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1 ���[D
6>N3-g!5^nN�[℄W�I >84���� > [1].�~N G ���:{ir�.<�2COF,j)�p
$N G 3�{iN��{iNC{ir>�m��+{iN�R0{iN G, * V , E, F , ∆ � δ `��1{iN G >HF�����i��m2N�mpN�Smij[3VISmiY%-�Hrs��[℄>�*z3V2pV 3 >i�j)0�F v > k mj��*z+n k-"� v +nIm">"u�?Sm"j)�3VISm"-rs>"u�N G = (V, E) >�m k- Æ��3�m'' φ: V ∪ E → {1, · · · , k}, .<R��j[�jxQ>6B x, y ∈ V ∪ E, K- φ(x) 6= φ(y). � G ?� k- Æ���F$ G 3 k- Æ�Z 2013 u 3 = 31 �49�2013 u 6 = 31 �49�fj�
∗ |�j�=��1hbmo (11271335).



6| I���R#��l0MU 8 �℄ 4- !=zhM= 9- 
>�} 989��>�e��of�mN4|Æ��Y%�* ∆ + 1 ^
�� Vizing[2] � Behazd[3]�l���!5N G K3 (∆ + 2)- Æ��>�I��l73al>Æ���l (Total

Coloring Conjecture), !�V TCC.R0{iN�T=�Aa3 (∆+1)-Æ��>�6b�Borodin?� [4] OkU∆ ≥ 11>{iN3 (∆ + 1)- Æ��>	}. Wang[5] &�9/~g4: ∆ = 10, ,g Kowalik?� [6] .��&/~g4: ∆ = 9. Y0 ∆ ≤ 8 l�OkL�M->/~�
_"Bq�<` ∆ = 8 >{iN> 9- Æ��~��%a? [7] OkU ∆ ≥ 8 �^ 4- 	>{iN3 9- Æ��>�-	�^ 4- 	>Im
�H$�PÆ"�V�
(1) ^ 5- 	�^ 6- 	 [8]; (2) ^3
 5- 	�^3
 6- 	 [9]; (3) ^j)�*z��^j) 1- " [10]; (4) ^j[�*z��^ 2- " [11]; (5) ^j)3
 4- 	��^j)

2- " [12]; (6) ^ 3- " (7[V^3SH
> 5- 	)[13].�[&#9
�H$��"�:^ 4- "��-u� 1 ) G 3 ∆ = 8 �^ 4- ">{iN�F G 3 9- Æ��>�
2 |x���)IH 1 �&O�)N G 3IH 1 >�m. σ(G) = |V |+ |E| mp>YM�� G3�m ∆ = 8 �^ 4- ">{iN�E�*�3 9- Æ��>�6E>f�mKiN G′K3 9- Æ��>�I3!V� G′ >m2N��3 8, p9 G >��� G′ 3 9- Æ��>�� G′ >m2Np0 8, p9 [14] >/~ (m2N�#� 7 >{iN3 9- Æ��>)R� G′ �3 9- Æ��>�9-�O<N G -�a/u~\��� 2[4]

(1) G 3 2- RJ>�/U G >mpN δ ≥ 2, � G >fmi>�0K3	�
(2) ) xy ∈ E. � d(x) ≤ 4, F d(x) + d(y) ≥ ∆ + 2 = 10.

(3) G℄D- (2,8)-�D8*>iN3m W (V!-~#�$� xyV�H (d(x), d(y))-�). G�B�+ (2) �R� G ℄ 2- FW3 8- Fj[� 3- FW3 7+- Fj[� 4- FW3 6+- Fj[�����>Sm 4−- F�j[�R0F v ∈ V , i f ∈ F , d(v) �13 v jxQ>�>H=�+n v >N=� d(f)�13 f jxQ>�>H=�+n f >N=�
N=V k >F+n k- F� k+- F�1N=Y%V k >F� k−- F�1N=YTV k >F��F�I k- i� k+- i�
k−- i?hv�* f = [v1v2 · · · vk] �1�m�n,L\nHF�.V v1, v2, · · · , vk > k-i��$ f V�m (d(v1), d(v2), · · · , d(vk))- i�* nd(v) �13 v j[> d- F>m=�* fd(v) �13 v jxQ> d- i>m=��� 3[6,11] G ��N 1 D1>/u�}℄��V • >FC G ℄d-}E[F�# N℄uy (1-2) � (5-8) >�;~Ok� # [11]. uy (3-4) � (9-10) � #
[6]. �� 4[9,15] ) v ∈ V (G) � d(v) = 8, v1, v2, · · ·, vk 3 v >nqj�[F�}℄



990 # ( : � � � 36:
d(v1) = d(vk) = 2, d(vi) ≥ 3, 2 ≤ i ≤ k − 1, 3 ≤ k ≤ 8. �3 v, vi, vi+1 (1 ≤ i ≤ k − 1)xQ>i;V 4- i�F v2, v3, · · ·, vk−1 ℄Y%-�mFV 4+- F��� 5[13] ) v ∈ V (G) � d(v) = 8, u 3 v >�m 2- [F� v1, v2, · · ·, vk 3 v> k mj� 3+- [F� 4 ≤ k ≤ 7. ) [v1vv2], [vk−1vvk] ;V 3- i��3 v, vi, vi+1

(2 ≤ i ≤ k − 2) xQ>i;V 4- i�F v2, v3, · · ·, vk−1 ℄Y%-�mFV 4+- F��� 6 G ��N 2 D1>/u�}℄��V • >FC G ℄d-}E[F�
7
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 2 s?:tx#
(1) uy (1) >�;~Ok� # [6].

(2) ^ G′ = G − vv1. p9 G >��� G′ -�m 9- Æ�� φ. m� 3- F v1, v4, v7#>
���℄) φ Cuy (2) #>1a8����N 2(2) D1�� 9 /∈ {a, b}, F�&
9 �o vv1, �< G >�m 9- Æ���bS�D� 9 ∈ {a, b}. `S^�zFa�a�

(i) a = 9.� b = 1, F 9 ∈ {e, f},bF�& 9�o vv4, �	& 3 �o vv1. .�P� 7 ∈ {e, f},



6| I���R#��l0MU 8 �℄ 4- !=zhM= 9- 
>�} 991����)Æ v8v1 � v8v >
���� v2v1 � v2v >
���	& 7 �o vv4, B& 3�o vv1. I�� {e, f} = {7, 9}. � e = 9, F)Æ v3v4 � v3v >
��B& 2 �o vv1.� e = 7, F�.)Æ v3v4 � v3v >
�� v8v1 � v8v >
���� v2v1 � v2v >
��B& 2 �o vv1.) b 6= 1. � b = 6, F�O {e, f} = {1, 9}. �℄) e = 9. )Æ v3v4 � v3v >
��B& 2 �o vv1. ) b 6= 6. e� b 6= 7. -,�O {c, d} = {1, 9}. � c = 9, F)Æ v8v7 �
v8v >
��B& 7 �o vv1. � c = 1, F)Æ v8v7 � v8v >
���� v2v1 � v2v >
��B& 7 �o vv1.

(ii) b = 9.� a = 7, F 9 ∈ {e, f},bF�& 9�o vv4, �	& 3�o vv1. .�P� 1 ∈ {e, f},����)Æ v8v1 � v8v >
���� v2v1 � v2v >
���	& 1 �o vv4, B& 3�o vv1. I�� {e, f} = {1, 9}. � e = 9, F)Æ v3v4 � v3v >
��B& 2 �o vv1.� e = 1, F�.)Æ v3v4 � v3v >
�� v2v1 � v2v >
���� v8v1 � v8v >
��B& 2 �o vv1.) a 6= 7. � a = 6, F�O {e, f} = {7, 9}. � e = 9. F)Æ v3v4 � v3v >
��B& 2 �o vv1. � e = 7, F)Æ v3v4 � v3v >
���� v8v1 � v8v >
��B& 2 �o vv1. ) a 6= 6. e� b 6= 7. -,�O d = 9. fC�)Æ v8v1 � v8v >
��B& 7�o vv7, �	& 6 �o vv1. m	�& v1 � v4 � v7 ����I��<: G >�m 9-Æ���bS�
(3) uy (3) >�;~Ok� # [12].

(4) ^ G′ = G− vv1. p9 G >���G′ -�m 9- Æ�� φ. m��NF v1, v2 �
v4 #>
���℄) φCuy (4)#>1a8����N 2(4)D1��P� φ(v1v

′
1) = 9,bF�& 9 �o vv1. e� φ(v2v

′
1) 6= 9. � φ(v2v3) 6= 9, F�& 9 �o vv2, B& 2 �o

vv1. D� φ(v2v3) = 9. e� φ(v3v4) 6= 9. � φ(v4v
′
4) 6= 9, F�& 9 �o vv4, B& 4 �o

vv1. D� φ(v4v
′
4) = 9. � φ(v2v

′
1) 6= 3, F�)Æ v3v � v3v2 >
���	�& 3 �o

vv1. D� φ(v2v
′
1) = 3. &_ P = vv3v2v

′
1v1 #>��.g�V 9,3,9,3, e� φ(v3v4) 6= 3.& 3 �o vv4, B& 4 �o vv1. m	& v1 � v2 � v4 �����< G >�m 9- Æ���bS�

(5) ^ G′ = G − vv1. p9 G >��� G′ -�m 9- Æ�� φ. m��NF v1 � v4#>
���℄) φ Cuy (5) #>1a8����N 2(5) D1��P� φ(v1v2) = 9,bF�& 9 �o vv1. � 9 /∈ {φ(v3v4), φ(v4v5), φ(v4v
′
4)}, F�& 9 �o vv4, B& 4 �o vv1. D� 9 ∈ {φ(v3v4), φ(v4v5), φ(v4v

′
4)}. � 2 /∈ {φ(v3v4), φ(v4v5), φ(v4v

′
4)}, F�)Æ

v2v � v2v1 >
��& 2 �o vv4, B& 4 �o vv1. D� 2 ∈ {φ(v3v4), φ(v4v5), φ(v4v
′
4)}.v φ(v3v4) � φ(v4v5) ℄Y%-�m�70 {2, 9}. +R$~��℄) φ(v3v4) ∈ {2, 9}.-,�P� 3 ∈ {φ(v4v5), φ(v4v

′
4)}, � {φ(v3v4), φ(v4v5), φ(v4v

′
4)} = {2, 3, 9}, bF�)Æ

v3v � v3v4 >
� (� φ(v3v4) = 2, F)Æ v2v � v2v1 >
�), B& 3 �o vv1. �
φ(v4v5) = 3,F�)Æ v3v � v3v4 >
���� v5v4 � v5v >
� (� φ(v3v4) = 2,F)Æ v2v � v2v1 >
�), B& 5 �o vv1. v φ(v4v

′
4) = 3. � φ(v3v4) = 9, φ(v4v5) = 2, F



992 # ( : � � � 36:)Æ v5v � v5v4 >
���� v2v1 � v2v >
���	�& 5 �o vv1. � φ(v3v4) = 2,

φ(v4v5) = 9, F)Æ v5v � v5v4 >
��B& 5 �o vv1. m	�& v1 � v4 ����<: G >�m 9- Æ���bS�
3 ����a&A*�f�\W8*bS�/UQ&IH 1>Ok�6b�oN G>fmHF v `y)/� ch(v) = 2d(v) − 6, oN G >fmi f `y)/� ch(f) = d(f) − 6, +\5"H ∑

v∈V

d(v) = 2|E| =
∑

f∈F

d(f) �RJ{iN>wCr0 |V | − |E| + |F | = 2 R�
∑

v∈V

(2d(v) − 6) +
∑

f∈F

(d(f) − 6) = −12, � ∑

x∈V ∪F

ch(x) = −12.�a&I �m�f�{F�_t`yF�i>��) ch′(x) 3_t`yF�i>�	6B x ∈ V ∪ F >t��&�OkRf�m x ∈ V ∪ F K- ch′(x) ≥ 0, /U<:
∑

x∈V ∪F

ch′(x) ≥ 0. \�\i�!V�~W3CL�mN>F�iS�4|�f���k�%d�(���D� −12 ≥ 0, ImbSQ&UIH 1 >Ok�
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6| I���R#��l0MU 8 �℄ 4- !=zhM= 9- 
>�} 993) f = [v1v2 · · · vk] ∈ F , * (d(v1), d(v2), · · ·, d(vk)) → (c1, c2, · · ·, ck) �1HF vi fni f >�V ci (i = 1, 2, · · ·, k). ^G [12, 15], I D��>�f�{F�a ( #N
3).

R1: 3 2- F v j[>Sm 8- FKn v f 1.

R2: R0 3- i [v1v2v3]

(R2.1) (3−, 7+, 7+) →
(

0, 3
2 , 3

2

)

(R2.2) (4, 6+, 6+) →
(

1
2 , 5

4 , 5
4

)

(R2.3) (5+, 5+, 5+) → (1 , 1, 1)

R3: R0 4- i [v1v2v3v4]

(R3.1) (3−, 7+, 3−, 7+) → (0, 1, 0, 1)

(R3.2) (3−, 7+, 4+, 7+) →
(

0, 3
4 , 1

2 , 3
4

)

(R3.3) (4+, 4+, 4+, 4+) →
(

1
2 , 1

2 , 1
2 , 1

2

)

R4: R0 5- i [v1v2v3v4v5]

(R4.1) (3−, 7+, 3−, 7+, 7+) →
(

0, 1
3 , 0, 1

3 , 1
3

)

(R4.2) (3−, 7+, 4+, 4+, 7+) →
(

0, 1
4 , 1

4 , 1
4 , 1

4

)

(R4.2) (4+, 4+, 4+, 4+, 4+) →
(

1
5 , 1

5 , 1
5 , 1

5 , 1
5

)

.6b<!i>t��+"H 2(2) R� 3−- F>[FV 7+- F�D�� 3- iYTxQ�m 3−- F� 4- i� 5- iYTxQSm 3−- F�) d(f) = 3. � f xQ�m 3−- F�F f 3 (3−, 7+, 7+)- i�+ R2.1, ch′(f) =

ch(f)+2× 3
2 = −3+3 = 0. � f �xQ 3−-F�F f 3 (4, 6+, 6+)-i�� (5+, 5+, 5+)-i�+

R2.2� R2.3, ch′(f) = ch(f)+ 1
2 +2× 5

4 = −3+3 = 0,� ch′(f) = ch(f)+3×1 = −3+3 = 0.) d(f) = 4. � f xQSm 3−- F�F f 3 (3−, 7+, 3−, 7+)- i�+ R3.1, ch′(f) =

ch(f) + 2 × 1 = −2 + 2 = 0. � f xQ�m 3−- F�F f 3 (3−, 7+, 4+, 7+)- i�+ R3.2,

ch′(f) = ch(f) + 1
2 + 2 × 3

4 = −2 + 2 = 0. � f �xQ 3−- F�F f 3 (4+, 4+, 4+, 4+)-i�+ R3.3, ch′(f) = ch(f) + 4 × 1
2 = −2 + 2 = 0.) d(f) = 5. � f xQSm 3−- F�F f 3 (3−, 7+, 3−, 7+, 7+)- i�+ R4.1,

ch′(f) = ch(f) + 3 × 1
3 = −1 + 1 = 0. � f xQ�m 3−- F�F f 3 (3−, 7+, 4+, 4+, 7+)-i�+ R3.2, ch′(f) = ch(f) + 4 × 1

4 = −1 + 1 = 0. � f �xQ 3−- F�F f 3
(4+, 4+, 4+, 4+, 4+)- i�+ R4.3, ch′(f) = ch(f) + 5 × 1

5 = −1 + 1 = 0.) d(f) ≥ 6. +�f�{FR�f ��f*���f���/U- ch′(f) = ch(f) ≥ 0.fCD`_F>t��� v V 2- F�9 R1, ch′(v) ≥ ch(v) + 2 × 1 = 0.� v V 3- F�9�f�{F�d-�f��d-�f*�v ch′(v) = ch(v) = 0.) vV 4-F�+�f�{F�vnfmxQ>iYTf 1
2 . !- ch′(v) ≥ ch(v)−4× 1

2 =

0.



994 # ( : � � � 36:) v V 5+- F�+0�[>�f�{FQÆ3 [13] jL�4| 5+- F>t�`_,��iX>/u��- 3- "�Ft� ch′(v) ≥ 0 �C [13] ℄<:ÆO�!-IKW�R*f 3- ">�z��`_���) v V 5- F�� v xQ> 3- im= f3(v) ≥ 4, F G - 4- "�D� f3(v) = 3. +
R2, v YTnDxQ> 3- if 1, + R3, R4, v YTnxQ> 4+- if 1

2 , D� ch′(v) ≥

ch(v) − 3 × 1 − 2 × 1
2 = 0.) vV 6-F��#�3 ≤ f3(v) ≤ 4. + R2, vYTnDxQ> 3-if 5

4 ;+ R3, R4, vYTnDxQ> 4+-if 1
2 ,D� ch′(v) ≥ ch(v)−f3(v)× 5

4 −(6−f3(v))× 1
2 = 3− 3

4f3(v) ≥ 0.� 3-i#- 3−- F�F$d 3-iV
 3-i�� 4-i#-Sm 3−- F�F$d 4-iV
 4- i�bF$V�i�
i#> 3−- F$V
 3−- F�* t �1
 3- i>m=�
τ(v → fi) �1 v foi fi >��9�f�{FR� 7+- Fn
 3- iYTf 3

2 , n� 3-iYTf 5
4 ; n
 4- iYTf 1, n� 4+- iYTf 3

4 ; n 5+- iYTf 1
3 . ) v 3�m

k- F� v1, v2, . . ., vk V k- F v >�nm,L\n�.xVC v `S>D-[F�3 vi,

v, vi+1 xQ>i�o fi, i=1, 2, . . ., k − 1; 3 v1, v, vk xQ>i�o fk. 
�:�� fi3 4+- i� v >SmC fi #>[F vi V 4+- F�F fi 3� 4+- i�) v V 7- F��# 3 ≤ f3(v) ≤ 5. 9"H 3(1) R� t ≤ 2, � t ≥ 1 ,� v �-�m
3- [F�!-�� v f 3

2 >
 3- i>m=YTV 2. -,�F v nxQ> 4+- iYTf 3
4 . p9 f3(v) >�T�<`�^�z�a�
(1) f3(v) = 3.� 1 ≤ t ≤ 2, F ch′(v) ≥ ch(v)− t× 3

2 − (3− t)× 5
4 − 4× 3

4 = 5
4 − 1

4 t > 0. � t = 0, F
ch′(v) ≥ ch(v) − 3 × 5

4 − 4 × 1 = 1
4 > 0.

(2) f3(v) = 4.� 1 ≤ t ≤ 2, F ch′(v) ≥ ch(v)− t× 3
2 − (4− t)× 5

4 − 3× 3
4 = 3

4 − 1
4 t > 0. � t = 0, F

ch′(v) ≥ ch(v) − 4 × 5
4 − 3 × 1 = 0.

(3) f3(v) = 5.�#-, v xQ�2xQ�m 3- "��m 2- "��℄) f1, f2 � f3 u& 3- "�
f5 � f6 u& 2- "�� t ≤ 1, F ch′(v) ≥ ch(v)− t× 3

2 − (5− t)× 5
4 − 2× 3

4 = 1
4 − 1

4 t ≥ 0.m	<` t = 2 I��z�) u 3 v >T�
 3- [F�e� u ∈ {v2, v3, v6}.b) u = v6. � f1, f2 � f3 ;V (4, 6+, 6+)- i�F v1, v4 ℄-�mFV 4- F�!V 4- F>[FV 6+- F�+ R3, R4 R� v nIm 4- FxQ> 4+- iYTf 1
2 , /U

ch′(v) ≥ ch(v)− 2× 3
2 − 3× 5

4 − 3
4 − 1

2 = 0. � f1, f2 � f3 ℄YT-Sm (4, 6+, 6+)- i�F ch′(v) ≥ ch(v) − 2 × 3
2 − 2 × 5

4 − 1 − 2 × 3
4 = 0.B) u ∈ {v2, v3}. +R$~�W�<` u = v2. +"H 2(2)R�d(v1) ≥ 7, d(v3) ≥ 7.� d(v4) ≥ 5,+ R2.3, vn f3 YTf 1,/U ch′(v) ≥ ch(v)−2× 3

2 −2× 5
4 −1−2× 3

4 = 0. �
d(v4) = 4,+ R3, R4R�F vn f4 YTf 1

2 ,/U ch′(v) ≥ ch(v)−2× 3
2 −3× 5

4 −
3
4 −

1
2 = 0.m	�ÆO 8- F>t��^G [13] ℄>Ok��<�ay!�zq 1 )F v ∈ V (G) � d(v) = 8, v1, v2, . . ., vk 3 v > k mj�[F��

d(vi) = d(vi+2) = 2, d(vi+1) ≥ 3, fi � fi+1 3 4+- i� 1 ≤ i ≤ 6. F+ R3, R4 �"H 4
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>�} 995R� τ(v → {fi, fi+1}) ≤ 2× 3
4 . � d(vi) = d(vi+3) = 2, d(vi+1) ≥ 3, d(vi+2) ≥ 3, fi, fi+1� fi+2 3 4+-i�1 ≤ i ≤ 5. F+ R3, R4�"H 4R�τ(v → {fi, fi+1, fi+2}) ≤ 1+2× 3

4 .zq 2 )F v ∈ V (G) � d(v) = 8, v1, v2, · · ·, vk 3 v > k mj�[F��
d(vi) = d(vi+3) = 2, d(vj) ≥ 3, i + 1 ≤ j ≤ i + 2, F v YTn fi, fi+1, fi+2 sf* 11

4 .�� 7 )F v ∈ V (G)� d(v) = 8, v1, v2, · · ·, vk 3 v > k mj�[F�}℄ d(vi) =

d(vi+5) = 2, 1 ≤ i ≤ 3; d(vj) ≥ 3, i + 1 ≤ j ≤ i + 4. � d(fi+1) = d(fi+2) = d(fi+3) = 3,F τ(v → {fi, fi+1, · · · , fi+4}) ≤
21
4 .# +"H 3(2)R�fi, fi+4 ;�V 3-i�v 3-i fi+1, fi+2, fi+3 u&�m 3-"�+"H 3(4), 3- "℄
 3- i>m= t ≤ 2, � t = 2 ,� d(vi+1) = d(vi+4) = 3, d(vi+2) ≥ 7,

d(vi+3) ≥ 7. +"H 3(6)R�fi � fi+4 ;V 5+-i�D�� τ(v → {fi, fi+1, · · · , fi+4}) ≤

2× 3
2 +1+2× 1

3 < 21
4 . 7 t = 1,�+"H 3(4), d(vi+1) = 3 � d(vi+4) = 3. +R$~��℄) d(vi+1) = 3. -,�fi+2, fi+3, fi+4 ;V�i�+"H 3(6)R�fi V 5+-i�D��

τ(v → {fi, fi+1, · · · , fi+4}) ≤
3
2 + 2× 5

4 + 3
4 + 1

3 < 21
4 . 7 t = 0 ,� fi+1, fi+2, fi+3 ;V�

3-i�v fi � fi+4 ;V� 4+-i�!-�τ (v → {fi, fi+1, · · · , fi+4}) ≤ 3× 5
4 +2× 3

4 = 21
4 ."H 7 O��R0 8- F v, ch(v) = 10. + R1 R� v nfmj[> 2- Ff 1. p9 v xQ> 2- F>m=`�a 6 ^�zÆO 8- F>t���� 1 5 ≤ n2(v) ≤ 8. +"H 3(2) R�� d(vi) = 2, F vvi xQ>iV 4+- i�-,�< f3(v) ≤ 2, � v �xQ 3- "��� 2 n2(v) = 4. 2- F>n^XZ`y�N 4 D1�

3f

1f

2f

8f

7f 6f
5f

4f

)1( )2( )3( )4( )5( )6( )7( )8(
 4 E v iZ 4 l 2- ECN 4(1) ℄�7 i ∈ {1, 2, 3} ,�+"H 2(2) R� d(fi) 6= 3; +"H 2(3) R�
d(fi) 6= 4; B+"H 3(5) R� d(fi) 6= 5. v f6+(v) ≥ 3. +"H 3(2) R� f4, f8 K3
4+- i�!-� v �xQ�m 3- "�E+i f5, f6 � f7 u&�+ R1 �"H 7 R�
ch′(v) ≥ 10 − 4 − 21

4 = 3
4 > 0. CN 4(2)–4(8) ℄� f3(v) ≤ 2, v ;�xQ 3- "�+ [13]R� ch′(v) ≥ 0.�� 3 n2(v) = 3. 2- F>XZ`y�N 5 D1�N 5(1) ℄�L#� f1 � f2 ;V 6+- i� f3 � f8 ;V 4+- i�+ v xQ 3- "��xQ 4- "R� f3(v) = 3. +R$~��℄) v xQ> 3- "+i f4, f5 � f6 u&�+"H 3(4) R� t ≤ 2, � t = 2 ,� d(v4) = d(v7) = 3, +"H 2(2) R� d(v5) ≥ 7,

d(v6) ≥ 7. 9"H 3(6) � 3(7) R� f3 V 5+- i� f7 � f8 �sK3
 4- i�!-
τ(v → {f3, · · · , f8}) ≤ 2× 3

2 + 1 + 1
3 + max{2× 3

4 , 1 + 1
3} = 35

6 . 7 t = 1 ,�+"H 3(6) �
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3(7)R� τ(v → {f3, · · · , f8}) ≤

3
2 +2× 5

4 +max{ 1
3 +1+ 3

4 , 3
4 + 1

3 + 3
4 , 3× 3

4} = 25
4 . 7 t = 0,� v Y%xQSm� 4+- i f3, f7, - τ(v → {f3, · · · , f8}) ≤ 3× 5

4 + 1 + 2× 3
4 = 25

4 . D�� ch′(v) ≥ 10 − 3 − max
{

35
6 , 25

4

}

= 3
4 > 0.N 5(2) ℄� f6+(v) ≥ 1 � f3(v) = 3. + R1, y! 1 �"H 7 R� ch′(v) ≥

10 − 3 − 2 × 3
4 − 21

4 = 1
4 > 0.N 5(3)–5(5) ℄� v ;�xQ 3- "� ch′(v) ≥ 0.

)4()3()1( )2( )5(

1f

8f

7f 6f

5f

4f

3f2f 2f

1f

8f

7f 6f

5f

3f

4f


 5 E v iZ 3 l 2- E�� 4 n2(v) = 2. 2- F>XZ`y�N 6 D1�
)4()3()1( )2(

1f

8f

7f 6f

5f

4f

3f2f

8f

7f 6f
5f

4f

3f

1f

2f

1f

2f 3f

7f 6f

4f

8f 5f
 6 E v iZ 2 l 2- EN 6(1) ℄� d(f1) ≥ 5, f2 � f8 K3 4+- i�+ v xQ 3- "��xQ 4- "R�
3 ≤ f3(v) ≤ 4. 9 v xQ> 3- i>m=�`S^i�zFa�

(i) f3(v) = 3.b) d(f3) = d(f4) = d(f5) = 3 (d(f5) = d(f6) = d(f7) = 3 ,�LHFa). +"H
3(4) R� t ≤ 2, � t = 2 ,� d(v3) = d(v6) = 3; +"H 2(2) R� d(v4) ≥ 7, d(v5) ≥ 7 	+"H 3(6)R� f2 V 5+-i�!- ch′(v) ≥ 10− 2− 2× 3

2 − 1− 3× 1− 2× 1
3 = 1

3 > 0. 7
t = 1,�d(v3) = 3 � d(v6) = 3. � d(v3) = 3,F d(v6) ≥ 4, f6 3� 4+-i�+"H 3(6)R�f2 3 5+-i��< ch′(v) ≥ 10−2− 3

2 −2× 5
4 −

3
4 −2×1−2× 1

3 = 7
12 > 0. � d(v6) = 3,F d(v3) ≥ 4, f2 3� 4+- i�+"H 3(8) R� f6, f7, f8 ℄Y%-�m� 4+- i��<

ch′(v) ≥ 10− 2− 3
2 − 2× 5

4 − 2× 3
4 − 2× 1− 1

3 = 1
6 > 0. 7 t = 0 ,� d(v3) ≥ 4, d(v6) ≥ 4.

v Y%xQSm� 4+- i f2 � f6. F ch′(v) ≥ 10− 2− 3× 5
4 − 2× 3

4 − 2× 1− 1
3 = 5

12 > 0.B) d(f4) = d(f5) = d(f6) = 3. +"H 3(4)R�t ≤ 2,� t = 2,�d(v4) = d(v7) = 3,+"H 2(2) R� d(v5) ≥ 7, d(v6) ≥ 7. 9"H 3(7) R� f2 � f3 ℄Y%-�m3� 4+-i�LH� f7 � f8 ℄Y%-�m3� 4+- i�!- ch′(v) ≥ 10− 2− 2× 3
2 − 1− 2× 3

4 −
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2 × 1 − 1
3 = 1

6 > 0. 7 t = 1 ,� d(v4) = 3 � d(v7) = 3. +R$~��℄) d(v4) = 3, F
d(v7) ≥ 4, f7 3� 4+- i�+"H 3(7) R� f2 � f3 ℄Y%-�m3� 4+- i�!-
ch′(v) ≥ 10−2− 3

2 −2× 5
4 −2× 3

4 −2×1− 1
3 = 1

6 > 0. 7 t = 0,�d(v4) ≥ 4, d(v7) ≥ 4, vY%xQSm� 4+- i f3 � f7. !- ch′(v) ≥ 10− 2− 3× 5
4 − 2× 3

4 − 2× 1− 1
3 = 5

12 > 0.

(ii) f3(v) = 4.+R$~��℄) d(f3) = d(f4) = d(f5) = d(f7) = 3. +"H 3(4)R�t ≤ 3. 7 t = 3,�d(v3) = d(v6) = 3, d(v4) ≥ 7, d(v5) ≥ 7. � d(v7) = 3, d(v8) ≥ 7,F f8 3� 4+-i�+"H 3(6)�"H 5R�f2 � f6 K3 5+-i�� d(v8) = 3,F d(v7) ≥ 7, f6 3� 4+-i�+"H 3(6)R�f2 � f8 K3 5+-i�k- ch′(v) ≥ 10−2−3× 3
2 −1− 3

4 −3× 1
3 = 3

4 > 0.7 t = 2 ,�+"H 3(6) �"H 5 R� v �xQ
 4- i��+ f1 P� v Y%xQ�m
5+- i�v ch′(v) ≥ 10 − 2 − 2 × 3

2 − 2 × 5
4 − 2 × 3

4 − 2 × 1
3 = 1

3 > 0. 7 t ≤ 1 ,� v xQ> 4+- i;V� 4+- i� ch′(v) ≥ 10− 2 − t× 3
2 − (4 − t) × 5

4 − 3 × 3
4 − 1

3 = 5
12 − 1

4 t > 0.N 6(2) ℄� f1, f2, f3 � f8 K3 4+- i�+N 5(1) ℄>>`_�R� τ (v →

{f3, · · · , f8}) ≤
25
4 ,B+y! 1R�τ(v → {f1, f2}) ≤ 2× 3

4 ,v ch′(v) ≥ 10−2− 25
4 −2× 3

4 =
1
4 > 0.N 6(3) ℄�+y! 2 �"H 7 R� ch′(v) ≥ 10 − 2 − 11

4 − 21
4 = 0.N 6(4) ℄�F v �xQ 3- "� ch′(v) ≥ 0.�� 5 n2(v) = 1. ) v1 33 v j[>T�>�m 2- F�9- 2- F3bxQ 3- i-S^�z��Fa�

(i) v1 xQ 3- i�+0 G3!5N�v1 2xQ�m 3-i��℄) f1 3Im 3-i��#�3 ≤ f3(v) ≤ 6.+"H 3(9) � 3(10) R�}E 3- iK3� 3- i�� f3(v) = 3, F ch′(v) ≥ 10 − 1 − 3
2 − 2 × 5

4 − 5 × 1 = 0.) f3(v) = 4. e��3� 3- ij[> 4+- i fi K3� 4+- i�� v Y%xQ�m� 4+- i�v ch′(v) ≥ 10 − 1 − 3
2 − 3 × 5

4 − 3
4 − 3 × 1 = 0.) f3(v) = 5. ^aI 5 m 3- i>XZ��`y�3� 3- ij[> 4+- i fi K3�

4+- i�!- v Y%xQSm� 4+- i�v ch′(v) ≥ 10 − 1 − 3
2 − 4 × 5

4 − 2 × 3
4 − 1 = 0.m	) f3(v) = 6. �#�d(f1) = d(f2) = d(f3) = d(f5) = d(f6) = d(f7) = 3, f4, f8 3� 4+-i�+"H 6(5)R�d(v6) ≥ 5, d(v7) ≥ 5. v ch′(v) ≥ 10−1− 3

2−4× 5
4−1−2× 3

4 = 0.

(ii) v1 �xQ 3- i�+0 v xQ 3- "U�xQ 4- "� 3 ≤ f3(v) ≤ 5.� f3(v) = 3, +"H 3(4) R� t ≤ 2. + R2 R� v nI�m 3- iYTf max{2 ×
3
2 + 1, 3

2 + 2 × 5
4 , 3 × 5

4} = 4, /U ch′(v) ≥ 10 − 1 − 4 − 5 × 1 = 0.) f3(v) = 4. +"H 3(4)R� t ≤ 3. +R$~� f2, f3, f4 u& 3-"� f3, f4, f5 u& 3- "�+N G ℄^ 4- "R�\P�m 3- i��3d 3- "j[�v v Y%xQ�m� 4+- i�7 t = 3 ,�+"H 3(3), "H 6(3) �"H 5 R� v Y%xQ�m 5+- i�v ch′(v) ≥ 10 − 1 − 3 × 3
2 − 1 − 3

4 − 1
3 − 2 × 1 = 5

12 > 0. 7 t ≤ 2 ,� v Y%xQSm�
4+- i�/U ch′(v) ≥ 10 − 1 − t × 3

2 − (4 − t) × 5
4 − 2 × 3

4 − 2 × 1 = 1
2 − 1

4 t ≥ 0.) f3(v) = 5. + G℄^ 4-"R�v 2xQ�m 3-"��m 2-"�) f2, f3 � f4 u&
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3-"�f6 � f7u& 2-"�+"H 3(4)R�t ≤ 4� 3-F u ∈ {v2, v5, v6, v8}. 7 t = 4,�+"H 6(3)�"H 5R�f1, f5, f8 ;V 5+-i�!- ch′(v) ≥ 10−1−4× 3

2−1−3× 1
3 = 1 > 0.7 t = 3,�+"H 6(3), 6(4)�"H 5R�v Y%xQSm 5+-i��xQ
 4-i�/U

ch′(v) ≥ 10−1−3× 3
2−2× 5

4−2× 1
3−

3
4 = 7

12 > 0. 7 t = 2,�+"H 6(3)�"H 5R�vY%xQ�m 5+-i��xQ
 4-i�D� ch′(v) ≥ 10−1−2× 3
2−3× 5

4−2× 3
4−

1
3 = 5

12 > 0.7 t = 1 ,� v Y%xQSm� 4+- i�v ch′(v) ≥ 10 − 1 − 3
2 − 4 × 5

4 − 1 − 2 × 3
4 = 0.7 t = 0 ,� v xQ�m� 4+- i��< ch′(v) ≥ 10 − 1 − 5 × 5

4 − 3 × 3
4 = 1

2 > 0.�� 6 n2(v) = 0. +0 v xQ 3- "U�xQ 4- "� 3 ≤ f3(v) ≤ 6.� f3(v) ≤ 4, F ch′(v) ≥ 10 − f3(v) × 3
2 − (8 − f3(v)) × 1 = 2 − 1

2f3(v) ≥ 0.) f3(v) = 5. -, v �xQ�m 3- "�)Im 3- "+ f1, f2 � f3 u&�+"H
6(2)R� t ≤ 4. � t ≤ 3, F ch′(v) ≥ 10− t× 3

2 − (5− t)× 5
4 − 1× 3 = 3

4 −
1
4 t ≥ 0. ) t = 4.+"H 6(2) R� 3- "#-Sm
 3- i� d(v1) = d(v4) = 3. +"H 2(2) R� d(v2) ≥ 7,

d(v3) ≥ 7, D� ch′(v) ≥ 10 − 4 × 3
2 − 1 − 3 × 1 = 0.m	) f3(v) = 6. -, v xQSm 3- "�)Eg`�+ f1, f2, f3 � f5, f6, f7 u&�+"H 6(1) � 6(2) R t ≤ 4. �#�7�27 d(v1) = d(v4) = d(v5) = d(v8) = 3,� t = 4. -,+"H 2(2) R� d(v2) ≥ 7, d(v3) ≥ 7, d(v6) ≥ 7, d(v7) ≥ 7, v

ch′(v) ≥ 10 − 4 × 3
2 − 2 × 1 − 2 × 1 = 0. � t = 3, +R$~�"H 6(3) � 6(4), �)

d(v1) = d(v4) = d(v5) = 3, /U d(v8) ≥ 4, f8 3� 4+- i�+"H 2(2) R� d(v2) ≥ 7,

d(v3) ≥ 7, v ch′(v) ≥ 10 − 3 × 3
2 − 2 × 5

4 − 1 − 1 − 3
4 = 1

4 > 0. m	� t ≤ 2, F
ch′(v) ≥ 10 − t × 3

2 − (6 − t) × 5
4 − 2 × 1 = 1

2 − 1
4 t ≥ 0. Y-�IH 1 O��p } � �
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On the Total 9-colorability of Plane Graphs

with Maximum Degree 8 without 4-fans

LI Huihui WANG Yingqian

(College of Mathematics, Physics and Information Engineering,

Zhejiang Normal University, Jinhua 321004)

(E-mail: lihuihui0123@163.com)

Abstract Let G = (V, E) be a graph with sets of vertices and edges V and E, respectively.

A total k-coloring of G is a mapping φ: V ∪E → {1, 2, . . . , k} such that φ(x) 6= φ(y) whenever

x and y are two adjacent or incident elements of V ∪E. G is totally k-colorable if it admits

a total k-coloring. Let ∆ denote the maximum degree of G. Clearly, at least ∆+1 colors are

needed to totally color G. Behzad and Vizing independently conjectured that every graph

is totally (∆ + 2)-colorable. It is known that plane graphs with maximum degree ∆ ≥ 9

are totally (∆ + 1)-colorable. By exploring new reducibility of minimal counterexample, we

use discharging method to prove that plane graphs with maximum degree 8 and without

4-fans are totally 9-colorable, where a k-fan in a plane graph consists of k consecutive 3-faces

intersecting at a vertex. This improves some known results on the topic of total 9-colorability

of plane graphs with maximum degree 8.

Key words Plane graphs; total coloring; maximum degree; fan.
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