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Abstract: For the combining torsional buckling of small size Carbon Nanotubes (CNTs) in the multi-
field coupling condition, a mechanical model was established in a couple field based on nonlocal theory
and the combining torsional buckling behavior of the model was studied. Firstly, the constitutive rela-
tion was introduced under thermo-electro-mechanical loadings by using an elastic shell model of con-
tinuum mechanics. Then, the nonlocal elasticity theory was induced to discuss the scale effect of the
small size carbon nanotubes, meanwhile, in consideration of the van der Waals forces and the effect of
surrounded elastic medium. the generalized governing equation of buckling for CNTs was established
in the multi-field coupling based on nonlocal theory. With applied torque and torsion-related axial
load, as well as changed temperatures and voltage loads, the influences of different factors on the
combined torsional buckling behaviors was calculated numerically. Finally, the conclusion demon-

strates the response of the combined torsional buckling of small size CNTs in the multi-field coupling
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condition,and reveals the relation between combined torsional buckling of small size CNTs and each

field. Moreover, it shows that the ratio of critical buckling load between nonlocal and local theories is

always smaller than 1, which indicates that the torsional buckling of small size CNTs is overestimated

in classical theory.

Key words: carbon nanotubes;torsional buckling; multi-field coupling; scale effect

1 31 =

AR BT 2 A T AR AIT G T B 40 K
B K B R S B A Rz — . AN
K G BIRE S gl oK 45 A B L Al BT L Bk 4 K A8 A
FAL Y T2 e e B SR M e S AR A
AR RUBE S F BLAG TR N T 32 31732 k. 58
B /N RUBE AR | e S JRE D e o R A R
(B 0K A BE S T 32 W2 T b 3 58 | 3 e
PR S A AT R RN OK T SR AT, AR A R
AN EERG BT T B 9 KA B b AT O 2 G
AR FE I H 22— o PRI R 22 400 B0 BF 5 3 B4 T 4
TRCAE BT B 9 KA F) Bt T 2275 0 L BT 4
KA T 1 7 2747 O 19 07 v A A S g WL L T A
LG R R AT . TR B R
FIR 6] o B 209 K A 7 22 A7 Ol 9 S 0 WL AR TR X
1713 7 BIF 50 AR Bl A0 KA 10 L R LR
SR JB 7 AL i S A 3 B A R e A
TREAUTT AR S BRI A2 B T — e R R
W TR LAY BT S 1 5k AT AR R B BIF 5T A
AR S MEREI E 2T 2 — o R BRAKRAE
PSSR U L A AR EiIR S = R LIPANE SUR T
GRS B HLEE T AR e ME R E R B 2 A Y
A IS T] |, AELATS AT — S5 [ e 35 A e ke 451 o 22 i
BRI BIEFET5 1 2 38 A /N RO i 40 K AR BB 5 5
P22 8 B AT 58 /N ROSH B 0 R A8 1 7“2 P g L
RN SEIE = 5 I BR A BT i 22 55 . DA, HLFe
Jet 17 A AT A F 9 Y B AT S AT —

V9 K S5 8 BRI R T 48 F H AR I Y
BN H TR R B AR 2 1) K2R
TAERIGEAL T2 M ST L NI BF 5T K
L M T2 AT O B R 2 W B AR T Y
ZHTR., S FC L EFHLZHMEIENT
LT I S oM e AR T A i N KA T it 4 O R
I HAEWTTEA [] DR 200 Btk 48 K AS et 11 A7 Ay 45 Wi
T AR T AR B AE AL B0 IR B R A AR

Xt Bk 4 K A T it A5 DA B B

0T SORSBR G B N RS g 44 K A 4
LI AT D A SCES S B B T AR K AR R
PRI AT B — AN B 1Y 18 IE 1 28 SRS A,
Br 1 224 37 J ROBE BB X /N RS B 4 R A8 A
HLEG T i A7 0 B R0

2 AEEERPR MR

AW Ja 8 3k B G S 1 Eringen™ 42 H 19, &
R PEIR NS — 2% 0 o A UR T 2
FUBY AR ST HL 5 A N i SR AR AR O L X
o g Ee AR, Iz IS Re i H ok
R RS R ) Z (8] ) 5 e, B RCBE &G0 . dE
Jri FR M PR B Sk 2 W T IR R
KUV 4 Bl 0 K A A R 3l A AT O B IR AR A
Ghorbanpour Arani % 2 & RURE RN X BURE B
Yk B AT T HUE B A BF ST . Ansari ZEHY LT
AF Jry TR L H I 5 22 BE SR ST R AL, AT Y T IR E
AR AL ik 49 K 45 A il e ill 7] 8. Narendar™
S NI T HE Jry A0 gtk 92 P X BARE Bk 40 KA AT
T I 99T . Khademolhosseini™* 25 A 5%
BT Jay B 3% S M A R B BE Bk A K L
TR TR0, 38 S X2 AL R B 4y 3 12
R I, 75 30 1 45 10 38 W] 28 B i) i 1 58 S A8 1y
ili 7 BRLRE B 40 K A8 10 i S L e oty 2 . B R
MR BERR AR E R HAR/NT 105 nm W, 28 g
Te AR AN Rl
Eringen™™ 4 tH f) J Joy 8 £& P A% #y J # wT LU
AT e
[1— (e V]e;=t; = Cjutu s (1)
Horpot, Moy 43 12 AR Jay FONE K B 0 28 L) )
TR oy A2 20 LW BE K i 8 R 20 BN AR TR
eo 7 5 B FPORTORL AR XF 0L Y R, e B E A DG Yy
SR RIS . o N TR ARAE K B, X
RAPKE MR F A5 o — RER CC H#BY
K, HAE M 0. 142 nm,



% 8 4

Wk /NPT A RS 3 N RO B 9 RS B 2 1L T i AT 2033

3 BEEBRMRE AR

R T4 53 B T8 BR /N Je ith A2 JE L 2R T 4% 1] [R]
S S AR U SR AF Y B RE ik 2 K A MR e A TR AR
O EJARA A v iRy RS ¢ JF H
B 2w yCo) Fl =Coo) 73 SR 5 7 Hh T el 1)
) FAR ] A bRl PRI RE T AR SR RIS R AP
R
DV*w=[1—(ega)* V]

9w 9% w

S5 +2N

Hr . D=E¢/[1200— ) =A% dth Kl . N, .
N, 1 N AR AN L 1N F1 5 g J2& W I A2 )
JE 7. 52 Boso vk B A 50 4 ) O R e R o AR A
BL, AT AAS 20 5CF i T il 5 1R i B nfL g W
(A48 I e 42 o1 O

[N N, i—y’“#q] L@

29 1y

E('W s
DV8W+R—2’914—[1—(e0a)~v~]-
4 0 aZW (o {QZW (o aZW J—
viN | S| e, oy TN T 1=
[lf(eoa)ZVZ]V'P(I,y) ) (3)

o P AR th JGBR /N i it A2 T 5 1Ak 4 1) P9 A 1)
JEJ7 A9 8% NG NS A1 NG A A IR 2R B9
AR RN ) o 48 BRI R T RR 98 R A B
JEAE b AT RIS B R e R4 7 B AL %07 R4
AT ORI 22 28 B B B AN OR A i ) ST
i 1 3% 77 R AL AT LA B A [8] 84 280 2% an o —
A T2 G B AL - Z G
fiif T4

4 ZRERBMRERWIES AR

N JZ Z BE 9N K48 T LA WS B — R 51
[ il [5R0  5 4F T C 1 o A 408 7 )2 A T A FH
Ay, WME L s IR R — 24 A R
BPEMERT . X TN RS RS R P, 2R
i A 5 G D R XA 1 2 A p s A
F1. MRARAEEE =, TS el iR ST L8
S JE MR AT L P AH AR A 2 A e AR AR ) A
K/NFRAE H 7 AH B, B
PR i =—Pq v Riyi=1,2,-,(N—1) ,
€5

_ 320X107°

Hop . RACERS « RE IR,

¢ Elastic meduim
i

The Nth tube

t The van der Waals forces

The (i+1)th tube
The ith tube

The van der Waals forces

X

The van der Waals forces

The van der Waals forces

5
Elastic meduim

Bl 1 ZEERRIAE R REEAE )
Fig. 1 The van der Waals forces for MWCNTs

TEAT: 22 40 P A <0545 1] Pl T PR /N e il A2 0B 5
S A AR AR Ty AT DL AL — > 0 T AL RS 1 i i 2
P pR A, PRI u A A] LR IR H
Piirp (s ) =c(Wi1 —Wp (5)
Horp MRS Saito AR A4 A BCHE L B R LA
T HUA

_ 19 3 g 10
0. 16 9.918 667X10" J/m’,d=1.42X10 “m.

a3 W55, 2 BER 4 K 48 25 J2 Jd it i
GRS NESAR:E
Pi=Py=c(W,—W)

P,:Pi(, 1)+Pg(,1)C[Wil i } ......
(W,—W_)R-,/R,
i=2,3,(N—1D)

N—1

) w
Py=Pnv 1>+P%‘SC:CI JR\I 1/ Ry— kW,

(6)
Forpr, PR ARR S Z 48 5 A F M A 02 22 1] 1
AR S, B35 0 56 R AT LUE R — A s b R 50k
kLR 2 R A BANE R ANORE R S
Je L 3L A G 1 Rk R T R
#5456 F3) X T ZRERR KA . 7] LAAS
2N ASFEA Y S s ) R

a’ Yy
pviw, +EIWL 1 o)y .
R 9x
, 9° 9 a?
N% VY1+2N2«,,1 LA LA .,
(71‘ - axay - (")y‘

(e<Ja)2V2]c(V'1W2*V"W1)

......



2034 e M TR 21 %
J s 5 8. I, 24 4 T30 -H - be 1,52
Dvéﬁw +1% ’)‘Y 7[17(&Ja)2v2] . W%Ejiho JH: é‘&ﬂ:n EE jjg Z‘]FHT tE
AT RS AL BN AT AR E R .
v [N IV g TWe TV Ni= Niy+ N s Ny= Niy + N »
195 Yaxdy N9y , , (8
N, = Nou+ Noge
[1—(qa)?V?]c
) N — Ei(a Jrl«az)T
7w Jo R
V‘W,-*(V‘W,»*V'1W;71)R,-71/R,- E( + ) /2
=2...(N—1) Nip =— %T,N%E =—hy J E.dz .
a W ) ) —t/2
IJVXW +E:Z:; a IV*[I*(eoa)“V“] . (9)

Wy W W)
(o 0 (o
VNN NG G o N o) =

7(E(JG)QVQ:||:C(V1WN 17V1WN)RN 1/RA\]7k
VEW L 7

5 BAoH

BAURE Rl R KA T LU R A SRS v T
7 1) 4 TR MR A N [ A T AL T A 3
Tl AN [i) 2 700 Rl 4 A7 - 0 17 TRk T A 75 TR e
BRANKAE . IR 2 TR, Sai A1 Melel' ™ 38 Hi 85
T A 2 I O 1 1) BB A Chr A S0 TR 4D
{18y R S 17T R T e 78 8 O 45 D) e 30 o 5 L
A LA T 0 48 B S U R R A .
T3 A o 5 R 1 4 D 28 Bk T A [ R
0 KA W) 26 B0 H 5 By A R A A R A T 2k
PR B, 3X 28 DA AL B 44 0K 48 (BNNTs) 15
) Y F HL SR 45 R R TT AR 18R b 51 A B 40 K
B

T

W¢Y¥ ?VF)-\,
S

)‘Vlvl‘d"‘g 4}:_ - &<

(a) 5t AL E AL 4 (b)#k T4 2L R AL 4
(a) Ziazag BNT (b) Armchair BNT
K2 s T A AT Y i i
Fig. 2 Response of BNNT to applied voltage

PR A i 28 04 AR 2 B0 5 20 L A0 it T £ 7

R T SRR A T BR 1) H 37 0 Bk 4 oK A Y S
AT 7 B W S T LA 8 BCER T TR Bl 44 R A 2

Hoep M MUT ME 2351013 GRE S
Y5 a0 F e 2 590 AR Tl 1] 0 B 1) 1 BRI i 2R 8
J3 80 b HE, 53 55 2 s 3 BORITER 7] 75 i 1) L 3
SR BB — R R VIR R AR L A
NyM*N}M*T/(ZTrR) s (10)
Horp: T 3RR 8« R Z B . T BAE X
Tl o) e HH R R R 32 B B A DRk e L
1B
N = ‘yN;ryl\i s Nin =

N = — Y Nau. (1D

6 IR W A

7 R S B A B AT DR R
W,= f,sin "’;—“I—%Y (i=1,2,,N) , (12)

Horr s m A1 3 S04 il 1 R0 BR ) ) B, R
fif 2R 2 (&) F s il AL A (12) AR A T i 45
i AR (7) L AT LR
MCm, ) onl fi fo 0 f]T=0. 13)
AR B AEZE R 0 45 1 L T LAAS )1 s
i A5 R
| MCms ) nsen | =0 (14)

7 KAERL5T®

R (1D IJFRA — RIE LT % S5
() B, T LASK i /N RS Bk 98 K 487 20 6 41 % i
S AT B BUE i SR 5 AT LA 43 S e s AN ] B
FOuF G A M 2 NO R, FE T R )
FMEAEREBHEMSENM T Et=360 J/m’, 1=
0.066 nm,v=0. 34, D=0.85 eV=1.36X10 *
J.h=0.35 C/M*, g =—1.6X10""Fl o =—0.
5X10 °Xf N iR s IR B, o = 1. 1X 10 ° Al
@ =0.8X10 °Xf I = IELIAET



% 8 4

Wk /NPT A RS 3 N RO B 9 RS B 2 1L T i AT 2035

PUS ) TR 46 Cy= — 0. 02) A48 — & hn 2 b
8], I 7E o TR PR B R R BE kAR ol 50 KL i #R
MY HL R 100 'V, 45 B 69 A W ¢ &R an &l 3 FIEl 4
PR . 3 S B 1) AL n=10 B, Iif S i 2%
i TEAN [ B A 25 1 S ) BB m SC &R, W)
LR IS Z 58 6 A AN 22 B, i 54 ith 2 fr 2
B T e A, o g2 e T it L8 U m
A HISE, HE—25. 0T DL & I OE 8 F R A9 in 4%
5500 IR BE 04 728 A6 AT DU i e 44 oK A8 L5 e it A2
E T AH S, MR R R B I A T TR EE Y AR AR A
A N R R i = TN 1 = P i i D i = e )
SEMA B 45 2R 3 WAl 1) R 4 Cy<<0) i ] T4 ik
YK AE AT S T ) R Ad Cy=>0) G N T G B
AT

0.3

— M
——M+E ——M-E
—t—M+T ——M-T

—— M+E—T—— M-E+T
0.2 \Q\‘\t::

it

e eeras

W

10 15 20 25 30
Axial wavenumber m(n=10)

Critical buckling load/(nN-nM-1)

0.0

B3 TRl A ST I 5L ith 2 4 A
Fig. 3 Distribution of critical buckling load in differ-

ent loading conditions

Ratio of the critical buckling load ¢

0.7 ——ca=0
——¢a=0.6 nm ]
o ——¢(a=0.9 nm
0.5 ——¢pa=1.2 nm
——¢pa=1.5 nm
0.4 4
0.3 1
10 20 30 40 50 60 70 80 90 100

Inner tube radius R;(0.1 nm)

B4 ORTR)ROEE 2O T i i il 28 £f L A 53 A7
Fig.4 Distribution of ratio of critical buckling load

with changing nonlocal parameters

K 4 il AR RS e o 15 2R R I
G s 284 5 2 S i B ot 2 AT Y U AEL ¢ 55 0URE

WAPKE NP R MR RM&E. Bx 7 RE
RN I B il A s e, Hoh R, =R, +
0.34, e a=0 M RRAFZ BRI, WK 4 7]
PLE Y eoa=0 B, 15 2] /9 45 5L R fb i 28 3!
WA BN AY 45 R, Bir DU 28 8 30 i S it 48 far
BIHCAEAE R 1, 24 e, a0 B BURNE Y e as ¢ 1h
21 BN, UL S BN AR /N RST ik 90 K 4 41
G LU AT R R o Al A . DAl R A
WkE R /NT 1.5 nm, 2 WIS G A E A 5 Ik
JRFR IS G A AT 25 150 L L & 1 /NS
228 L /I U B O s SR IR Ty 3 B 1 A5 3 Y
21 A HL 5% W 5 e ph 2 A EU R 42 L e B A )
(1) 20 5 HHL 2 i 5 e i 2 g BB 2, RN RUOEE
RO 3 . TEIZ RS N, & e T iYL 5%
I S Je 1 A 2l KAR 2 100, &2 IR ie & 2R &
Gis TR Z R . W& Rk E . R
KF 1.5 nm, ¢ FFAR#EE 1, U B SL B HE )& 36 i
T B4 A G I S th BT 5 2 e T A A
B i S e il A A E Y, R RJE RN 2 & A8
3 R RS 2 S e AT R 277 A K
REYIRZE . SCHRL 14 ]38 28 X BRE ik 90 K 45 1) 43
T2 Iy A AU 5E L UE W] T 2 ) R ST AR AL 2
Al T ERE B 9 KA Y i LR i i 2, OF B
RIY BRERR AR W B AZ/NTF 1.5 nm B, &
MRS B O AR FE L X — S5 5 A XS
FAR—F, Hao '™ % AWFIT T £ BEBR 94 K4 1E
T B2 37T LR T it 0% RUBE 52 i) 3 o B5O(E 4 B A9
S B L5 R B T 28 B G A5 U] J il 2 A 2 S
fli {9, 3 5 A 3C 458 M . Mohammadime-
het S48 A iz Al Ja 30 B S AR 55 1 RUBE Bk 44 K 45
A FEL S AT Dy, S B2 B 3O Y i S e it 48 £
S e ik B /N IRORE AN A ke 20 K A 0 1 5% e il AT
J AN 2 PR 5 AR SCES IRV A .

ARSCHIE I T2 G T % I8 RE
RSN ) Bl 44 K A7 AL L2 i ol A7 DA R A% TR R 0 20
o T e 5 I ath 28 AT B R WD L R ) 2 R T AR JR S
PRI A R RN X R 2w s TR WS
FOR AT MR ER . BEFE R BAE R HIE T Bk
G it 28 A 5 20 S T B i S A (e ¢
SUE/NT T, U 2 i RS L /N RS Bk 9 R A 4



2036

Pl

T TR

AR

o HLEG I i AT O I 5SRO A A T ELE R b
F 1.5 nm W, ROZ ROV B2 H 0 A GE 9 2

2% k-

(1]

(2]

(3

[4]

(5]

[6]

[7]

[8]

[9]

HAN Q, LU G. Torsional buckling of a double-
walled carbon nanotube embedded in an elastic me-
dium [J]. European Jowrnal of Mechanics-A/ Sol-
ids, 2003, 22(6): 875-883.

WANG X, YANG H K, DONG K.
buckling of multi-walled carbon nanotubes [ ] J.
Materials Science and Engineering: A, 2005, 404
(1-2): 314-322.

HAN Q. YAO X H. LI L F, Theoretical and nu-

Torsional

merical study of torsional buckling of multiwall car-
bon nanotubes [J]. Mechanics of Advanced Mate-
rials and Structures, 2006, 13(4) . 329 -337.
YANG H K, WANG X. Torsional buckling of multi-
wall carbon nanotubes embedded in an elastic medium
[J]. Composite Structures, 2007, 77(2): 182-192,
YAO X H, HAN Q. Torsional buckling of a doub-
le-walled carbon nanotube under the action of cou-
pled thermo-mechanical load [J]. Acta Physica
Sinica, 2008, 57(8): 5056 -5062.

ZHANG L C, SHEN H S. Buckling and post buck-
ling of single-walled carbon nanotubes under com-
bined axial compression and torsion in the thermal
environments [ ] ]. Physical Review B, 2007, 75
(4):045408.

YAO X H, HAN Q. Buckling analysis of multi-
walled carbon nanotubes under torsional load cou-
pling with temperature change [J]. Journal of En-
gineering Materials and Technology, 2006, 128
(3):419-427.

SUN Y G, YAO X H, HAN Q. Combined torsion-
al buckling of double-walled carbon nanotubes with
axial load in the multi-field coupled condition []].
Science China Physics, Mechanics and Astronomy,
2011, 54(9): 1059-1065.

ERINGEN A C. On differential equations of nonlo-
cal elasticity and solutions of screw dislocation and
surface waves [J]. Jowrnal of Applied Physics,
1983, 54(9):4703 -4710.

[10] ARASH B, WANG Q. A review on the applica-

W o X 8 S5 T8 X Bl A4 K A AR S 4 R S5 HA A 1 1 1
A RA —E MRS E .

[11]

(12]

[13]

[14]

[16]

[17]

(18]

tion of nonlocal elastic models in modeling of car-
bon nanotubes and graphenes [J]. Computational
Material Science, 2012, 51(1) . 303 -313.
GHORBANPOUR A A, MOHAMMADIMEHR
M, SAIDI A R, etal.. Thermal buckling analysis
of double-walled carbon nanotubes considering the
small-length effect [J]. Mechanical Engineering
Science, 2011, 225(1) :248 -256.

ANSARI R, ROUHI H, SAHMANI S. Thermal
effect on axial buckling behavior of multi-walled
carbon nanotubes based on nonlocal shell model
[J]. Physica E: Lowdimensional Systems and
Nanostructures, 2011, 44(2).373-378.
NARENDAR S, GOPALAKRISHNAN S. Criti-
cal buckling temperature of single-walled carbon
nantubes embedded in a one-paremeter elastic me-
dium based on nonlocal continuum mechanics [J].
Physica E Low-dimensional Systems and Nano-
structures, 2011, 43(6):1185-1191.
KHADEMOLHOSSEINI F, RAJAPAKSE R K N
D, NOJEH A. Torsional buckling of carbon nano-
tubes based on nonlocal elasticity shell models [J].
Computational Material Science, 2010, 48 (4):
736 -742.

SAITO R, MATSUO R, KIMURA T, etal.. A-
nomalous potential barrier of double-wall carbon
nanotube [J].
348(3-4):187-193.

SAI N, MELE E ]J. Microscopic theory for nano-

Chemical Physics Letters, 2001,

tube piezoelectricity [J]. Physical Review B,
2003, 68(24): 241405(R).

HAO M J, GUO X M, WANG Q. Small-scale
effect on torsional buckling of multi-walled carbon
nanotubes [J]. European Journal of Mechanics
A/ Solids 2010, 29(1): 49-55.
MOHAMMADIMEHR M, SAIDI A R. GHOR-
BANPUR A A, et al.. Torsional buckling of a
DWCNT embedded on winkler and pasternak foun-
dations using nonlocal theory [J]. Journal of Me-
chanical Science and Technology, 2010, 24 (6) .
1289-1299.



o 8 3]

e/ L A5 RS /N RO BR AR AE (9 4 HHL 5 i i A8 2037

EE R

BR K (1989—) . B T AREEB LB
BF5c 4 2011 4F F 46 30 Tk 2% 3k 2%
LA, FENFEGOK T R
ST BT 5Y . E-mail: d. cd @ mail.

scut. edu. cn

FAERIC1988—) 5 . Tl R ¥ B L A+
BF9E A 2010 45 T 78 T T 2% 35 2%
A, EENEGIK % 2
257 i ) AF 5% . Email: sunyugang @
yeah. net

BRE AL (1987—) . ) &R AL L
WH5EAE L2010 4F F A2 g 3 1 R4 3k
T, FENFE AR A, A
PR 7T 05 B 45 75 T 9 WF 58, E-mail: o. zc

@foxmail. com

» [
i D

SImE

(REALFr &

@i (1990—) , 3 ERREKE A, 2012
AETAER L T RG22y, £ 5
WG K g 28 KR TR S i A BF

3% . E-mail: ahrimanleo@sina. cn

WeNFE (1974 —) B LV M N, B2
B A B, 1997 4E,2002 4EF oK
B L I N 237 11 R e o S e = A
2007 4 T4 g R TR 2E AR A5 T 42
B, EENEGK S 2 AR 1%
i B 2 R R B R 854 1 25 AT R
B4 B4 B O A9 BF 58 . E — mail:

yaoxh@scut. edu. cn.

REWH FEHEH)





