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1 *'��(�R��t4+X!/�[W(
[

r(t)|(x(t) + p(t)x(τ(t)))(n−1) |α−1(x(t) + p(t)x(τ(t)))(n−1)
]
′

+

∫ b

a

q(t, ξ)f
[

|x(g(t, ξ))|α−1x(g(t, ξ))
]

dσ(ξ) = 0, t ≥ t0 (1.1)<jJ/�Xt n �R�� α > 0. �lF���#4�
(A1) τ ∈ C(I, R), τ(t) ≤ t, lim

t→∞
τ(t) = ∞, p ∈ C(I, [0,∞)), 0 ≤ p(t) ≤ 1,

I = [t0,∞);

(A2) r ∈ C1(I, (0,∞)), r
′

(t) ≥ 0, R(t) =
∫ t

t0
r−

1
α (s) ds, lim

t→∞
R(t) = ∞;�� 2011 O 8 b 20 fy6�2012 O 10 b 10 fy60af�

∗ sÆ�b)9�� (11171178), sÆe=9$�vC)<�� (20103705110003) }y#K�
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(A3) MY u 6= 0, .
!� M > 0, t9 f(u)/u ≥ M ;

(A4) q ∈ C(I × [a, b], [0,∞)) ℄ q(t, ξ) �u���=

(A5) g ∈ C(I × [a, b], [0,∞)), g(t, ξ) ≤ t for ξ ∈ [a, b], g(t, ξ) oY t } ξ [��X�z��℄ lim inf

t→∞
g(t, ξ) = ∞, ξ ∈ [a, b];

(A6) σ ∈ C([a, b], R) �X�z��W( (1.1) t<�[� Riemann-Stieltijes �[��F" x(t) ∈ Cn−1([Tx,∞), R), Tx ≥ t0 �W( (1.1) <��j
r(t)|(x(t) + p(t)x(t − τ))(n−1)|α−1(x(t) + p(t)x(t − τ))(n−1) ∈ C1([Tx,∞), R),℄
_� [Tx,∞) C�W( (1.1). jW( (1.1) <CiXVS�"�jJ<�hu�XeH0<=D�\e�"�XjJ<�W( (1.1) "�jJ<hu�<�X�KwjJ<��FzH7
W( (1.1) t�j n = 2, p(t) ≡ 0, q(t, ξ) = q(t), f(u) = u, g(t, ξ) = t,

ξ ∈ [a, b],
∫ b

a
dσ(ξ) = 1, W( (1.1) *���P�W(

[r(t)|x′(t)|α−1x′(t)]′ + q(t)|x(t)|α−1x(t) = 0, t ≥ t0, (1.2)

Wang[1], Li} Yeh[2], Sun} Meng[3] >E=#vW( (1.2)	X,�,u��!�Wang[4]=#;yX75[�sqP�t4+�[W(
[x(t) + c(t)x(t − σ)]

′′

+

∫ b

a

p(t, ξ)x[g(t, ξ)] dσ(ξ) = 0, t ≥ t0. (1.3)

Wang, Teo } Liu[5] =#;yX75[�sqR��t4+�[W(
[x(t) + c(t)x(t − σ)](n) +

∫ b

a

p(t, ξ)x[g(t, ξ)] dσ(ξ) = 0, t ≥ t0. (1.4)LZ���W( (1.1) "o=##u���k+;W( (1.1)<jJ|e��q}b ;
[1–7] <xA�u�
�f<��k+;�i1��J���u<T`/�
2 3)��z���F1AF�K-�+� 2.1[8] l u(t) ∈ Cn(I, R+), u(n)(t) �uG{�e.
 tu ≥ t1 }k� l (0 ≤

l ≤ n), 3 u(t)u(n)(t) ≥ 0 s� n + l �R�
3 u(t)u(n)(t) ≤ 0 s� n + l �Y��MY
t ≥ tu, t9

u(t)u(k)(t) > 0, 0 ≤ k ≤ l; (−1)k+lu(t)u(k)(t) > 0, l ≤ k ≤ n.+� 2.2[8] l u(t) C�K- 2.1 <���℄ u(n−1)(t)u(n)(t) ≤ 0, t ≥ tu, e.
!� λ, λ ∈ (0, 1) } N > 0 tMC\)[0< t X
|u

′

(λt)| ≥ Ntn−2|u(n−1)(t)|.



1082 L O | 7 7 � 36&+� 2.3 l x(t) �W( (1.1) <XjJ��?
z(t) = x(t) + p(t)x(τ(t)). (2.1)ME�.
 t1 ≥ t0 t9

z(t)z
′

(t) > 0, z(t)z(n−1)(t) > 0, z(t)z(n)(t) ≤ 0, t ≥ t1. (2.2)= �pC
/��l x(t)�W( (1.1)<�ul��J lim inf
t→∞

g(t, ξ) = ∞, lim
t→∞

τ(t) =

∞, .
 t1 ≥ t0 t9
x(t) > 0, x(g(t, ξ)) > 0, x(τ(t)) > 0, t ≥ t1. (2.3)zH7 p(t) ≥ 0, *9 z(t) > 0, t ≥ t1 }

[

r(t)|z(n−1)(t)|α−1z(n−1)(t)
]
′

= −

∫ b

a

q(t, ξ)f
[

|x(g(t, ξ))|α−1x(g(t, ξ))
]

dσ(ξ) ≤ 0, t ≥ t1. (2.4)J, r(t)|z(n−1)(t)|α−1z(n−1)(t) w2FB�<� z(n−1)(t) w�uG{<��FL>
z(n−1)(t) > 0, t ≥ t1.\e�.
 t2 ≥ t1 t9 z(n−1)(t2) < 0, MY t ≥ t2,

r(t)|z(n−1)(t)|α−1z(n−1)(t) ≤ r(t2)|z
(n−1)(t2)|

α−1z(n−1)(t2) = −C (C > 0),

(−z(n−1)(t)) ≥

( C

r(t)

)
1
α

, t ≥ t2,Mku8��[*9
z(n−2)(t) ≤ z(n−2)(t2) − C

1
α

∫ t

t2

r−
1
α (s) ds.? t → ∞, l$ (A2), *9 lim

t→∞
z(n−2)(t) = −∞, 
 z(t) → −∞, g\ z(t) > 0 DN�J, z(n−1)(t) > 0, t ≥ t2. U (1.1) } (A2), *9

[r(t)(z(n−1)(t))α]
′

= αr(t)(z(n−1)(t))α−1z(n)(t) + r
′

(t)(z(n−1)(t))α ≤ 0, t ≥ t2.�F z(n)(t) ≤ 0, t ≥ t2. UK- 2.1( n �R�), *9 z
′

(t) > 0, t ≥ t2. ,�?*FmJ
x(t) ��u^�<^,�m��l$ Philos[9], GIC,z� F ∗. ? D0 =

{

(t, s) ∈ R2 : t > s ≥ t0
} } D =

{

(t, s) ∈

R2 : t ≥ s ≥ t0
}

, j H ∈ C(D, R), C�
(S1) H(t, t) = 0, t ≥ t0, H(t, s) > 0, (t, s) ∈ D0;
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(S2) H 
 D0 kMAPi�9X75<T4��C� ∂H(t,s)
∂s

≤ 0,e" H ∈ F ∗.�� 2.1 hu.
z� ρ ∈ C1
(

[t0,∞), (0,∞)
)

, MY T ≥ t0, t9
lim sup

t→∞

∫ t

T

[

Mρ(s)Q(s) −
θr(s)(ρ

′

(s))α+1

[ρ(s)gn−2(s, a)g′(s, a)]α

]

ds = ∞, (2.5)Xt θ = (α + 1)−(α+1)(λN)−α, Q(s) =
∫ b

a
q(s, ξ)(1 − p[g(s, ξ)])α dσ(ξ), eW( (1.1) wjJ<�= �lW( (1.1) %XXjJ� x(t). �pC
/�l

x(t) > 0, x(g(t, ξ)) > 0, x(τ(t)) > 0, t ≥ t1 ≥ t0.U (2.1) }K- 2.3 .
 t2 ≥ t1 t9
z(t) > 0, z

′

(t) > 0, z(n−1)(t) > 0, z(n)(t) ≤ 0, t ≥ t2.UK- 2.2, .
 t3 ≥ t2 }!9 λ : 0 < λ < 1, N > 0 t9
z

′

(λg(t, a)) ≥ Ngn−2(t, a)z(n−1)(g(t, a)) ≥ Ngn−2(t, a)z(n−1)(t), t ≥ t3. (2.6)U (2.1), *9
x(t) = z(t) − p(t)x(τ(t)) ≥ z(t) − p(t)z(τ(t)) ≥ (1 − p(t))z(t), t ≥ t3. (2.7)J lim inf

t→∞
g(t, ξ) = ∞, .
 t4 ≥ t3 t9 g(t, ξ) ≥ t3, t ≥ t4, �F

x(g(t, ξ)) ≥ (1 − p(g(t, ξ)))z(g(t, ξ)) ≥ (1 − p(g(t, ξ)))z(g(t, a)), t ≥ t4. (2.8)U (A3) } (2.8), *9
f
[

|x(g(t, ξ))|α−1x(g(t, ξ))
]

≥ M
(

1 − p[g(t, ξ)]
)α

zα[g(t, a)], t ≥ t4. (2.9)U (1.1) } (2.9), *9
[r(t)(z(n−1)(t))α]

′

+ MQ(t)zα[g(t, a)] ≤ 0, t ≥ t4. (2.10)?
w(t) = ρ(t)

r(t)(z(n−1)(t))α

zα[λg(t, a)]
, t ≥ t4. (2.11)



1084 L O | 7 7 � 36&e w(t) > 0, t ≥ t4. U (2.6), (2.9) } (2.11), *9
w

′

(t) =ρ
′

(t)
r(t)(z(n−1)(t))α

zα[λg(t, a)]
+ ρ(t)

[r(t)(z(n−1)(t))α]
′

zα[λg(t, a)]

−
λαρ(t)r(t)g

′

(t, a)z
′

[λg(t, a)](z(n−1)(t))α

zα+1[λg(t, a)]

≤
ρ

′

(t)

ρ(t)
w(t) − Mρ(t)Q(t) −

λαNgn−2(t, a)g
′

(t, a)

(ρ(t)r(t))
1
α

w
α+1

α (t), t ≥ t4.

(2.12)U Young �>u
ρ

′

(t)

ρ(t)
w(t) −

λαNgn−2(t, a)g
′

(t, a)

(ρ(t)r(t))
1
α

w
α+1

α (t)

≤
θr(t)(ρ

′

(t))α+1

[ρ(t)gn−2(t, a)g′(t, a)]α
.U (2.12) 9

w
′

(t) ≤ −Mρ(t)Q(t) +
θr(t)(ρ

′

(t))α+1

[ρ(t)gn−2(t, a)g′(t, a)]α
, t ≥ t4.Mku8��[*9

0 < w(t) ≤ w(t4) −

∫ t

t4

[

Mρ(s)Q(s) −
θr(s)(ρ

′

(s))α+1

[ρ(s)gn−2(s, a)g′(s, a)]α

]

ds. (2.13)g\ (2.5) DN�,�?*FmJ x(t) ��u^�<^,�m���F�G- 2.1 NR7P�Æ!/W(
[

|(x(t) + p(t)x(τ(t)))
′

|α−1(x(t) + p(t)x(τ(t)))
′ ]

′

+

∫ b

a

q(t, ξ)|x(g(t, ξ))|α−1x(g(t, ξ)) dσ(ξ) = 0, (2.14)*F97�H<�B� � 2.1 hu.
z� ρ ∈ C1([t0,∞), (0,∞)), MY T ≥ t0, t9
lim sup

t→∞

∫ t

T

[

ρ(s)Q(s) −
( 1

α + 1

)α+1 (ρ
′

(s))α+1

[ρ(s)g′(s, a)]α

]

ds = ∞, (2.15)Xt Q(s) hG- 2.1 tGI�eW( (1.1) wjJ<�4 1 �B 2.1 �q; [6] t<G- 2.2.�� 2.2 l H ∈ F ∗. hu.
z� ρ ∈ C1([t0,∞), (0,∞)) t9
lim sup

t→∞
[A(t, t0) − θB(t, t0)] = ∞, (2.16)
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h(t, s) = −

∂

∂s
(H(t, s)) − H(t, s)

ρ
′

(s)

ρ(s)
, (t, s) ∈ D,

A(t, t0) =
1

H(t, t0)

∫ t

t0

[

MH(t, s)ρ(s)Q(s)
]

ds,

B(t, t0) =
1

H(t, t0)

∫ t

t0

ρ(s)r(s) |h(t, s)|
α+1

[H(t, s)gn−2(s, a)g′(s, a)]α
ds,

θ } Q(s) hG- 2.1 tGI�eW( (1.1) wjJ<�= �lW( (1.1) %XXjJ<� x(t). �pC
/�l x(t) > 0, t ≥ t1 ≥ t0, e
z[λg(t, a)] > 0, t ≥ t2 ≥ t1. 
G- 2.1 mJv(�GI

w(t) = ρ(t)
r(t)(z(n−1)(t))α

zα[λg(t, a)]
, t ≥ t2.�F97 (2.12), t ≥ t3 ≥ t2, 


Mρ(t)Q(t) ≤ −w
′

(t) +
ρ

′

(t)

ρ(t)
w(t) −

λαNgn−2(t, a)g
′

(t, a)

(ρ(t)r(t))
1
α

w
α+1

α (t), t ≥ t3. (2.17)
 (2.17) t s 1	 t, 8�$F H(t, s), �℄- T 7 t �[ (t ≥ T ≥ t3), *9
∫ t

T

MH(t, s)ρ(s)Q(s) ds

≤−

∫ t

T

H(t, s)w
′

(s) ds +

∫ t

T

H(t, s)
ρ

′

(s)

ρ(s)
w(s) ds

−

∫ t

T

H(t, s)
λαNgn−2(s, a)g

′

(s, a)

(ρ(s)r(s))
1
α

w
α+1

α (s) ds

=H(t, T )w(T ) −

∫ t

T

[(

−
∂

∂s
(H(t, s)) − H(t, s)

ρ
′

(s)

ρ(s)

)

w(s)
]

ds

−

∫ t

T

H(t, s)
λαNgn−2(s, a)g

′

(s, a)

(ρ(s)r(s))
1
α

w
α+1

α (s) ds

≤H(t, T )w(T ) +

∫ t

T

[

|h(t, s)|w(s) − H(t, s)
λαNgn−2(s, a)g

′

(s, a)

(ρ(s)r(s))
1
α

w
α+1

α (s)
]

ds.

(2.18)U Young �>u
|h(t, s)|w(s) − H(t, s)

λαNgn−2(s, a)g
′

(s, a)

(ρ(s)r(s))
1
α

w
α+1

α (s)

≤
θρ(s)r(s)|h(t, s)|α+1

[H(t, s)gn−2(s, a)g′(s, a)]α
. (2.19)U (2.17), (2.18) } (2.19), *9

A(t, T ) ≤ w(T ) + θB(t, T ). (2.20)
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 (2.20) t6a T = t3, e
H(t, t3)[A(t, t3) − θB(t, t3)] ≤ H(t, t3)w(t3).J,

H(t, t0)[A(t, t0) − θB(t, t0)] =H(t, t3)[A(t, t3) − θB(t, t3)] + H(t3, t0)[A(t3, t0) − θB(t3, t0)]

≤H(t, t3)w(t3) + H(t, t0)

∫ t3

t0

Mρ(s)Q(s) ds

≤H(t, t0)
[

w(t3) + M

∫ t3

t0

ρ(s)Q(s) ds
]

.
 lim sup
t→∞

{A(t, t0) − θB(t, t0)} ≤ w(t3) + M
∫ t3

t0
ρ(s)Q(s) ds, g\ (2.16) DN�m�� � 2.2 jR

lim sup
t→∞

A(t, t0) = ∞, lim sup
t→∞

B(t, t0) < ∞, (2.21)1	G- 2.2 t�� (2.16), eW( (1.1) wjJ<�4 2 j
G- 2.2 }�B 2.2 tx3<6a H(t, s), *F97W( (1.1) <C%(<jJ|e�1h� H(t, s) = (t − s)m−1, t ≥ s ≥ t0, Xt m �0Y 2 <k��e��
(S1) } (S2) #4� h(t, s) = (t− s)m−2

[

m− 1− (t− s)ρ
′

(s)
ρ(s)

]

, UG- 2.2 }�B 2.2, �F*9�H<�B� � 2.3 �l.
z� ρ ∈ C1([t0,∞), (0,∞)) t9
lim sup

t→∞

1

tm−1

∫ t

t0

[

Mρ(s)Q(s)(t − s)m−1 −
θρ(s)r(s)

[gn−2(s, a)g′(s, a)]α

·
∣

∣

∣
m − 1 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

(t − s)m−α−2
]

ds = ∞, (2.22)Xt θ } Q(s) hG- 2.1 tGI�eW( (1.1) wjJ<� � 2.4 �l.
z� ρ ∈ C1([t0,∞), (0,∞)) t9
lim sup

t→∞

1

tm−1

∫ t

t0

(t − s)m−1ρ(s)Q(s) ds = ∞, (2.23)

lim sup
t→∞

1

tm−1

∫ t

t0

ρ(s)r(s)

[gn−2(s, a)g′(s, a)]α

∣

∣

∣
m − 1 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

· (t − s)m−α−2 ds < ∞, (2.24)Xt θ } Q(s) hG- 2.1 tGI�eW( (1.1) wjJ<�jG- 2.2 t�� (2.16)�#4�-OG- 2.2�xR��H<�uk+;W( (1.1)(<jJ|e��� 2.3 H , θ } ρ hG- 2.2 tGI��l
0 < inf

s≥t0

{

lim inf
t→∞

H(t, s)

H(t, t0)

}

(2.25)
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lim sup

t→∞
B(t, t0) < ∞. (2.26)j.
z� ϕ ∈ C([t0,∞), R), MY t ≥ t0, T ≥ t0, t9

lim sup
t→∞

{A(t, T )− θB(t, T )} ≥ ϕ(T ) (2.27)}
∫ ∞

t0

gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)[ϕ+(s)]

α+1

α ds = ∞, (2.28)Xt ϕ+(s) = max{ϕ(s), 0}, eW( (1.1) wjJ<�= hG- 2.2 mJv(�*9 (2.20) #4� t ≥ T ≥ t3.

A(t, T ) − θB(t, T ) ≤ w(T ). (2.29)J,�
lim sup

t→∞
[A(t, T ) − θB(t, T )] ≤ w(T ), T ≥ t3. (2.30)U (2.27) *9�

ϕ(T ) ≤ w(T ) (2.31)}
lim sup

t→∞
A(t, T ) ≥ ϕ(T ). (2.32)U (2.31) *9�

∫ ∞

t3

gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)w

α+1

α (s) ds

≥

∫ ∞

t3

gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)[ϕ+(s)]

α+1

α dsU (2.28) *�9�
∫ ∞

t3

gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)w

α+1

α (s)ds = ∞. (2.33)�H�FmJ (2.33) �#4�?
u(t) =

λαN

H(t, t3)

∫ t

t3

H(t, s)gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)w

α+1

α (s) ds}
v(t) =

1

H(t, t3)

∫ t

t3

|h(t, s)|w(s) ds, t ≥ t3,



1088 L O | 7 7 � 36&U (2.18) } (2.32), *9
lim inf
t→∞

[u(t) − v(t)] ≤ W (t3) − lim sup
t→∞

A(t, t3) ≤ W (t3) − ϕ(t3) < ∞. (2.34)U (2.25), .
l!9 ξ1 C�
inf

s≥t0

{

lim inf
t→∞

H(t, s)

H(t, t0)

}

> ξ1 > 0. (2.35)l ξ2 �eH�
�� T1 ≥ t3 �n0�U (2.33)

∫ t

t3

gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)w

α+1

α (s) ds ≥
ξ2

λαNξ1
, t ≥ T1.J,�

u(t) =
λαN

H(t, t3)

∫ t

t3

H(t, s) d
(

∫ s

t3

gn−2(u, a)g
′

(u, a)ρ−
1
α (u)r−

1
α (u)w

α+1

α (u) du
)

≥
λαN

H(t, t3)

∫ t

T1

(

−
∂H(t, s)

∂s

)(

∫ s

t3

gn−2(u, a)g
′

(u, a)ρ−
1
α (u)r−

1
α (u)w

α+1

α (u) du
)

≥
ξ2

ξ1H(t, t3)

∫ t

T1

(

−
∂H(t, s)

∂s

)

ds

=
ξ2H(t, T1)

ξ1H(t, t3)
, t ≥ T1.U (2.35), .
 T2 ≥ T1 t9 H(t,T1)

H(t,t3) ≥ ξ1, t ≥ T2. J, u(t) ≥ ξ2, t ≥ T2. J ξ2 weH<�
lim

t→∞
u(t) = ∞. (2.36)�H�F(� (t0,∞) keH2< {ti}

∞
i=1 C� lim

i→∞
ti = ∞. U (2.34), .
!� L t9

u(ti) − v(ti) ≤ L, i = 1, 2, · · · (2.37)U (2.36) 9
lim

i→∞
u(ti) = ∞, (2.38)U (2.37) } (2.38)

lim
i→∞

v(ti) = ∞. (2.39)U (2.37) } (2.38) *9�3 i )[0s� v(ti)
u(ti)

− 1 ≥ − L
u(ti)

> − 1
2 , 
 v(ti)

u(ti)
> 1

2 . ku}
(2.39) *9

lim
i→∞

vα+1(ti)

uα(ti)
= ∞. (2.40)
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v(ti) ≤

{ λαN

H(ti, t3)

∫ ti

t3

H(ti, s)g
n−2(s, a)g

′

(s, a)ρ−
1
α (s)r−

1
α (s)w

α+1

α (s) ds
}

α

α+1

×
{ 1

[λαN ]αH(ti, t3)

∫ ti

t3

ρ(s)r(s)|h(ti, s)|
α+1

[H(ti, s)gn−2(s, a)g′(s, a)]α
ds

}
1

α+1

.J,�MY)[0< i,

vα+1(ti)

uα(ti)
≤

1

[λαN ]αH(ti, t3)

∫ ti

t3

ρ(s)r(s)|h(ti, s)|
α+1

[H(ti, s)gn−2(s, a)g′(s, a)]α
ds

=
1

[λαN ]α
B(ti, t3),U (2.40) 9

lim
i→∞

B(ti, t3) = ∞. (2.41)J�< {ti}
∞
i=1 weH<�-O (2.41) \ (2.26)DN�J, (2.33)�#4��FW( (1.1)wjJ<�6a H hz 2 tGI��F*9 (2.25) #4�J lim

t→∞

H(t,s)
H(t,t0) = lim

t→∞

(t−s)m−1

(t−t0)m−1 = 1.l$G- 2.3 �F*9F��B� � 2.5 �l.
z� ρ ∈ C1([t0,∞), (0,∞)) } ϕ ∈ C([t0,∞), R) C�
lim sup

t→∞

1

tm−1

∫ t

t0

ρ(s)r(s)

[gn−2(s, a)g′(s, a)]α

·
∣

∣

∣
m − 1 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

(t − s)m−α−2 ds < ∞, (2.42)

lim sup
t→∞

1

tm−1

∫ t

T

[

Mρ(s)Q(s)(t − s)m−1 −
θρ(s)r(s)

[gn−2(s, a)g′(s, a)]α

·
∣

∣

∣
m − 1 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

(t − s)m−α−2
]

ds

≥ϕ(T ), T ≥ t0 (2.43)}
∫ ∞

t0

gn−2(s, a)g
′

(s, a)ρ−
1
α (s)r−

1
α (s)[ϕ+(s)]

α+1

α ds = ∞, (2.44)Xt θ } Q(s) hG- 2.1 tGI� ϕ+(s) = max{ϕ(s), 0}, eW( (1.1) wjJ<��� 2.4 H, θ } ρ hG- 2.2 tGI��l (2.25) }
lim inf
t→∞

B(t, t0) < ∞ (2.45)#4�j.
z� ϕ ∈ C([t0,∞), R), MY t ≥ t0, T ≥ t0, t9
lim inf
t→∞

{A(t, T )− θB(t, T )} ≥ ϕ(T ) (2.46)



1090 L O | 7 7 � 36&} (2.28) #4�eW( (1.1) wjJ<�= 
G- 2.3 <mJv(�F*9 (2.29), (2.29) 8�
sa liminf, ? t → ∞, �F*9 (2.30), 1AzH<w
 (2.30) tR liminf 1	 limsup. 
 (2.32) } (2.34) t"��� liminf } limsup, �F*F97
G- 2.3 t (2.31)–(2.34) ,�<�B�Z�<mJ
G- 2.3, 
,�FnA�m��4 3 Wang, Teo } Liu[5] k+;W( (1.4) <jJ|e� [5] t<G- 1 }G- 2wG- 2.2 }G- 2.3 <�{^,�4 4 G- 2.2 }G- 2.3 �q; [4, 7] t<G- 2.1 }G- 2.2.� 1 (� n ��[W(
[

t|(x(t) + (1 − e−4t)x(t − 1))(n−1)|α−1(x(t) + (1 − e−4t)x(t − 1))(n−1)
]
′

+

∫ 1

0

e2α(t+ξ)

tα+1

∣

∣

∣
x
( t + ξ

2

)
∣

∣

∣

α−1

x
( t + ξ

2

)

dξ = 0, t ≥ 1, (2.47)Xt n �R�� α ≥ 1, t0 = 1, a = 0, b = 1. 
W( (2.47) t
r(t) = t, τ(t) = t − 1, p(t) = 1 − e−4t, q(t, ξ) =

e2α(t+ξ)

tα+1
,

f(u) = u, g(t, ξ) =
t + ξ

2
, σ(ξ) = ξ.~gG?m lim

t→∞
R(t) = lim

t→∞

∫ t

1 s−
1
α ds = ∞ }W( (2.47) C� (A1)–(A6).6a M = 1, ρ(s) = sm−1, α + 2 < m < (n − 1)α, H(t, s) = (t − s)m−1, t ≥ s ≥ 1.l$ [10] tG- 41 9 (t − s)m−1 ≥ tm−1 − (m − 1)stm−2, t ≥ s ≥ 1, e

lim sup
t→∞

1

tm−1

∫ t

1

(t − s)m−1ρ(s)

∫ b

a

q(s, ξ)[1 − p(g(s, ξ))]α dξ ds

= lim sup
t→∞

1

tm−1

∫ t

1

(t − s)m−1sm−α−2 ds

≥ lim sup
t→∞

1

tm−1

∫ t

1

[tm−1 − (m − 1)stm−2]
1

s
ds = ∞.>CWH

lim sup
t→∞

1

tm−1

∫ t

t0

ρ(s)r(s)

[gn−2(s, a)g′(s, a)]α

∣

∣

∣
m − 1 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

(t − s)m−α−2 ds

=2(n−1)α(m − 1)α+1 lim sup
t→∞

1

tm−1

∫ t

1

(t − s)m−α−2sm−(n−2)α
∣

∣

∣
2 −

t

s

∣

∣

∣

α+1

ds

≤2(n−1)α(m − 1)α+1 lim sup
t→∞

1

tm−1

∫ t

1

(t − s)m−α−2sm−(n−2)α
( t

s

)α+1

ds

=2(n−1)α(m − 1)α+1 lim sup
t→∞

1

tm−α−2

∫ t

1

(t − s)m−α−2sm−1−(n−1)α ds

≤2(n−1)α(m − 1)α+1 lim sup
t→∞

(

1 −
1

t

)m−α−2 1

m − (n − 1)α

[

tm−(n−1)α − 1
]

< ∞.
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O [1–7] t<�B�QS�W( (2.47)<jJ/�� 2 (�P��[W(
[∣

∣

∣

(

x(t) +
1

2
x(t − 1)

)
′
∣

∣

∣

α−1(

x(t) +
1

2
x(t − 1)

)
′
]
′

+

∫ 1

0

2α+1tξ
∣

∣

∣
x
( t + ξ

2

)∣

∣

∣

α−1

x
( t + ξ

2

)

dξ = 0, t ≥ 1, (2.48)Xt t0 = 1, a = 0, b = 1, 0 < α < 1
2 . 
W( (2.48) t

r(t) ≡ 1, τ(t) = t − 1, p(t) ≡
1

2
, q(t, ξ) = 2α+1tξ,

f(u) = u, g(t, ξ) =
t + ξ

2
, σ(ξ) = ξ.G9

lim
t→∞

R(t) = lim
t→∞

∫ t

1

1 ds = lim
t→∞

(t − 1) = ∞}W( (2.48) C� (A1)–(A6). 6a M = 1, m = 3, ρ(s) = s−3, H(t, s) = (t − s)2, t ≥

s ≥ 1. l$ [10] tG- 41 *9
(t − s)2 ≥ t2 − 2st, t ≥ s ≥ 1,

lim sup
t→∞

1

t2

∫ t

1

ρ(s)

[g′(s, a)]α

∣

∣

∣
2 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

(t − s)1−α ds

=2α lim sup
t→∞

1

t2

∫ t

1

s−3 (3t − s)α+1

sα+1
(t − s)1−α ds

≤2α lim sup
t→∞

(

3 −
1

t

)α+1(

1 −
1

t

)1−α
∫ t

1

s−3 ds

=2α−13α+1 < ∞,>CWH�3 t ≥ s ≥ 1 } T ≥ 1 s�
lim sup

t→∞

1

t2

∫ t

T

[

ρ(s)Q(s)(t − s)2 −
1

(α + 1)α+1

ρ(s)

[g′(s, a)]α

·
∣

∣

∣
2 − (t − s)

ρ
′

(s)

ρ(s)

∣

∣

∣

α+1

(t − s)1−α
]

ds

= lim sup
t→∞

1

t2

∫ t

T

[

s−3(t − s)2
∫ 1

0

2sξ dξ −
2α

(α + 1)α+1
s−3 (3t − s)α+1

sα+1
(t − s)1−α

]

ds

≥ lim
t→∞

1

t2

∫ t

T

s−2(t2 − 2st) ds −
2α

(α + 1)α+1
lim sup

t→∞

1

t2

∫ t

T

s−3(3t − s)α+1(t − s)1−α ds

≥ lim
t→∞

∫ t

T

s−2 ds −
2α

(α + 1)α+1
lim sup

t→∞

(

3 −
1

t

)α+1(

1 −
1

t

)1−α
∫ t

T

s−3 ds

=
1

T
−

2α−13α+1

(α + 1)α+1

1

T 2
= ϕ(T ),
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ϕ(s) =

1

s2

[

s −
2α−13α+1

(α + 1)α+1

]

, T0 =
2α−13α+1

(α + 1)α+1
,-O

∫ ∞

1

g
′

(s, a)ρ−
1
α (s)[ϕ+(s)]

α+1

α ds

=
1

2

∫ ∞

1

s
3
α

[ 1

s2

(

s −
2α−13α+1

(α + 1)α+1

)]

α+1

α

+
ds

=
1

2

∫ T0

1

s
3
α

[ 1

s2

(

s −
2α−13α+1

(α + 1)α+1

)]

α+1

α

+
ds +

1

2

∫ ∞

T0

s
1−2α

α (s − T0)
α+1

α

+ ds

≥
1

2

∫ T0

1

s
3
α

[ 1

s2

(

s −
2α−13α+1

(α + 1)α+1

)]

α+1

α

+
ds +

1

2
T

1−2α

α

0

∫ ∞

T0

(s − T0)
α+1

α ds = ∞,

0 < α < 1
2 . l$�B 2.5, W( (2.48) wjJ<�O [1–7] <�B�QS�W( (2.48) <jJ/�/$ d&mgd�+<�rH��� � " #
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Abstract In this paper a class of even order neutral differential equations with continuous

distributed delay are studied. By using the generalized Riccati technique and the averaging

technique, we establish several new oscillation criteria for all solutions of the equations,

which generalize and improve some known results. Examples are given to illustrate the

superiority of our main results.
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