[J�<P<




x′′(t) +
1

100
t−

1

2 (x−
1

2 + h(x)) − 1

100

5∑

i=1

(
t − 1

i

)−
2

3

= 0,

x(0) = x(1) = 0,

(44){E
h(x) =

{
x3, x ∈ [0, 200],

4
√

2 × 105x
1

2 , x ∈ [200, +∞).dl 9& mi > 0 (i = 1, 2), BVP (44) A��[q64 x∗

i fR x∗

i ≥ mit(1 − t).� [�� α = γ = 1, β = δ = 0. 
 g(x) = x−
1

2 , x ∈ (0, +∞), φ(t) = φ0(t) =

1
100 t−

1

2 , t ∈ (0, 1), p(t) = 1
100

5∑
i=1

(t − 1
i
)−

2

3 , t ∈ (0, 1), h0(x) = h(x), x ∈ R+. �: (H0) fR��L
c1 =

∫ 1

0

p(t)dt =

∫ 1

0

1

100

5∑

i=1

(
t − 1

i

)−
2

3

dt =
1

100
× 21.62 = 0.2162,%rG3 (H1) 
 (H2) �0X�
 R0 = 1, u1 = 200, ;/�3B

R0 > 2c1 = 0.4324, g(1) = 1, h(2) = 8,

g(R0)

g(R0) + h(R0 + 1) + 1

∫ R0

0

dτ

g(τ/2)
=

√
2

5
>

∫ 1

0

[φ(s) + p(s)]ds = 0.2362.
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 α0 = 1
4 , β0 = 3

4 , +
Λ0 =

3

16
, h

(1

2
u1

)
= 106,

∫ 3

4

1

4

1

100
s(1 − s)s−

1

2 ds =
4

1500
.8X�

Λ0h0

(1

2
u1

)∫ β0

α0

e(s)φ0(s)ds =
3

16
× 106 × 4

1500
= 500 > 200 = u1,�A( (H3) 
 (H4) �fR��LO 1 J:2d0X��u V1T�nÆXB#Q�M";3��pj�' "lf�Z g r t
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Abstract In this paper, multiple positive solutions for singular semipositone Sturm-Liouville

boundary value problems are obtained by constructing a cone and utilizing the fixed point

index theory. The relationship between solution and Green’s is also considered. An example

is presented to demonstrate the application of our main results.
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