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_e_(d2B 3/2- �At/� 1045*DXN��kK���Cv1��m�4D4M��(�7q-Daga*awD1p'<ÆUa�9 20 �S� 3
2 - �Cv1�D�=1
aÆU�UDl<� 3

2 - �Cv1�aw-NDuy< [1–7]r/�m�{*(�L}� [8−10] Er/aÆ�D1��V�jRD1pO:!�{%q_	AEA 3
2 , Oa*Df4�Cv1��
 Yoneyama '[zSA{Va*� 3

2 :x�D1��S%Æa*SD� 3
2 - �Cv1�D[z:�;R�D�&> 3

2 - �Cv1�":M'?D�Cv1D�0&Dn n8�.1��� 3
2 �9DuyO:?*-D�VYmv!_/D? [11–19].�jG;?XN���Cv1�M"J [1–10,12],VY2n�Jl}-/e Logistic a*

x′(t) + (1 + x(t))F (t, xα
t ) = 0, t ≥ 0. (1)( g ∈ C([0,∞), R), 9Jd&
rv t ≥ 0 /� g(t) < t, (� g(t) → ∞ (t → ∞),

r ∈ C([0,∞), (0,∞)). ; Ct �6\��C φ : [g(t), t] → [−1,∞) D�Pv'Dk\Q%�	\CK-d ‖φ‖t = sup
s∈[g(t),t]

|φ(s)|. VYD F (t, φα) d [0,∞)×Ct &D\�^��`&TA t � φ M [g(t), t] &D�^� F (t, 0) = 0, t ≥ 0, �
rv
−r(t)Mt(−φα) ≤ F (t, φ) ≤ r(t)Mt(φ

α), t ≥ 0, φ ∈ Ct, (2)VY Mt(φ
α) = max

{

0, sup
s∈[g(t),t]

φα(s)
}

, r ∈ ([0,∞), (0,∞)). h τ = −g(0), O (1) �5D.4S(d
x(t) = φ(t), t ∈ [−τ, 0], (3)	h φ ∈ C([−τ, 0], [−1,∞)) 
 φ(0) > −1.; F (t, xα

t ) = r(t)xα(g(t)) /�a* (1) 'd
x′(t) + r(t)(1 + x(t))xα(g(t)) = 0, t ≥ 0. (4)%z�E [12] A?a
!�

∫

∞

0

r(s) ds = ∞, (5)

α

∫ t

g(t)

r(s) ds ≤ 1, S,g6D t, (6)Oa* (4) C (3) Df4�Cv1�X<j [13] A?a
!� (5) '[�

∫ t

g(t)

r(s) ds ≤ θ, S,g6D t, (7)
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θ =

{

1, α ∈ [1, 3],

ln 2, α ∈ (3,∞),}ta* (4) C (3) Df4�Cv1�
[17] 
S( (6) &$d

∫ t

g(t)

r(s) ds ≤ M(α), S,g6D t, (8)VYD
M(α) =

{

1, α ∈ [1, G(1)), G(1) = 2.05 · · · ,

M(α)(> ln 2), α ∈ [G(1),∞).

[19] t8% n8a&>1��T�℄.�=a* (1), A?a
!� (2) C (5) '[�
Suq ε > 0, 4M η = η(ε) > 0, 3A!� inf
s∈[g(t),t]

φ(s) ≥ ε, >?
F (t, φ) ≥ ηr(t) � F (t,−φ) ≤ −ηr(t), t ≥ 0, (9)(�
∫ t

g(t)

r(s) ds ≤ δ0 = 1.462 · · · , S,g6D t, (10)	h δ0 :$Ha* x + e−x = 1 + ln 2 Ds�Oa* (1) C (3) Df4�Cv1�mvM'?uyD�0&�Sa* (1) A?a{>1p
�� 1.1 ( α ≥ 1.78, (2), (5) '[�

∫ t

g(t)

r(s) ds ≤
3

2
, S,g6D t, (11)Oa* (1) C (3) Df4�Cv1��� 1.2 ( α ≥ 1.78, (5) '[�


∫ t

g(t)

r(s) ds ≤
3

2
, S,g6D t, (12)Oa* (4) C (3) Df4�Cv1�; α ≥ 1.78 /�KW 1.1 n8a&wM?D	H1��. 1.3 M�j+!Xo/�H? [20] 
�jS( (10) � (11) &$d

lim
t→+∞

∫ t

g(t)

r(s) ds ≤
3

2
,::rz% F�X�ljU/!��E5w















ln(1 + x) ≤ y −
1

6
y2,

− ln(1 − y) ≤







x +
1

6
x2, 0 ≤ x < 1,

xα +
1

6
x2α, x ≥ 1

(∗)
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_e_(d2B 3/2- �At/� 1047?b%4 (0, 0) �)rv�!; α ≥ 5 /� x = 1.2, y = 0.94 �d�E5w (∗) Dg%qs�w [20] hKW��5;�VmvKW 1.1 �M(8��R�{wG 2 /r/%�1W�G 3 /r/1W 2.5 �KW 1.1 D[z�
2 	|%��/r/%���1W�	h1W 2.1–2.3M2 [12] S?[z�1W 2.41t [8], 1W 2.5 {%/r/[z�'� 2.1 $( (2) '[�O.^lN (1) C (3) D4 x(t) M [0,∞) &4M
rv
x(t) > −1, t ≥ 0.'� 2.2 $( (2) C (5) '[�O; t �An�/� (1) C (3) DuqdXN4�Af�'� 2.3 $( (2) C (5) '[�!�4MZ#C M 3A

∫ t

g(t)

r(s) ds ≤ M, S,g6D t,O (1) C (3) D4xirv
−1 + exp[−M(eM − 1)α] < x(t) < eM − 1.'� 2.4 �E5w

ln(1 + x) ≤ y −
1

6
y2, − ln(1 − y) ≤ x +

1

6
x2M�D {

(x, y) : x ≥ 0, 0 ≤ y < 1
} �?b%4 x = y = 0.'� 2.5 ( P0 = 1, Q0 = e
3

2
(1−e

−

3

2 )α

− 1, Pn = 1 − e−
3

2
Qα

n−1 , Qn = e
3

2
(1−e

−

3

2
Pα

n )α

−

1, n = 1, 2, · · ·, O
(I) {Pn}, {Qn} 9JH&?{5�
(II) lim

n→∞

Pn = P ∗ < 1.

(III) !� α ≥ 1.78, O lim
n→∞

Qn = Q∗ < 1.

(IV) # (P, Q) :�E5






ln(1 + Q) ≤
3

2

(

1 − e−
3

2
P α)α

,

− ln(1 − P ) ≤
3

2
QαM�D {

(P, Q) | 0 ≤ P ≤ 1, 0 ≤ Q < ∞
} �D4�O? P ≤ P ∗, Q ≤ Q∗.

3 -#���)�JC 2.5 >KE <C��~Z)[ (I), (II), (IV) '[�{[ (III).
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3
2 (1 − e−

3

2 )α < ln 2 � (I)  )A? Q∗ < 1.; α ∈ [1.78, 3.06]/�mv
�%gd [1.78, 1.8], [1.8, 1.85], [1.85, 2.0], [2.0, 2.5], [2.5, 3.06],g� d [ai, bi], i = 1, 2, · · · , 5.; α ∈ [ai, bi], i = 1, 2, · · · , 5 /�mvR��4M%q N > 0 3A QN < 1, jO(SG?D n, Qn ≥ 1, O� P0,i = 1, Q0,i = e
3

2
(1−e

−

3

2 )ai
− 1, Pn,i = 1 − e−

3

2
Q

bi
n−1,i , Qn,i =

e
3

2

(

1−e
−

3

2
P

ai
n,i

)ai

−1, n = 1, 2, · · ·. )\ Pn ≤ Pn,i, Qn ≤ Qn,i,V4M N > 0,3A QN,i < 1

(V<�F�*�2���VC�w$(sT�w; α ∈ [ai, bi] /�? lim
n→∞

Qn = Q∗ < 1.?C 1.1>KE ( x(t) : (1) C (3) D4�<1W 2.1 \ x(t) M [0,∞)&4M
rv x(t) > −1, t ≥ 0. �<1W 2.2 \�; x(t) dXN/�
lim

t→∞

x(t) = 0. (13)w{w`[z; x(t) d (1) C (3) DXN4/� (13) 5'[�<1W 2.3 \ x(t) ?5�.1Mh
u = lim sup

t→∞

x(t), v = − lim inf
t→∞

x(t). (14)<1W 2.3 \ 0 ≤ v < 1, 0 ≤ u < ∞. S�* 0 < ε < 1 − v, < (11) C (14) \4M
t0 = t0(ε) > 0, 3A?

∫ t

g(t)

r(s) ds ≤
3

2
, ; t ≥ g(t0) / (15)(�

−v − ε < x(t) < u + ε, ; t ≥ g(t0) /. (16) u1 = u + ε, v1 = v + ε, < (1),(2) � (16) 5A
x′(t)

1 + x(t)
≤ r(t)vα

1 , t ≥ g(t0) (17)�
x′(t)

1 + x(t)
≥ −r(t)uα

1 , t ≥ g(t0). (18)<4 x(t) DXN��M� {ln} :%q9JHP
�An�D2C�
�rv g(ln) >

t0, x(ln) > 0, x′(ln) = 0 � lim
n→∞

x(ln) = u. � ξn = sup{t ∈ [g(ln), ln)|x(t) = 0}, A:S
t ∈ (ξn, ln] ? x(t) > 0. S t0 ≤ t ≤ ξn, < (17) 5MA

x(t) ≥ −1 + exp
(

− vα
1

∫ ξn

t

r(s) ds
)

.
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x′(t)

1 + x(t)
≤r(t)max

{

0, sup
s∈[g(t),t]

(−x(s))
}α

=r(t)max
{

0, sup
s∈[g(t),ξn]

(−x(s))
}α

≤r(t)
[

1 − exp
(

− vα
1

∫ ξn

g(t)

r(τ) dτ
)]α

, (19)<A v1 ≤ 1, .1MA
x′(t)

1 + x(t)
≤ min

{

r(t)v1, r(t)
[

1 − exp
(

− v1

∫ ξn

g(t)

r(τ) dτ
)]

}

, ξn ≤ t ≤ ln. (20)< [8] '[za
ln[1 + x(ln)] ≤ v1 −

1

6
v2
1 , n = 1, 2, · · · . (21)M (21) hh n → ∞ � ε → 0 A

ln(1 + u) ≤ v −
1

6
v2. (22){w� {sn}:%q9JHP
�An�D2C�
�rv g(sn) > t0, x(sn) < 0, x′(sn) =

0� lim
n→∞

x(sn) = −v. � ηn = sup{t ∈ [g(sn), sn)|x(t) = 0},A:S t ∈ (ηn, sn]? x(t) < 0.< (18) 5�VEZ<A
−

x′(t)

1 + x(t)
≤ r(t)

[

exp
(

uα
1

∫ ηn

g(t)

r(τ) dτ
)

− 1
]

. (23)�S (18) ^�2 ηn ? sn �gA
− ln[1 + x(sn)] ≤

3

2
uα

1 , n = 1, 2, · · · ,< (19) 5A
x′(t)

1 + x(t)
≤ r(t)

[

1 − exp
(

−
3

2
vα
1

)]α

,A:?
ln[1 + x(ln)] ≤

3

2

[

1 − exp
(

−
3

2
vα
1

)]α

,h n → ∞ � ε → 0 A






ln(1 + u) ≤
3

2

[

1 − exp
(

−
3

2
vα

)]α

,

− ln(1 − v) ≤
3

2
uα,
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1W 2.5, \; α ∈ [1.78,∞)/�? u < 1. mv� ε ,g	�3A u1 < 1. < (23)C
(18), A:�?

−
x′(t)

1 + x(t)
≤ min

{

r(t)u1, r(t)
[

exp
(

u1

∫ ηn

g(t)

r(τ) dτ
)

− 1
]

}

, ηn ≤ t ≤ sn. (24).d u1 < 1, G( 3
2 − ln(1+u1)

u1

< 1, {wJl^jÆÆ
�� I
∫ sn

ηn
r(τ) dτ ≤ 3

2 − ln(1+u1)
u1

< 1.~�� − ln[1 + x(sn)] ≤ u1

∫ sn

ηn
r(τ) dτ ≤ u1 ≤ u1 + 1

6u2
1.�� II 3

2 − ln(1+u1)
u1

<
∫ sn

ηn
r(τ) dτ ≤ 3

2 .1/� pn ∈ (ηn, sn), rv ∫ pn

ηn
r(s) ds ≡ 3

2 − ln(1+u1)
u1

, S (24) ^��gA
− ln(1 + x(sn))

≤u1

∫ pn

ηn

r(s) ds +

∫ sn

pn

r(t)
[

exp
(

u1

∫ ηn

g(t)

r(s) ds
)

− 1
]

dt

≤u1

∫ pn

ηn

r(s) ds −

∫ sn

pn

r(s) ds

+
1

u1

[

exp
(

u1

(3

2
−

∫ pn

ηn

r(s) ds
))

− exp
(

u1

(3

2
−

∫ sn

ηn

r(s)
))]

=u1

∫ pn

ηn

r(s) ds −

∫ sn

pn

r(s) ds

+
1

u1

[

1 + u1 − exp
(

u1

(3

2
−

∫ sn

ηn

r(s) ds
))]

≤(1 + u1)

∫ pn

ηn

r(s) ds −
1

2

= −
(1 + u1) ln(1 + u1)

u1
+

3

2
u1 + 1 ≤ u1 +

1

6
u2

1.&wZ;a�E5 (1 + u1) ln(1 + u1) ≥ u1 + 1
2u2

1 −
1
6u3

1.u
(&ÆÆ�mvA?a
− ln[1 + x(sn)] ≤ u1 +

1

6
u2

1, n = 1, 2, · · · .M&5hh n → ∞, ε → 0 �A
− ln(1 − v) ≤ u +

1

6
u2. (25)2 (21) C (25) �1
1W 2.4 \�; α ∈ [1.78,∞) /� u = v = 0.} Æ � �
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The 3/2-Global Attractivity of the Zero Solution of the

General Logistic Delay Differential Equation
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Abstract The general Logistic delay differential equation

x′(t) + (1 + x(t))F (t, xα
t ) = 0, t ≥ 0 (∗)

is considered. By using some analysis methods and techniques, a sufficient condition is

obtained for the 3/2-global attractivity of the zero solution of (∗), which generalized and

improved the related results in the literature.

Key words general logistic delay differential equation; the 3/2-Global

attractivity; oscillation; nonoscillation
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