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_�o{,Kwr [2], loT%-6�%,/")"!�o%-6�+�Y�~6%9;YP�z�QY2K�.%E%��_�o9;q?wr [3], lo� Æ�%-��MYq��kV55Y8w%NU9;�LpNUHd6�+�Y)Y��F�klon�F�kwr\u%YG AH�k�o7z)o�F�k#fz&[Yz��)=nS�
HdK�o<HZY2K6�%E�F�kYUkay:aS���ZX">w�msZ\9">� [6,7]. )=n%-2K6�z)%EY�kwrav_>Z� [8−12], RZy$/I�Ywreo,sY{,Kwr�BT)"!�Y9;/,/"_�2K�.%�UkY�pSZ�P�XOg�,/p>Y2K�.%Y!�%~J!�7ArÆJ�LpkVC\2K�.%YÆ:�%F��ey:O��g�>wre\�Uv��℄�YOE���`lo_�+b [13].�$,s9;q?Ywr��nmsy:�uYvS"hH� (i�) �vD"%-�Y%-2K6�z)%E�
��<x�oYGY%-2K6�%EY.��F�S��OX�2�o#?o7b9h:bY�F�k� – %-�fh�� i
�"���F�Yv=K�
2 oTWQo�℄?uN^
2.1 qVv�qV�
YSq�G� 2.1[1] i�| R ZY%-> Ã ;"_�%-��U�7


(1) M
 x0 ∈ R, kV A(x0) = 1;

(2) Le α ∈ [0, 1], Ãα = {x|A(x) ≥ α} = [Aα, Aα] o_��DM��� A(x) " Ã Yx!��
R ZYGÆ%-�G" R̃.U%-� Ã Yx!�"

A(x) =





1 −
m − x

α
, m − α ≤ x ≤ m, α > 0,

1 −
x − m

β
, m ≤ x ≤ m + β, β > 0,

0, ;�,; Ã "VV%-��G" (m, α, β). �%\�S α = β g�; Ã "n;YVV%-��G" (m, α).Kd (x̃i, ỹi) (i = 1, 2, · · · , n)o_8%-vS%vDY�2�o�;# x̃i, ỹi ∈ R̃. %-2K6�%El{b$m"
ỹ = β̃0 + β̃1x̃, β̃0, β̃1 ∈ R̃. (2.1)t9;q?���&�Y)Ylo[Hd%-.� β̃0 % β̃1, k;
q� d Yef,�x%-�o (x̃i, ỹi) (i = 1, 2, · · · , n) Y(58w%9;�B

min φ(β̃0, β̃1) =

n∑

i=1

d2(ỹi, β̃0 + β̃1x̃i).



1010 k p { P P � 36sÆ�%-� ã = (a−(λ), a+(λ)), b̃ = (b−(λ), b+(λ)) Yq� [3] "
d(ã, b̃) =

(∫ 1

0

f(λ)d2(aλ, bλ) dλ
) 1

2

, (2.2);# d2(aλ, bλ) = (a−(λ) − b−(λ))2 + (a+(λ) − b+(λ))2, f(λ) " [0, 1] ZYQÆ!���
f(0) = 0,

∫ 1

0 f(λ) dλ = 1
2 . xol,/"CwA8

{
δ
β̃0

φ(β̃0, β̃1) = 0,

δ
β̃1

φ(β̃0, β̃1) = 0
(2.3)
 R̃ ZY\�

2.2 qV�
YSq�F�vO`"�
�%Yw �&�anvS"hH��vD"%-�Y2K6�%EYBFH
��w�%-2K6�%E
ỹ = β̃0 + β̃1x.,�n.�Y)�Fl
D.�Y�F�

2.2.1 β0 ∈ R, β̃1 ∈ R̃�k 2.1[14] _ ỹ = β0 + β̃1x̃, (xi, ỹi), i = 1, 2, · · · , n o_8�2�o�
β̂0 =

∫ 1

0

[ n∑

i=1

x2
i ·

n∑

i=1

yi(λ) −
n∑

i=1

xi ·
n∑

i=1

xi · yi(λ)
]
dλ

n

n∑

i=1

x2
i −

( n∑

i=1

xi

)2
,

β̂−
1 (λ) =

n∑

i=1

xi · y
−
i (λ) − β̂0

n∑

i=1

xi

n∑

i=1

x2
i

, β̂+
1 (λ) =

n∑

i=1

xi · y
+
i (λ) − β̂0

n∑

i=1

xi

n∑

i=1

x2
i

,

(2.4)

;# yi(λ) = 1
2 [y−

i (λ) + y+
i (λ)].~n 2.2 _ ỹ = β0 + β̃1x, (xi, ỹi), i = 1, 2, · · · , n o_8�2�o�S�2�o

ỹi = (yi, li, ri), i = 1, 2, · · · , n "VV%-��
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β̂0 =

n∑

i=1

x2
i ·

n∑

i=1

yi −
n∑

i=1

xi ·
n∑

i=1

xiyi −
1

4

n∑

i=1

x2
i (li − ri) +

n∑

i=1

xi ·
n∑

i=1

xi(li − ri)

n

n∑

i=1

x2
i −

( n∑

i=1

xi

)2
,

̂̃
β1 =




n∑

i=1

xiyi − β̃0

n∑

i=1

xi

n∑

i=1

x2
i

,

n∑

i=1

xili

n∑

i=1

x2
i

,

n∑

i=1

xiri

n∑

i=1

x2
i




.

(2.5)

�%\�S�2�o ỹ = (yi, µi) "n;YVV%-�g�v
β̂0 =

n∑

i=1

x2
i ·

n∑

i=1

yi −
n∑

i=1

xi ·
n∑

i=1

xiyi

n

n∑

i=1

x2
i −

( n∑

i=1

xi

)2
,

̂̃
β1 =




n∑

i=1

xiyi − β̂0

n∑

i=1

xi

n∑

i=1

x2
i

,

n∑

i=1

xiµi

n∑

i=1

x2
i




, (2.6);# ̂̃
β1 on;YVV%-��

2.2.2 β̃0 ∈ R̃, β1 ∈ R�k 2.3[14] _ ỹ = β̃0 + β1x, (xi, ỹi) i = 1, 2, · · · , n o_8�2�o�
β̂−

0 (λ) =

n∑

i=1

y−
i (λ) − β̂1

n∑

i=1

xi

n
, β̂+

0 (λ) =

n∑

i=1

y+
i (λ) − β̂1

n∑

i=1

xi

n
,

β̂1 =

n∑
i=1

∫ 1

0

(
nxi −

n∑
i=1

xi

)
(y−

i (λ) + y+
i (λ)) dλ

2
(
n

n∑

i=1

x2
i −

( n∑

i=1

xi

)2)
.

(2.7)

~n 2.4 _ ỹ = β̃0 + β1x, (xi, ỹi), i = 1, 2, · · · , n o_8�2�o�S�2�o
ỹi = (yi, li, ri) "VV%-�g�

̂̃
β0 =

(
n∑

i=1

yi − β̂1

n∑

i=1

xi

n
,

n∑

i=1

li

n
,

n∑

i=1

ri

n

)
,

β̂1 =

n∑

i=1

(
nxi −

n∑

i=1

xi

)
yi −

1

4

n∑

i=1

(
nxi −

n∑

i=1

xi

)
(li − ri)

n

n∑

i=1

x2
i −

( n∑

i=1

xi

)2
,

(2.8)
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β0 "VV%-���%\�S�2�o ỹi = (yi, µi) "n;YVV%-�g�

̂̃
β0 =

(
n∑

i=1

yi − β̂1

n∑

i=1

xi

n
,

n∑

i=1

µi

n

)
, β̂1 =

n∑

i=1

(
nxi −

n∑

i=1

xi

)
yi

n

n∑

i=1

x2
i −

( n∑

i=1

xi

)2
, (2.9);# ̂̃

β0 "n;YVV%-��
3 ugrAoT��WQo�D?uN^℄z^�J
3.1 \�vhsBFqV�
YSq�nx%-2K6�%E (2.1), "�9L_ i ��ob (x̃i, ỹi) 
6�z)#Y:szo7�{� �X_ i ��ob (x̃i, ỹi) YG=*�F�kZ�Y!/��O2��bo|"h:b9?o7b�YG_ i ��obb*Y%E;"�oYG%E�;Fl"

ỹ[i] = β̃0[i] + β̃1[i]x̃, ;# β̃0[i], β̃1[i] ∈ R̃. (3.1)5� ỹ[i] − ỹ lo_ i ��obn%Eo7O;Y_$h��5��O�o7l�O�
3.2 \�vhsBFqV�
YSq�F�vO`,�&�
�%E (3.1) Y.��F%�aw�vS"i��vD"%-�YBF�t%E (3.1) �l (2.5) PdVU
Gk 3.1 _ ỹ[i] = β0[i]+β̃1[i]x,;# β0[i] ∈ R, β̃1[i] ∈ R̃, (xk, ỹk), k 6= i, k = 1, 2, · · · , no_8�2�o� ỹk = (yk, lk, rk) "VV%-��

β̂0[i] =

∑

k 6=i

x2
k ·
∑

k 6=i

yk −
∑

k 6=i

xk ·
∑

k 6=i

xkyk −
1

4

∑

k 6=i

x2
k(lk − rk) +

∑

k 6=i

xk ·
∑

k 6=i

xk(lk − rk)

(n − 1)
∑

k 6=i

x2
k −

(∑

k 6=i

xk

)2 ,

̂̃
β1[i] =




∑

k 6=i

xkyk − β̂0[i]

∑

k 6=i

xk

∑

k 6=i

x2
k

,

∑

k 6=i

xklk

∑

k 6=i

x2
k

,

∑

k 6=i

xkrk

∑

k 6=i

x2
k


 .

(3.2)~n 3.2 _ ỹ[i] = β0[i]+β̃1[i]x,;# β0[i] ∈ R, β̃1[i] ∈ R̃, (xk, ỹk), k 6= i, k = 1, 2, · · · , n
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β̂0[i] =

∑

k 6=i

x2
k ·
∑

k 6=i

yk −
∑

k 6=i

xk ·
∑

k 6=i

xkyk

(n − 1)
∑

k 6=i

x2
k −

(∑

k 6=i

xk

)2 ,

̂̃
β1[i] =




∑

k 6=i

xkyk − β̂0[i]

∑

k 6=i

xk

∑

k 6=i

x2
k

,

∑

k 6=i

xkµk

∑

k 6=i

x2
k

,

∑

k 6=i

xkµk

∑

k 6=i

x2
k


 .

(3.3)

t%E (3.1) �l (2.7) {bVU
Gk 3.3 _ ỹ[i] = β̂0[i]+β1[i]x,;# β0[i] ∈ R̃, β1[i] ∈ R, (xk, ỹk), k 6= i, k = 1, 2, · · · , no_8�2�o� ỹk = (yk, lk, rk) "VV%-��
̂̃
β0[i] =




∑

k 6=i

yk − β̂1[i]

∑

k 6=i

xk

n − 1
,

∑

k 6=i

lk

n − 1
,

∑

k 6=i

rk

n − 1


 ,

β̂1[i] =

∑

k 6=i

(
(n − 1)xk −

∑

k 6=i

xk

)
yk −

1

4

∑

k 6=i

(
(n − 1)xk −

∑

k 6=i

xk

)
(lk − rk)

(n − 1)
∑

k 6=i

x2
k −

(∑

k 6=i

xk

)2 .

(3.4)

~n 3.4 _ ỹ[i] = β̃0[i]+β1[i]x,;# β̃0[i] ∈ R̃, β1[i] ∈ R, (xk, ỹk), k 6= i, k = 1, 2, · · · , no_8�2�o�S ỹk = (yk, µk, µk) "n;YVV%-��
̂̃
β0[i] =

(
∑

k 6=i

yk − β̂1[i]

∑

k 6=i

xk

n − 1
,

∑

k 6=i

µk

n − 1
,

∑

k 6=i

µk

n − 1

)
,

β̂1[i] =

∑

k 6=i

(
(n − 1)xk −

∑

k 6=i

xk

)
yk

(n − 1)
∑

k 6=i

x2
k −

(∑

k 6=i

xk

)2 .

(3.5)

4 Z�oTxdHDoT��WQo�Dz^�Jtx ỹ[i] z ỹ "Æ�%-��) x�X��NO�_�&pYq��b d�\�Xo7YO;�
��� %-��MYq��S�Æ�%-6�wA�MY%-�fh�Uk%-2K6�%EY�F�k�
 (2.2) ldfYÆ�%-�q�Yef,�Æ�VV%-��MYq�{bdf"




1014 k p { P P � 36sG� 4.1 _ X̃ = (x, ξ, η), Ỹ = (y, λ, µ) "Æ�VV%-��;
d(X̃, Ỹ ) =

(
[x − y + (ξ − λ)]2 + [x − y − (η − µ)]2 + (x − y)2

) 1

2 (4.1)" X̃ z Ỹ �MYq���%\�S X̃ z Ỹ "n;YVV%-�g�
d(X̃, Ỹ ) =

(
3(x − y)2 + 2(ξ − λ)2

) 1

2 . (4.2)v�%-�Yq��,�
D%-�fhY��/df�F��l
G� 4.2[15] _ X̃ % Ỹ oÆ�%-��df S = S(X̃, Ỹ ), U S �7

(1) 0 ≤ S ≤ 1;

(2) nx X̃ = Ỹ , S = 1;

(3) S(X̃, Ỹ ) = S(Ỹ , X̃);

(4) S�aS X̃ ∩ Ỹ = ∅ g� S(X̃, Ỹ ) = 0;

(5) S X̃ ⊂ Ỹ ⊂ Z̃ g�v S(X̃, Ỹ ) ≥ S(X̃, Z̃),; S " X̃, Ỹ Y�fh�B X̃ z Ỹ YYfAh�Ldf{���fho|.�Æ�%->YfAhY_$h��S(X̃ , Ỹ )��O�$m X̃ z Ỹ ��f� S(X̃, Ỹ ) = 1, $m X̃ z Ỹ �G4�� S(X̃, Ỹ ) = 0, $m X̃ z Ỹ�G)_��%-��MY�fhF�wr'o�"i.Y{xK%w K�df<xq�h�Y�fhF�wr
G� 4.3 _ X̃ = (x, ξ, η), Ỹ = (y, λ, µ) "Æ�VV%-��;
S(X̃, Ỹ ) =

d(X̃, Ỹ )

1 + d(X̃, Ỹ )
(4.3)" X̃ z Ỹ �MY�fh�l# d(X̃, Ỹ ) t (4.1) l
D�TÆ�%-�Y�fhYF��lJb���{bdfÆ�%-6�wAY�fh�G� 4.4 _ ỹi, ỹ

′ oÆ�%-6�wAnmx xi (i = 1, 2, · · · , n) Y~2��;
S(L1, L2) =

1

n − 2

n∑

i=1

S(ỹi, ỹ
′) (4.4)"%-6�wA L1 z L2 Y�fh�l# S(ỹi, ỹ

′) "%-� ỹi, ỹ
′ Y�fh�
df 4.4 #�z's n− 2, �otx�o=�%CV.� β̃0, β̃1 �*�	t6�wAF�F6����a�7�Æ��Q�ipdF�Æ�4th�S S(L1, L2)Y�XOg��"%-6�wA L1 z L2 �XYf�s���" L1 z

L2 (5XO�
�oYGY%-2K6�%E#�L��Zv�SYG_ i ��ob*VUY%-2K6�wA Li z�6�wA L Y�fhXOg��"_ i ��ob"�:b�S



6: �Æ'�:w#+�dfW#+0I3�#CW�D�i 1015YG_ i ��ob*VUY%-2K6�wA Li z�6�wA L Y�fhX;g��"_ i ��ob{,"h:b9?o7b�"�L��Z2kYGY_ i��obo|"h:b9?o7b�&�{bj_
i ��obY#�%-2K6�wA�%-�fhY4n55Y�1�G� 4.5 _Z�>" {

(xi, ỹi) | ỹi = (yi, li, ri), i = 1, 2, · · · , n
}
, ; (x, ỹ) "Z�>Y&�;"�;# x = 1

n

n∑
i=1

xi, ỹ =
(

1
n

n∑
i−1

yi,
1
n

n∑
i=1

li,
1
n

n∑
i=1

ri

)
. TZ�>#Y_ i ��ob

(xi, ỹi)2>Z�Y&�;" (x, ỹ),�>�o�7Y%-2K6�wA Li (i = 1, 2, · · · , n);"_ i ��obY#�%-2K6�wA�G� 4.6 ;
Di =

∣∣S(L, Li) − S(L, Li)
∣∣

S(L, Li)
, i = 1, 2, · · · , n (4.5)"_ i ��ob�fhY4n55�;# S(L, Li) "�6�wAz_ i ��obY#�%-2K6�wAY�fh�_�M"�U4n55 Di  5%, _ i ��oblon.� β̃0, β̃1 Y�Fo7�%OYb�ip{,oh:b9?o7b�
pÆ:�oz)g�&�{b�,�+(�0:
_ 1 + F�D�%-2K6�wA L;_ 2+ z%F�DYG_ i��ob*VUY%-2K6�wA Li (i = 1, 2, · · · , n)��%-2K6�wA Lz%-2K6�wA Li Y%-�fh S(L, Li) (i = 1, 2, · · · , n);_ 3 + z%CD_ i ��obY#�%-2K6�wA� Li z L Y%-�fh

S(L, Li) (i = 1, 2, · · · , n);_ 4 + z%F�D���obY4n55 Di (i = 1, 2, · · · , n);_ 5+ U4n55 Di > 5%, _�{M"_ i��ob{,oh:b9?o7b�SJ
�k?o7b9h:bg�0�Nw�?o7b9h:bYiHefb�pÆ�oYiH�j[�
5 tlM�&A*��f0�n77:t�H3�VUY�o1�Q$ 1, ;#:t� ỹi"VV%-��ms=��DY�$%E�
D%Y%-2K6%EYz)Z��'
��o#Yh:b� = 1 669sA� (}n�2 [14])

xi ỹi = (yi, li, ui) xi ỹi = (yi, li, ui)

1987 (230,2,1) 1992 (257,2,1)

1988 (236,3,2) 1993 (262,3,2)

1989 (241,2,3) 1994 (276,3,3)

1990 (246,1,2) 1995 (281,2,3)

1991 (252,2,2) 1996 (286,1,2)



1016 k p { P P � 36s"�w <P�G xi = xi − 1986, _ ỹ = β0 + β̃1x, t (2.5), {bCV

β0 = 221.1685, β̃1 = (6.4357, 0.2935, 0.3195),B6�wA"

ỹ = 221.1685 + (6.4357, 0.2935, 0.3195)x.�s (3.3), (4.3) � (4.4) l{CVYG_ i ��ob*Y6�wA�YG_ i ��ob*Y6�wAz�6�wAY�fh (P$ 2), _ i ��obY#�%-2K6�wA�_ i ��obY#�%-2K6�wAz�6�wAY�fh (P$ 3).= 2 XF}na)X4�v�?XF}na)X4�v�y�4�v�X�egXF^ i �}na XF}na)X4�v� �eg
0 ỹ = 221.1685 + (6.4357, 0.2935, 0.3195)x

1 ỹ = 219.6208 + (6.6471, 0.2891, 0.3177)x 0.9185

2 ỹ = 220.1532 + (6.5666, 0.2802, 0.3123)x 0.9304

3 ỹ = 221.2511 + (6.4201, 0.2846, 0.3032)x 0.9449

4 ỹ = 221.6806 + (6.3748, 0.2954, 0.3117)x 0.9487

5 ỹ = 221.3905 + (6.4235, 0.2861, 0.3139)x 0.9450

6 ỹ = 221.0054 + (6.5064, 0.2894, 0.3352)x 0.9371

7 ỹ = 220.7240 + (6.5871, 0.2738, 0.3244)x 0.9209

8 ỹ = 221.4294 + (6.3141, 0.2773, 0.3084)x 0.9430

9 ỹ = 222.1109 + (6.2365, 0.3125, 0.3158)x 0.9490

10 ỹ = 222.0352 + (6.2822, 0.3614, 0.6140)x 0.9469= 3 "?4�v�?"?4�v�y�4�v�X�egrY�%?�1^ i �}na rY�%?�1^ i �}na)X4�v� �eg
0 ỹ = 221.1685 + (6.4357, 0.2935, 0.3195)x

1 ỹ = 219.6694 + (6.6470, 0.2958, 0.3244)x 0.8156

2 ỹ = 213.4109 + (7.5315, 0.2883, 0.3174)x 0.9445

3 ỹ = 221.2526 + (6.4217, 0.2918, 0.3090)x 0.9449

4 ỹ = 221.6635 + (6.3766, 0.3019, 0.3170)x 0.9486

5 ỹ = 221.3697 + (6.4262, 0.2935, 0.3192)x 0.9450

6 ỹ = 220.9683 + (6.5104, 0.2968, 0.3390)x 0.9373

7 ỹ = 220.6715 + (6.5909, 0.2827, 0.3291)x 0.9229

8 ỹ = 221.4565 + (6.3185, 0.2863, 0.3147)x 0.9384

9 ỹ = 222.1296 + (6.2384, 0.3188, 0.3218)x 0.9490

10 ỹ = 222.0415 + (6.2831, 0.3634, 0.3634)x 0.9468L$ 2 %$ 3 {bvD�YG__��ob*Y6�wAz�6�wAY�fh�__��ob#�6�wAz�6�wAY�fheo9;Y�Lp__��ob{,o?o7b9h:b�o (4.5) l{bF�DYG_ i ��ob*Y6�wAz�6�wAY�fh%_ i ��ob#�6�wAz�6�wAY�fhY4n55 (P$ 4). L$ 4 Y�o



6: �Æ'�:w#+�dfW#+0I3�#CW�D�i 1017&�{��4n55 D1 = 12.6156% > 5%, Lp__��ob{,o?o7b9h:b� = 4 S(L, Li) y S(L, Li) (i = 1, 2, · · · , n) X3m44 (%)}na 3m44 Di }na 3m44 Di

1 12.6156 6 0.0008

2 1.4929 7 0.2198

3 0.0040 8 0.4980

4 0.0010 9 0.0002

5 0.0040 10 0.00925Z�� YG�ob*Y6�wAz�6�wAY�fh�#�6�wAz�6�wAY�fhb�YG_ i��ob*Y6�wAz�6�wAY�fh%_ i��ob#�6�wAz�6�wAY�fhY4n55V�w��{bVD__��obo?o7b9h:b�Lp�"�$�DYs%-�fhYwr�OX%-�o>#?o7b9h:bov=Y�S�o�XOg��%o���obY~2�z�2��MY/5e)Og���Zl'+2k*>b{,o?o7b9h:b�Q� 1loYG__��o*��2�o (Z��o) z~2�oYn���L� 1 ),2kD__��obo|o?o7b9h:b�&�lM[,E_dYwr�JbD%��$��DY<x�oYGY%-�fhYwrl,X"\\uZy%�Qi
#� F�4mY%-�fh94n55 ($ 2 9$ 4) {b2kD_ 1 #�ob{,o?o7b�

1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997
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Statistical Diagnostics of Fuzzy Linear Regression Model

Based on Fuzzy Approach Degree
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Abstract For fuzzy linear regression model with real input and fuzzy output, model pa-

rameter estimation is discussed based on data deletion. Statistical diagnostic capacity is

established used to test strong influential points or outliers in the data. And the general

procedure is given to examine with this statistical diagnostic capacity. Example suggests

that this statistical diagnostic capacity is effective.
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