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Direction-of-arrival estimation performance analysis of the 
rank reduction estimator in the presence of finite samples 
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(Institute of Information System Engineering, PLA Information Engineering University, Zhengzhou 450002, China) 

Abstract: The DOA estimation performance of the rank reduction estimator(RARE) in the case of finite samples was 

studied. Based on the perturbation theorem associated with the orthogonal projection matrix of the signal (or noise) sub-

space, the first-order and second-order formulas for the DOA estimation errors of the RARE were derived. Then, the 

closed-form expressions for mean square error (MSE), bias and direction finding (DF) success probability of the RARE 

were presented. A variety of numerical experiments concerning some important RARE are conducted to verify the theo-

retical analysis. 
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( )Ĵ =θ ( )ˆdet   =
 

θW ( ) ( ) ( )
( )

1 2

1 2

, , ,

, , , 1

ˆ1 K

k

K

K
i i i

ki
i i i k

w
=

−
∑ ∏�

�

τ θ  

  (25) 

%/ ( )1 2, , , Ki i i�τ 01ú� ( )1 2, , , Ki i i� �û�

c�gáâ�

( )1 2, , , Ki i i
∑

�

01v1,2, , K� ��üú�

ý��Aþ� !K �ãÈ	kl%(25)m½�[23] 

( ) ( ) ( )

( )

1 2

1 1
1 2 1

, , ,

, , , 1

ˆ ˆ1 K

k

K

K
i i i

k i
i i i k

J w
=

= −
∑ ∑

�

�

�

�

τθ ( ) ( )
2 2

2

2 1

1

ˆ
k

K

k i
k
k k

w
=
≠

∏θ θ  

  (26) 

?@��>m����$Z[K�� m̂θ uv,
¶ $Z mθ �[K��.�ÙÐÑR- ( )1

m
�θ �(� 

 

( ) ( )
( ) ( )

1 1 2ˆ 1

ˆˆ 0

m m m

m m

o N

J J

 = + +




= =




�

�

�

θ θ θ

θ θ
 (27) 

kl�� 2m½� 

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( )

( )

1 2

1 21 2
1 2 1 2

2 1

1 2

1 21 2
1 2 1 2

2 1

3 1 23 1 2

3 2

2 13 1 2

1

, , ,

, , , 1 1

, , ,1

, , , 1 1

1 1

,

ˆˆ 1

1

1

K

k k

K

K

k k

K

k k k

KK
i i i

m k i m k i m
i i i k k

k k

K K
i i i

m k i m k i m
i i i k k

k k

K K

k i m k i m k i m
k k

k kk k k

i i

J w w

w w

w w w

= =
≠

= =
≠

= =
≠≠

= − +



− ⋅








+ −






−

∑ ∑ ∏

∑ ∑ ∑

∏ ∏

�

�

�

�

�

�

�

� �

��

�

τ

τ

τ

θ θ θ

θ θ θ

θ θ θ

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

2

1 21 2
1 2 1 2

2 1

3 1 23 1 2

3 2

2 13 1 2

, , 1

, , , 1 1

1 1 2

1 1

1

K

k k

K

k k k

K K
i

k i m k i m
i i i k k

k k

K K

k i m k i m k i m
k k

k kk k k

w w

w w w o N

= =
≠

= =
≠≠



 ⋅








+ +






∑ ∑ ∑

∏ ∏

�

�

�

�

�

�

�

θ θ

θ θ θ

  (28) 

�����% (28)/ð���>��	-

( )mJ� θ �g>ç�

( )1
m
�θ �Óc	- ( )mJ�� θ �îñë%

(27)m� 

( )

( ) ( ) ( )

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 2

1 2

2 3 12 3 1
1 2 3

2 1 3 1 2

2 12 1

2

2 1

, , ,1

, , ,

1

1 1 1

1 1H

1

1
1 K

K

k k k

k k

i i i

m
i i im

KK K

k i m k i m k i m
k k k

k k k k k

K

k i m k i m m
k
k k

J

w w w

w w

= = =
≠ ≠

=
≠

= − ⋅



 



  +


 

 



 





 



  =


 

 



 



∑

∑ ∑ ∏

∏

�

�

�

��

�

�

�

�

�

τθ
θ

θ θ θ

θ θ θα π

 

(29)

 

./� ( ) ( ) ( )1 2= +θ θ θα α α � ( )1 θα � ( )2 θα �0

Á%E�- 

( ) ( ) ( ) ( )

( )

{ }
( )

( ) ( )( )
( ) ( ) ( ) ( )

( )
{ }

( ) ( ) ( ) ( )( )

1 2

1 2

2 1 1 11
1 2

1 2

1 1

1 2 1

1 11 1

, , ,

1
, , ,

2 1
*

1 1 1
1 1

, , , *
2 1 1 1

, , , 1

1
1

, , , , ,

1
1 , , , , ,

K

K

k

K

K

k k

i i i

i i i

KK

k k k K i k
k k

K
i i i

k k K
i i i k

i k i k

J

f i i i i

f i i i i
J

−
∗

− +
= =

− +
=

∗ ∗

 = − ⋅






 



  ⊗
 

 

 



 



 = − ⋅
 

⊗ + ⊗


∑

∑ ∑

∑ ∑

�

�

�

�

��

�

� �

� �

��

� �

τ

τ

θ
θ

θ θ

θ
θ

θ θ θ θ

α

Σ t t

α Σ

t t t t











 

  (30) 

g ( )J�� θ �0Á%- 



�58� �  �  �  � � 34 � 

( ) ( ) ( )

( )

1 2

1 2

, , ,

, , ,

1 K

K

i i i

i i i

J = − ⋅
∑

�

�

��

τθ

[ ]{ } [ ]{ }
1 2

1 2

2 1

2 2 2

1 2 1 2
1 1 1

, , , , , ,
K K K

k k K k K
k k k

k k

f i i i f i i i
= = =

≠

 

 +
 

 

 

∑∑ ∑

Σ Σ

� ��

� �

  (31) 

��

1 2
, , ,

qk p p pi i i 

 

�

�Σ �

1 2
, , ,

qk p p pi i i 

 

��

�Σ ���

��	

1 2
, , ,

qp p pi i i 

 

�Σ 
� k��� θ ���

������

1 2 1 2
, , ,

qk k p p pi i i 

 

�

�Σ ���	

1 2
, , ,

qp p pi i i 

 

�Σ 
� 1k � 2k ���θ ����

����	

1 2
, , ,

qp p pi i i 

 

�Σ ������� 

( ) ( ) ( ) ( ) ( ) ( )
1 2

1 21 2

, , ,
q

p p q pq

p p p

p i p i p i

i i i 

 

 =
 

�

�θ θ θ θ θ θ

Σ

t t t t t t

2M q×∈C   (32) 

��� { }ƒ • ����(33)
 �!�" 

{ } H
11 12 21 22 1 2 1 2

1

ƒ
q

q q k k
k

⊥

=

  =
 

∏�t t t t t t t Π t  (33) 

#$�(21)��(29)%&�m'()
*+,

-.*/0� 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 HHE Emm m m m mC    = = ⋅ ⋅
   

� �

� �θ θ θ θα π π α   

( ) ( )H
1m m= θ θα E α   (34) 

�123 4.44�5� RARE
6789:

;<�=>?@ABC RARE
*+,-*0	�

D E F * + , - G 0 
 � � H I  � �

( ) ( ) ( ) ( ) T1 1 1 1
1 2 D

 =
 

� � � �

�θ θ θθ �J ( ) ( ) ( )1 2 D=  

 

�θ θ θH α α α �

K%& RARE
*+,-*0	� 

 ( ) ( ) ( )1 1 H H
1Emn D D

C
×

 = = =
 

� �C θ θ H E H  (35) 

L�*M�#$�(29)%N ( )1
�

θ �

�R
OP!��

Q3

�R�
RSTUVWXY�Z�[\ ( )1
�

θ ]TU

VWXY�Z�̂ ��

( ) ( )1 ~ ,D DNθ 0 C�

�=�P_�

35� RARE
89:;<`abAcde 
4.3  ����������	
 

f4g5� RARE
*+,-Gheij�m

'()
*+,-�k m̂θ ��l3mn*+ mθ 

,-o�p��HI��

( )2
m
�θ �Kq 

 

( ) ( ) ( )

( ) ( )

1 2ˆ 1

ˆˆ 0

m m m m

m m

o N

J J

 = + + +




= =




� �

�

�

θ θ θ θ

θ θ
 (36) 

#$rs 3��tu�5�%& 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

1 2

1 2 3 1 21 2 3 1 2
1 2 1 2 3 2

2 1 2 13 1 2

1 2

1 21 2

, , ,1 1 1

, , , 1 1 1 1

1 2
, , ,2 2

ˆˆ 1

1
2

K

k k k k k

K

K

k k

K KK K
i i i

m m m m k i m k i m k i m k i m k i m
i i i k k k k

k k k kk k k

i i im
m m m k i m k i

J J J w w w w w

J J w w

= = = =
≠ ≠≠

 

 = + − − + +
 

 

 

+ − −

∑ ∑ ∑ ∏ ∏�

�

�

�

� �� ��

�

� �

�

���� ��

�

�

�

τ

τ

θ θ θ θ θ θ θ θ θ

θ θ θ θ θ θ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

3 1 23 1 2
1 2 1 2 3 2

2 1 2 13 1 2

1 2

1 2 3 4 11 2 3 4 1
2 3 4
2 1 3 1 2 4 1 2 3

2

1 1 1 1

, , , 1 1 1

1 1 1

1
1 2

2

k k k

K

K

k k k k k

K KK K

m k i m k i m k i m
i i i k k k k

k k k kk k k

KK K
i i i

k i m k i m k i m k i m k i m
k k k
k k k k k k k k k

w w w

w w w w w

= = = =
≠ ≠≠

= = =
≠ ≠ ≠

 

 + +
 

 

 

− +

∑ ∑ ∑ ∏ ∏

∑ ∑ ∏

�

�

�

�

�

�

� � �

� � �

�

� � �

τ

θ θ θ

θ θ θ θ θ ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 32 3
1 2 1 2 3

2 1 3 1 2

1 2

1 2 3 4 1 2 31 2 3 4 1 2 3
2 3 4 3
2 1 3 1 2 4 1 2 3

1

, , , 1 1 1

, , ,1 1 1

1 1 1 1

1

k k

K

K

k k k k k k k

KK K

k i m k i m
i i i k k k

k k k k k

KK K
i i i

m k i m k i m k i m k i m k i m k i m k i m
k k k k
k k k k k k k k k k

w w

w w w w w w w

= = =
≠ ≠

= = = =
≠ ≠ ≠

 

 −
 

 

 

− +

∑ ∑ ∑ ∏

∑ ∑ ∏

�

�

�

�

� � ��

� �

�

� � �

τ

θ θ

θ θ θ θ θ θ θ θ
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 2 1 2

2 1 3 1 2

1 2

1 2 3 1 2 3 1 21 2 3 1 2 3 1 2
2 23 3 2
2 1 2 1 23 1 2 3 1 2

, , , 1 1

, , ,1 1 1 1

1 11 1 1

1

K

K

k k k k k k k k

KK K

i i i k k
k k k k

K KK K
i i i

k i m k i m k i m m k i m k i m k i m k i m k i m
k kk k k
k k k k kk k k k k k

w w w w w w w w

= =
≠ ≠

= == = =
≠ ≠ ≠≠ ≠



 +








− − +






∑ ∑ ∑ ∏

∑ ∑∏ ∏

�

�

� � � ��

� �

� � �

�

� �

τθ θ θ θ θ θ θ θ θ
( )

( )
1 2 1

1

, , , 1

1
K

KK

i i i k
k

o N
=

 

 +
 

 

 

∑ ∑ ∏
�

 

  (37) 

vw�(29)��(36)%& 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )
( )

( ) ( ) ( ) ( )( ) ( )2 1 1 2 1 2 1 H 1H H H H H
1 2 3 1 2 1 22

m
m m m m m m m m m m

m

J

J
= + + + + − − +

���

� � �

� � � �

��

θ
θ θ θ θ θ θ θ θ θ θ

θ
β β β π α α π π Ψ Ψ π



� 3 � ������	
������������������ �59� 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )1 H 1 2 1 H 1 1 H 1 1 H 1 2H H H H
m m m m m m m m m= + − − = +� � � � � � � � � �θ θ θ ρ θ θ θ θ θ θπ α β π α π π α α π π Ψ π π Ω π α π

   (38) 

��� ( ) ( ) ( ) ( ) ( ) ( ) ( )H H
m m m m m m m= − −θ θ θ κ θ θ θ θΩ α β α α Ψ �p�� ( ) ( ) ( )2m m mJ J= ��� ��κ θ θ θ � ( ) =θβ ( )1 +β θ  

( ) ( )2 3+β βθ θ � ( ) ( ) ( )1 2= +θ θ θΨ Ψ Ψ �� ( )1 θβ x ( )2 θβ x ( )3 θβ x ( )1 θΨ � ( )2 θΨ 
�y���� 

( ) ( ) ( ) ( ) { }
( )

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( ) ( ) { } ( ) ( ) ( ) ( ) ( )

1 2

2 1 1 1 11 1
1 2 1 2

1 2

1 1 1 11 1 1

2 1
, , , *

1 1 1 1
1 1

, , , *
2 1 1 1

1
1 2 , , , , ,

1
1 , , , , , 2

K

k k

K

K

k k k

KK
i i i

k k k K i k i k
i i i k k

i i i

k k K i k i k i

f i i i i
J

f i i i i
J

−
∗ ∗

− +
= =

∗ ∗ ∗
− +

 

 = − ⊗ + ⊗
 

 

 

 

 = − ⋅ ⊗ + ⊗ + ⊗
 

∑ ∑ ∑

�

�

�

�

� �

� �

��

�� � �

� �

��

� � �

τ

τ

θ θ θ θ θ
θ

θ θ θ θ θ θ
θ

β Σ t t t t

β Σ t t t t t ( )( )
( )

( ) ( ) ( ) ( ) { }
( )( )

{ }
( )

( ) ( )( )
( )

1

1 2 1

1 2

2 3 1 1 2 1 1 11
1 2 1 2 3 2

3 2

, , , 1

2 1 2 1 2 1
, , , * *

3 1 1 1 1 1 1
, , , 1 1 1 1

1
1 , , , , , , , , , ,

K

K

k

K

K

k
i i i k

K K KK
i i i

k k k k K k k k K i k
i i i k k k k

k k

f i i i i f i i i i
J

=

− − −
∗

− + − +
= = = =

≠



















 



 

   = − + ⊗


   

 

 



 



∑ ∑

∑ ∑ ∑ ∑ ∑

�

�

�

��

� ��

� � � �

��

τ

θ

θ θ θ
θ

t

β Σ Σ t t

 

  (39) 

( ) ( ) ( ) ( ) { }
( )

( ) ( )( ) ( ) ( )( )( )
( )

( ) ( ) ( ) ( ) { }

1 2

3 1 1 2 2 1 22 1
1 2 1 2 3

2 1

1 2

1 1 2 2

2

2 2
, , , T H

1 1 1 1 1 1
, , , 1 1 1

, , ,

2 1 1 1 1 1

1
1 , , , , , , , ,

2

1
1 , , , , , , , ,

K

k k

K

K

KK K
i i i

k k k k k K k i i k
i i i k k k

k k

i i i

k k k k K
k

f i i i i i i
J

f i i i i i i
J

−
∗

− + − +
= = =

≠

− + − +

 

 = − ⊗
 

 

 

 

 = − ⋅
 

∑ ∑∑ ∑

Ψ Σ t t t t

Ψ Σ

�

�

�

�

� � �

��

� � �

��

τ

τ

θ θ θ θ θ
θ

θ
θ ( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )
1 2 1

2 1

1 2 1 22 1 2 1

, , , 1 1

T H T H

K

k k k k

K K

i i i k
k k

k i i k k i i k

= =
≠

∗ ∗



















 ⊗ + ⊗






∑ ∑∑

t t t t t t t t

�

� �θ θ θ θ θ θ θ θ

 (40) 

� ( )J��� θ ����� 

( ) ( ) ( ) [ ]{ }
( )

1 2

1 2 3

1 2 1 2 3

2 1 3 1 2

2 2 2
, , ,

1 2
, , , 1 1 1

1 , , ,K

K

K K K
i i i

k k k K
i i i k k k

k k k k k

J f i i i
= = =

≠ ≠



= − +






∑ ∑∑ ∑

�

�

��� �

�

�

τθ Σ   

[ ]{ } [ ]{ }
1 2

1 2

2 1

2 2 2

1 2 1 2
1 1 1

3 , , , , , ,
K K K

k k K k K
k k k

k k

f i i i f i i i
= = =

≠



+






∑∑ ∑

�� ���

� �Σ Σ  (41) 

���

1 2
, , ,

qk p p pi i i 

 

���

�Σ ����

1 2
, , ,

qp p pi i i 

 

�Σ �	 k
��θ ������
1 2 1 2

, , ,
qk k p p pi i i 

 

��

�Σ ���

�

1 2
, , ,

qp p pi i i 

 

�Σ 	 1k 
��θ ������	 2k 
��θ ������ 

���(23)��(38)��	m����� !"#$% 

 ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )2 1 1 H 2H
1E trace E E tracem m m m m m

     = = ⋅ + = +
     

�

� � �µ θ θ θ θ θ γ θΩ π π α π Ω E  (42) 

��� ( ) ( ) ( )1 2= +γ θ γ θ γ θ �& ( )1γ θ � ( )2γ θ ��'�()% 

 

( ) ( ) ( ) ( ) { }
( )

( ) ( )( )
( )

( ) ( ) ( ) ( ) { } ( ) ( ) ( ) ( )( )
( )

1 2

2 1 1 1 1
1 2 1 2

1 2

1 1 1 11 1
1 2 1

2 1
, , , H

1 1 1 1 2
, , , 1 1

, , , H H
2 1 1 1 2 2

, , , 1

1
1 , , , , ,

1
1 , , , , ,

K

k

K

K

k k

K

KK
i i i

k k k K k i
i i i k k

K
i i i

k k K k i k i
i i i k

f i i i i
J

f i i i i
J

−

− +
= =

− +
=



 

 = −


 

 

 



 





 = − ⋅ +
 





∑ ∑ ∑

∑ ∑

Σ t E t

Σ t E t t E t

�

�

�

�

�

� �

��

� �

� �

��

τ

τ

γ θ θ θ
θ

γ θ θ θ θ θ
θ

 (43) 

*+ ( ) ( ) ( ) T

1 2 D=  

 

�µ θ µ θ µ θµ �, µ-% RARE�� !"#$��� 



�60� �  �  �  � � 34 � 

 
4.4  ��������	
�� 

./� !"0�12�#$3�4�567

89:;(<8=!">?��@ABCDEF�

G&HI�JKLMNOPQRS�TUVWXY

[27]�Z�/[\12]^_ MUSIC >?4�5

678�">`��a3�bWXY[23]�Z�/

cde[\12]^_RARE�4�5678�"

>`��&fg,hijXY[23]�XY[27]��(

k�?Z�lmno]^_ RARE �4�567

8�pQq�:�XY[23]�XY[27]�Pcrs�

 !"#$�&fXrs/#$�]^� 

WZ� RARE�4�5678tu�vBwx

yz RARE� !"#2�({|C���u}�

~K��������������({����

�����78({,����Z��XY[28,29]

WZ���[\12]^_ MUSIC >?���(

<78�� !"�"|C����������

��mzJ�%�[\12��@�5�(�9

������({��a MUSIC >?���= 

�� !"#29����%����({�¡¢

£�Wlmno]^_�� !"#2���@¤

¥�¦�§ �&��@�~K�¨�jXY

[28,29]��(k�?�j:©ªQ«h RARE��

 !"#29��¬%������({�P®

��2�%C  (���12(k�?¯�)�&0°
��% µ  (���12(k�?¯�)�-�� !

"#2��±² ( )~ ,DNθ µ C�

�vBE³�:�X

Y[30]WZ�lmno]^_ MUSIC >?���

(<78�9V´µ¨����¶·�j:D¸h

��(<78�">¹º%��78»�¼��

½(¾>����¿À¢Á9ÁÂ/�ÃJC�&

fX	 5g�¿À¢Á9hÁÂ£Ä��¶·�l

ÅC�fXWÆy RARE� !"#2({|C�

iÇ£�_}hnÈXY[23]�XY[27]�É³�I

jÊ4�56Ë�zÌ���()Z�ÍÎ��

��ÍÏÐ�4�5678� 
4.4.1  ��������	
�� 

� 1[23,27]  j	 m ����*±²ÑÒ

Ê m ∆�

�θ θ Ë�,�%:Ê4�56Ë� 

zÌ 1 ��∆θ ����12Óm���u}
�~K����% ( )1~ ,m m mmN C�θ µ �j:	m�

���4�5678% 

{ }Pr m m
m

mm mm

Φ Φ

C C

   ∆ − ∆ +
∆ = − −

   

   

   

�

�

θ µ θ µθ θ  (44) 

��� ( ) 2 21
e d

2π

u xu xΦ −

−∞
=

∫

���°�Ô�¯�� 

4.4.2  ��������	
� 

�� 2[23,27]  *±²ÑÒÊ { }
1
max m

m D
∆�

� �

�θ θ Ë�

,�%:Ê	�¨ÏÐ4�56Ë� 

ÕG�%/">	�¨ÏÐ4�5678vB

Æy D���� !"#2 1 2 Dθ θ θ� � �

� � �

� �ÖÃ7

8»�¼����u}�(k��×Ø��

�

θ�7

8»�¼������% 

( )
( )

[ ] ( ) ( )T 1
1 2

2

1
det exp

22π
D

p C
−

−  − −
 = −
 

 

 

θ

x µ C x µ

x
�

 

  (45) 

j:	�¨ÏÐ4�5678% 

{ }{ } ( ) 1 2
1

Pr max d d dk D
k D

p x x x
∆ ∆ ∆

−∆ −∆ −∆
∆ =

∫ ∫ ∫

�

�

� �

� �

�

θ θ θ

θ θ θ
θ θ

θ

x

  (46) 

�(46)¢Ù£:Ú�Ð£��Û½(ÜÝ�Þ

�ßµ�°½(��?¯���°à� 

�� 3[23,27]  *±²ÑÒÊ 2

1

1 D

m
mD =

∆
∑

�

�θ θ Ë�

,�%:Ê	�¨ÏÐ4�56Ë� 

ÕG�	�¨ÏÐ4�5678���%

( ){ }2 2

2
Pr D ∆�

� θθ �%/">a78�vBZ�×

Øá�

2

2

�

θ �({¼����u}�~K�h

�

θ�

���%

d
1 2

0=� �

θ C θ ���Ê

d

=Ë��â�ãä��

Hq�78({�& ( )1 2
0 ~ D DN −
�

�θ C µ I �j:

��

d2 T
0 02

=� � �

θ θ Cθ �-h
2

2

�

θ ��5Ij��×Ø�

� 0
�

θ ���\�%/">

2

2

�

θ �({¼���åÈ

XY[31]�É³�Ij×Øá�({¼��|æ¼

�Iç�`�è 

{ } ( )2

2

2 i

2 0

1 1 1
Pr Im e d

2 π

t t t
t

εε ϕ
+∞ − = − ⋅

 

 

∫

�

θ

θ

�

�  (47) 

��� ( )2
D= ∆ε θ �& ( )2

2

t
�

ϕ
θ

:

2

2

�

θ �|æ¼��

Þ:">ÏÐ4�5678�Ié�¶·��C �
D�êë|æ°()% 1 2, , , D�ρ ρ ρ �Hì�Î 



� 3 � ������	
������������������ �61� 

íî|æ��()% 1 2, , , D�e e e �,��ïÝ 1�

� 

( ) ( ) ( ){ }2

2

1 42 2 2 2 2 2

1

1 4 exp 2 1 4
D

k k k k
k

t t t t
−

=

= + ⋅ − + ⋅∏
�

ϕ ρ δ ρ ρ
θ

( ) ( )( ){ }2 2exp i arctan 2 2 1 4k k k kt t t+ +ρ δ ρ ρ  (48) 

��� ( )2T 1 2
k k

−=δ e C µ �h�(48)ðñ�(47)��ò

�ó� 

 { } ( ){ }
( )

2

2 0

sin1 1 1
Pr d

2 π

g t
t

t h t

+∞
= −

∫

�

�εθ  (49) 

��� 

( ) ( ) ( )( )
( ) ( ) ( ){ }

2 2

1

1 42 2 2 2 2 2

1

arctan 2 2 1 4

1 4 exp 2 1 4

D

k k k k
k

D

k k k k
k

g t t t t t

h t t t t

=

=

 = + + −






 = + ⋅ +




∑

∏

ρ δ ρ ρ ε

ρ δ ρ ρ
 

  (50) 

ÕG��(49)��½(ôDßµ�°">��

?¯���°à�%/">õ�°à�bvBrs

���½(¼�W 0t → � t → +∞���°�wx
��ö÷'?,ÓøÁÂ 

( ){ }
( )

( ){ } ( )
( ) ( ) ( )

( )

0 0

1

sin cos1
lim lim 0

1

t t

D

k k
k

g t g t g t
g

t h t h t th t→ →

=

⋅ = =
+

= + −
∑

�

�

�

ρ δ ε
 

(51)

 

ù t → +∞���j½(¼��(úlû�(ü
hýþ������j�����aõ½(¼�h�

�	�
��jë�j:Wò��°">��ôvB

h½(£m·$%��²¸��í�-���a��

É³">	�¨ÏÐ4�5678�">�?� 

�� 1  åÈ�(35)">��C ����(42)
">�� µ� 

�� 2  C ò�|æ(à��&¯��D�

|æ°{ }
1

D

k k =
ρ �Hì�Î íî|æ��{ }

1

D

k k =
e � 

�� 3  ��|æ��">F��ú k =δ  

( ) ( )2T 1 2 1,2, ,k k D− = �e C µ � 

�� 4  åÈ�°½(��?">�(49)� 

�a�fg�É³/ÍÎ����4�5

678�ã¨ÏÐ4�5678�">�?�&�

�XY[23]�XY[27]��~K��è1)	�¨ÏÐ

4�5678�zQ�jÎ����4�567

8�2)	�¨ÏÐ4�5678÷G�j	�¨Ï

Ð4�5678�©��K�Þ��zÌ��p�

z�_}hßµ�ç
¿À¢ÁÁÂX�JKZ�

�lÅC� 

5  ���� 

©ªx´�_���Æè1)_}:ÍXY[4,5]

�³�0��
����í RARE �XY[13]�³

���� ?É³��°¢Á�2)!" MUSIC >

?9:�#|$� RARE��W_X��°¢Á�

%q�É³/ RARE� MUSIC>?�CD&'�

P®*Q´|$�Æ�_X� MUSIC >?:WQ

(W)*�
12�ÑÒ_ò���3)">4�5

678�12Óm∆θ 0·% 0.5º�4)X�pl¿À

+��,-&'%:JKd4°�-��X��J

KZ�">p��&./�%:¿À¢Á°(2 000�

Monte Carlo0Ú¢Á�"�1)� 
5.1  ������	
����� 

fghÍXY[5]�³�0�2����

�í RAREÉ³�°¢Á�¶·�
3\%4 

0�2��P®H5 3�� t678��Åì�

-X�� 3K = �����ú()% 190.12−0.18i

�−0.05+0.06i�:;lÎ���<'õ�
��

�� % 50º�wx�=z>?@AB% 1�+ 1

()É³/ RARE � MUSIC >?�� !"0

��129#$� 4�5678×C�DB�

áº&'�EC�=z�DB% 10dB�+ 2()

É³/ RARE � MUSIC >?�� !"0��

129#$� 4�5678×C>?@AB�

áº&'� 

�+ 1�+ 2����<F_�Kè1)W£Ä

�°¢ÁÑÒ_�3 #CDG��JK°�¿À¢

Á°D¸�H§IÃ��&ÁÂ/X�JKZ��

lÅC�2)�K RARE b: MUSIC >?�Þ��

� !"J�%×C�DB�no�����&

���3)j MUSIC >?&K��� !"J�

×C>?@AB���&����jRARE&K�

�� !"J��áºLM,NO�R�3 #CD

G�PQ:PÎ§Ij>?@AB�ÎQ¼��W

£Ä�°¢ÁÑÒ_�ù>?@AB� 0.8�� 0.9

��RARE�CDRS
_T�&ù>?@AB�

j 0.9 ��RARE �CDURS
���©�|C

� RARENO���=¼�p�z�4)W£Ä�°



�62� �  �  �  � � 34� 

¢ÁÑÒ_�MUSIC>?�� !"#$%E�j

ë�G& RAREVPêFa��+ 1(b)���¬³�

ù>?@AB=z% 1 ��*�DBWj 12dB�

RARE XR(W#$�&�+ 2(b)���¬³�ù

�DB=z 10dB��RARERW>?@ABY°Z

[% 0.8~1t678�z#$�5)W£Ä�°¢ÁÑ

Ò_�MUSIC>?�� !"J�W\�R�]^

__j RARE���+ 2(a)���¬³�ù�DB=

z 10dB®>?@AB�j 1.2��RARE�� !

"0�12V`�jMUSIC>?� 

 
(a) �	
�������������� 

 
(b) �	
������������ 

 
(c) ��������������� 

 1  �	
�����!�	
���! 
������������� 

 
(a) �	
������"#$%������ 

 
(b) �	
����"#$%������ 

 
(c)  �������"#$%������ 

 2  �	
�����!�	
���! 
�������"#$%���� 

©��K�albjcJ��de(k,Pê

Fa�íFfgfgpE�X�� MUSIC >?:

Whl)*�
12�ÑÒ_ò���WaiX:

Ehl��Åì��a RARE� MUSIC>?pi

J���[\:Qq��p�Wj�G�ÑÒ_

RARE �� !"0�12k&�j MUSIC >?

:l�D³:��¡¢£�* RAREl��(W�

�� MUSIC >?ò�B��,���mKnJ

��uU�CDhopWjqU��%a�Þ�ã

UpiJ���[\:�o��©ªQ«h RARE



� 3& '()*+,-./0123
�4�$5��
�6789 �63� 

���(W®�� MUSIC >?ò�B��¢Á

ÑÒq+ 2(b)�Phno��=z% 300�� 1 É

³/Þ��� !"0��12�JK�°���

���¬³RARE�� !"0��12op�j

��(W���MUSIC>?� 

� 1 ��������	
��� 

�	
�����/º 
"#$%� 

RARE 
:;<=>?@�MUSICAB 

0.5 0.365 2 0.359 5 

0.6 0.328 3 0.322 9 

0.7 0.293 6 0.287 0 

0.8 0.270 5 0.245 8 

0.9 0.325 9 0.204 8 

1.0 0.213 5 0.170 9 

1.1 0.187 3 0.145 7 

1.2 0.167 6 0.127 6 

1.3 0.121 4 0.114 7 

1.4 0.107 7 0.105 6 
 
5.2  ���� 2 	
����� 

fgwxÍXY[4]�³�0�'����

�í RAREÉ³�°¢Á�¶·�
3\%r 0

�'��H5� 6sl@AB% 0.5�P®H5 3

�� t678��Åì�����úq£�:l

2 �â68HI�QHt��<'õ�
�Þ��

HIç�%

iπ 60.1e ���� (El'�u�)()

% 64º � 82º�no��% 500�+ 3 ()É³/

RARE � MUSIC >?�� !"0��129#

$9ÍÎ����4�5678�ÏÐ4�56

78×C�DB�áº&'� 

ECÍXY[13]�³���� ?É³�°¢

Á�¶·�
3\%v 0�'��H5� 6sl

@AB% 0.5���u 4 �� %��� �-Q(

W)*wH12�P®� �w��ú0·% 1�H

 �ú0·% 0º�&q 2�� (W� xy�wH

12�:l2�â68HI�QHt��<'õ�
�

Þ��HIç�%

iπ 60.1e ���� (El'�u�)

()% 65º� 85º�P®q 2�� ì�� 1�w

��ú% 1.32 � 0.78�H �ú% 28.7º �−23.8º�

ì�� 2 �w��ú% 0.86 � 1.25�H �ú%

−14.6º� 16.5º�no��¤·% 500�+ 4()É³

/ RARE�MUSIC>?�� !"0��129#

$9ÍÎ����4�5678�ÏÐ4�567

8×C�DB�áº&'� 

 
(a) �	
�������������� 

 
(b) �	
������������ 

 
(c) CDEF�G���������������� 

 
(d) HI��������������� 

 3  �	
�����!�	
���!F�G������! 
HI������������ 



�64� �  �  �  � � 34� 

 
(a) �	
�������������� 

 
(b) �	
������������ 

 
(c) CDF�G���������������� 

 
(d) HI��������������� 

 4  �	
�����!�	
���!F�G������! 
HI�������������� 

�+ 3�+ 4����<F_�Kè1)W£Ä

�°¢ÁÑÒ_�3 #CDG��JK°�¿À¢

Á°¤D�H§IÃ��&ò�óÁÂ/X�JK

Z��lÅC�2)�K: RAREb:MUSIC>?�

Þ��� !"J�¤%×C�DB���&�

��3)W£Ä�°¢ÁÑÒ_�MUSIC>?�� 

!"J�op_j RARE�4)W£Ä�°¢ÁÑÒ

_�ù�DB�W��RARER78��#$�G

& MUSIC >?�#$,¤ifE�jë�ô:W

+ 3(b)��ù�DB�j 3dB ��MUSIC >?R

lz 0.01º �#$�¡¢£��K: RARE b:

MUSIC>?�ùG�ÑÒ{|���}~��Þ�

%R��78#$�ô:HB&K�RARE�Óø

³:#$�5)	�¨ÏÐ4�5678opQR�

jÎ����4�5678�P®	�¨ÏÐ4�

5678op�j	�¨ÏÐ4�5678�©�

�K�ÃXY[23]�XY[27]��(k�1� 

�q�ßµ¿À¢Ák���HIç�

RARECD�]^�	 1�¢Á�¿ÀÑÒifq

+ 3�ô:=z�DB% 15dB�+ 5É³/ RARE

�� !"0��12×C��HIç�w��

ú�H �ú�áº&}�	 2�¢Á�¿ÀÑÒ

ifq+ 4�=z�DB¤% 15dB�+ 6 É³/

RARE�� !"0��12×C��HIç�w

��ú�H �ú�áº&}� 

�+ 5�+ 6�Q�¬³èHIç��H �

ú RARECD�]^êc���HIç��w�

�ú RARE�CDR78�z]^���ùw�

�ú�j 0.8 ��RARE �CDRS
�º�©:

�jHIç��w��ú�z/ã��t6�H

IC�©�áºLMlMUSIC>?9:���(Þ

�%:ijú�6���³�>?)� 

6  ��� 

fX�JK£z�(k/lmno]^_

RARE �� !"CD�ijXY[25]�É³���

(�D�)ú�6íî�]�����zJ�Z�/

RARE� !"#2����������WaiÇ

£()É³/�� !"0�129#$� 4�5

678�JK�'��ÍXY[4,5]��0��
�

���íRARE�XY[13]����� ?É³/�

°¢Á�¿À�1ÁÂ/JKZ��lÅC�fX�

�Kj RARE���ìÈ�l�zE��Ì� 



� 3& '()*+,-./0123
�4�$5��
�6789 �65� 

�� A  ��� 1 	
� 

�� A���� 1��	
������ A���

�����

T

1

m

k k k
k =

=
∑

ρA e e ���� 

 ( ) ( )
d2T T 2

1 1

1
m m

k k k k k
k k

y ρ ρ χ δ
= =

= = =
∑ ∑

�x Ax e x  (52) 

��� ( )2T
k k=δ e µ ��� k l≠ �� !

T Tcov ,k l 

 

e x e x  

T 0k l= =e e �"

T
ke x # T

le x $%&��� 2 '()*+,-

./�$%&01234567���8(52)�9 ( )2 1,k kχ δ

# ( )2 1l lχ δ� :�;<�%=4567>?@A 1 �B

( )2 1k kχ δ� 9��CD< 

( ) ( ) ( ) ( ){ } ( )
( ){ } ( ) ( )( ){ }

2

1 41 2 2

1

2 2 2

1 2i exp i 1 2i 1 4

exp 2 1 4 exp i arctan 2 2 1 4

k k
k

k k

t t t t t

t t t t t

−−= − ⋅ − = + ⋅

− + ⋅ + +

�χ δϕ δ

δ δ  (53)
 

EF<%=67*+,-G9��CDH�IJ

��CD9KL�MN*+,- y9��CD��8(2)

OP 

�� B  ��� 2 ��� 

�� B ���� 2 �������8(3)��Q-

( )1
ˆ

k θt G ( )2
ˆ

k θt ��RS TaylorTU�� 

1
ˆ( kφ t ˆ( ),θ 2

ˆ( ))k θt  

( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )

1 1 1H H
1 1 2 2

1H H H
1 2 1 2 1 2

1H
1 2

1 1
1 2 1 2 1 2, , ,

k k k k

k k k k k k

k k

k k k k k k

o

o

o

⊥

⊥ ⊥ ⊥

= + − + +

= + + −

+

= + − +

� �

�

� �

�

� �

�

�

� �

θ θ θ θ θ θ ε

θ θ θ θ θ θ θ

θ θ ε

φ θ θ θ φ θ θ φ θ θ ε

t t Π Π t t

t Π t t Π t t Π t

t Π t

t t t t t t

 

  (54) 

8(4)�VWDXYZ[������ 2K = �\]^

7�_`� 1K n= − �ab^7�c� K n= ��� 

1
1

ˆ(
n

k
k

φ
=

∏ t ˆ( ),θ 2
ˆ( ))k θt

1

1
1

ˆ( (
n

k
k

φ
−

=

= ∏ t ˆ( ),θ 2
ˆ( )))k θt 1

ˆ( nφ t ˆ( ),θ 2
ˆ( ))n θt  

( ) ( )( ) ( ) ( )( )
1

1 2 1 2
1 1

, ,
n n

k k k k
k k

φ θ θ φ θ θ
−

= =

 = + ⋅
 

 

∏ ∏t t t t  

( ) ( ) ( )( ) ( ) ( ) ( )( )( )1 1
1 2 1 2, ,n n n nθ φ θ θ φ θ θ− +t t t t�

� �  

   
(a) �� 1�������	
�����������           (b) �� 2�������	
����������� 

� 5  � 1�����������	
����������� 

   
(a) �� 1�������	
�����������         (b)  �� 2�������	
����������� 

� 6  � 2�����������	
����������� 



�66� �  �  �    � 34! 

( ) ( )( ) ( ) ( ) ( )( )(
( ) ( ) ( )( )) ( )

( ) ( )( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( ) ( )( )( ) ( )

2 2 1 1

1 2

2 1

1 1

2 2

1 2

2 1

1 1 1 1

1
1

1 2 1 2
1 1

1
1 2

1 2 1 2
11 1

1 1
1 2 1 2

, ,

,

, ,

, ,

nn

k k k k
k k

k k

k k

n nn

k k k k
kk k

k k

k k k k

o

o

φ θ θ θ φ θ θ

φ θ θ ε

φ θ θ φ θ θ

θ φ θ θ φ θ θ ε

−

= =
≠

== =
≠

 

  −
 

 

 

+

 

 = + ⋅
 

 

 

− +

∑ ∏

∑∏ ∏

t t t t

t t

t t t t

t t t t

�

�

�

�

� �

 

(55)

 

���(55)��� K n= ��(4)�	
��� 2�	� 

�� C  ��� 3 ��� 

�� C ��� 3 ���������(5)
���

( )1
ˆ

k θt � ( )2
ˆ

k θt ���� Taylor���  

1
ˆ( kφ t ˆ( ),θ 2

ˆ( ))k θt ( ) ( ) ( )( ) ( ) ( ) ( )1 2 1 2H H H
1 1 1

1

2k k k

 = + + +
 

 

t t t� � �

� ��θ θ θ θ θ θ  

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )(

( ) ( )) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )

1 2 1 2 1 2 2
2 2 2

1H H
1 2 1 2

1H H
1 2 1 2

1 2 H H H
1 2 1 2 1 2

2 H H
1 2 1 2

1 1H
1 2

1

2

1
2

2

k k k

k k k k

k k k k

k k k k k k

k k k k

k k

o⊥

⊥ ⊥

⊥

⊥ ⊥ ⊥

⊥ ⊥

 − − + + + +
 

 

= + +

− +

+ + +

+ −

+

Π Π Π t t t

t Π t t Π t

t Π t t Π t

t Π t t Π t t Π t

t Π t t Π t

t Π t

� � �

� �

� ��

�

�

�

�

�

�� � � ��

�

� �

�

�

�

θ θ θ θ θ θ ε

θ θ θ θ θ

θ θ θ θ

θ θ θ θ θ θ θ

θ θ θ θ θ

θ θ θ ( ) ( ) ( )( ) ( ) ( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( ) ( )( )

1 2H H 2
1 2 1 2

1 1
1 2 1 2 1 2

1 2 2
1 2 1 2

, , ,

1
, ,

2

k k k k

k k k k k k

k k k k

o− +

= + − +

+ −

t Π t t Π t

t t t t t t

t t t t

� �

�

�

� �

�� �

� �

θ θ θ θ ε

φ θ θ θ φ θ θ φ θ θ

θ φ θ θ θ φ θ θ

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )1 1 2 2
1 2 1 2, ,k k k k oθ φ θ θ φ θ θ ε− +t t t t�

� � �  (56) 

�(6)�������	�(4)
���������

��
�	����������� ! 

����� 

[1] FRIEDLANDER B, WEISS A J. Direction finding in the presence of 

mutual coupling[J]. IEEE Transactions on Antennas and Propagation, 

1991, 39(3):273-284. 

[2] SELLONE F, SERRA A. A novel mutual coupling compensation 

algorithm for uniform and linear arrays[J]. IEEE Transactions on Sig-

nal Processing, 2007, 55(2):560-573.  

[3] WIJNHOLDS S J, VEEN A J. Multisource self-calibration for sensor 

arrays[J]. IEEE Transactions on Signal Processing, 2009, 57(9): 3512- 

3522.  

[4] WANG B H, WANG Y L, CHEN H. Robust DOA estimation and array 

calibration in the presence of mutual coupling for uniform linear ar-

ray[J]. Science in China Series F: Information Sciences, 2004, 47(3): 

348-361.  

[5] QI C, WANG Y, ZHANG Y, et al. DOA estimation and self-calibration 

algorithm for uniform circular array[J]. Electronics Letters, 2005, 

41(20):1092-1094.  

[6] ��, ��, ���. �	 L 
��������������

��[J]. ����, 2010, 38(6):1316-1322. 

WU B, CHEN H, YANG C H. Study of DOA estimation and 

self-calibration algorithm for L-shaped array in the presence of mutual 

coupling[J]. Acta Electronica Sinica, 2010, 38(6):1316-1322. 

[7] LIANG J L, ZENG X J, WANG W Y, et al. L-shaped array-based 

elevation and azimuth direction finding in the presence of mutual cou-

pling[J]. Signal Processing, 2011, 91(5):1319-1328.  

[8] ��, ��,  !". �	 Y 
���#�$ DOA %&��

��[J]. '(��, 2010, 31(6):119-126. 

WU B, CHEN H, HU X Q. Simultaneous estimation of mutual cou-

pling matrix and DOA for Y-shaped array[J]. Journal on Communica-

tions, 2010, 31(6):119-126. 

[9] HU X Q, CHEN H, WANG Y L, et al. A self-calibration algorithm for 

cross array in the presence of mutual coupling[J]. Science China In-

formation Sciences, 2011, 54(4):836-848.  

[10] LIU C, YE Z F, ZHANG Y F. Autocalibration algorithm for mutual 

coupling of planar array[J]. Signal Processing, 2010, 90(3):784-794.  

[11] CHEN H, BAO Z. Performance analysis of self-calibration algorithm 

for concentric-UCA[A]. Proceedings of the International Conference 

on Wireless Communications and Signal Processing[C]. Suzhou, 

China, IEEE Press, 2010. 1-5.  

[12] XIANG L, YE Z, XU X, et al. Direction of arrival estimation for 

uniform circular array based on fourth-order cumulants in the presence 

of unknown mutual coupling[J]. IET Microwaves, Antennas and 

Propagation, 2008, 2(3):281-287.  

[13] WANG B H, WANG Y L, CHEN H, GUO Y. Array calibration of 

angularly dependent gain and phase uncertainties with carry-on 

instrumental sensors[J]. Science in China Series F, 2004, 47(6): 

777-792.  

[14] PESAVENTO M, GERSHMAN A B, WONG K M. Direction finding 

in partly calibrated sensor arrays composed of multiple subarrays[J]. 

IEEE Transactions on Signal Processing, 2002, 50(9):2103-2115.  

[15] SEE C M S, GERSHMAN A B. Direction-of-arrival estimation in 

partly calibrated subarray-based sensor arrays[J]. IEEE Transactions 

on Signal Processing, 2004, 52(2):329-338.  

[16] QI C Y, CHEN Z J, ZHANG Y S. DOA estimation and 

self-calibration algorithm for multiple subarrays in the presence of 

mutual coupling[A]. IEEE Proceedings on Radar, Sonar and 

Navigation[C]. 2006.333-337.  

[17] SCHMIDT R O. Multiple emitter location and signal parameter esti-

mation[J]. IEEE Transactions on Antennas and Propagation, 1986, 

34(3):267-280.  

[18] STOICA P, NEHORAI A. MUSIC, maximum likelihood, and 

Cramer-Rao bound[J]. IEEE Transactions on Acoustics, Speech and 

Signal Processing, 1989, 37(5):720-741.  

[19] STOICA P, NEHORAI A. MUSIC, maximum likelihood, and 

Cramér-Rao bound:further results and comparisons[J]. IEEE Transac-

tions on Acoustics, Speech and Signal Processing, 1990, 38(12):2140- 

2150.  

[20] XIAO L X, BUCKLEY K M. Bias analysis of the MUSIC location 

estimator[J]. IEEE Transactions on Signal Processing, 1992, 

40(10):2559-2569.  

[21] LI F, LU Y. Unified bias analysis of subspace-based DOA estimation 



) 3* +,-./01234567��89:�;��<=>? @67@ 

algorithms[J]. Control and Dynamic Systems, 1996, 77:149-192.  

[22] +,, �A. BC*D
EF34567��GHIJ�K<

�>LMN[J]. OPQ���, 2011, 29(2):176-186. 

WANG D, WU Y. Statistical characteristics and resolution probabil-

ity of rank reduction spatial spectrum in the presence of unexpected 

model errors[J]. Journal of Applied Sciences, 2011, 29(2):176-186. 

[23] +,, �A. BC*D
EF34567��8<=>?[J]. '

(��, 2011, 32(8):81-90. 

WANG D, WU Y. Performance analysis of rank reduction estimator in 

the presence of unexpected modeling errors[J]. Journal on Communi-

cations, 2011, 32(8):81-90.  

[24] WANG D, WU Y. Effects of finite samples on the resolution perform-

ance of the rank reduction estimator[J]. Science China Information 

Sciences, 2013,56(1):1-14. 

[25] KRIM H, FORSTER P, PROAKIS J G. Operator approach to per-

formance analysis of root-MUSIC and root-min-norm[J]. IEEE Trans-

actions on Acoustics, Speech and Signal Processing, 1992, 40(7):1687- 

1696. 

[26] RST. UVJ�>?[M]. WX:Q�YZ[, 2006.32-33. 

ZHANG R C. Multivariate Statistical Analysis[M]. Beijing:Publishing 

House of Science, 2006.32-33. 

[27] +,, �A. D
EF\]5 MUSIC ��^;_`MN[J]. O

PQ���, 2010, 28(3):289-296.  

WANG D, WU Y. Success probability of direction-finding of MUSIC 

algorithm with modeling errors[J]. Journal of Applied Sciences, 2010, 

28(3):289-296. 

[28] FERRÉOL A, LARZABAL P, VIBERG M. Statistical analysis of the 

MUSIC algorithm in the presence of modeling errors, taking into 

account the resolution probability[J]. IEEE Transactions on Signal 

Processing, 2010, 58(8):4156-4166.  

[29] FERRÉOL A, LARZABAL P, VIBERG M. On the resolution prob-

ability of MUSIC in presence of modeling errors[J]. IEEE Transac-

tions on Signal Processing, 2008, 56(5):1945-1953.  

[30] HARRY B, MICHAEL S W. Statistical characterization of the MUSIC 

null spectrum[J]. IEEE Transactions on Signal Processing, 1991, 

39(6):1333-1347.  

[31] DUGINA T N, MARTYNOV G V. Computing the distribution func-

tion of the ratio of quadratic forms in normal variables[J]. Journal of 

Mathematical Sciences, 1991, 53(6):628-631.  

 
����� 

 
 

��"1985-#
$
%&'()
*+,-./�0
�123
456789:;<-=>?! 
 

�	"1960-#
@
ABCD)
*+,-./�
0�EFG123HI
456789:�-J�KL-

=>?!

 


�"1982-#
$
MNOP)
*
+,-./�0�QI
456789:

KL-=>?! 


