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Minimize total lateness with deteriorating jobs
based on rescheduling problem∗
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Abstract In this paper, we consider two single machine rescheduling problems with
deteriorating jobs under sequence disruptions, the actual processing time of a job is a
linear function of the starting time for deteriorating job. Rescheduling means that a set
of original jobs has already been scheduled to minimize some classical objective, then a
new set of jobs arrives and creates a disruption. We consider the rescheduling problem to
minimize the total lateness under a limit of the sequence disruption for deteriorating job.
We research the properties of feasible schedules and optimal schedules for two problems,
the jobs in the set of original jobs or new jobs are ordered by non-decreasing order of the
processing rate αj . For each problem, the polynomial algorithm is proposed by sorting
by stages or dynamic programming method, respectively.
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~��ó��\ó�mÚó��mó�mk'§õ ïÄö®²òù«�¹XÚ/�ã

¤ØÓ��.. ¤¢òzó�Ò´ó��\ó�m´ó�mó�m���¼ê§¹kò

zó��üS¯K®²��
é2��ïÄ. Wang�[1]ïÄ
�5òz�üÅüS¯K§

Ù¥óÏ´�âSLK5K(=z�ó��óÏÑ�uó��\ó�m\þ����tµ

þ)(½�§=dj = pj + q, j = 1, · · · , n§8I´¦�3ØØó�^�eo�\�Jc�ó
�m��. Wu�[2]�Ä
3�5òz�.e8I´¦�4�z�mL��üÅ¯K§¦

�^©|½.{�Ñ
¯K��`)§ü�éuª�{��
Cq�`). Cheng�[3]�

Ä
¹k��FÏÚ\ó�mO\Ç�üS¯K, 8I´¦����ó�mÚ��òØ

��§y²
�ó��\ó�mO\Ç���§���ó�m¯K�duo�ó�mÚ

�¯K§¿��Ñ
ùü�¯K�Ä�5y�{. Wang�[4]�Ä
3�54~òzó�

��e�üS¯K§¦�©O�Ñ
4�z���ó�mÚ��òØ��`�{.

HallÚPotts[5]XÚ/ïÄ
­#üS¯K§Ú\
S�� (sequence disruption)Ú

�m� (time disruption)�Vg§ïÄ
3�5�`üSÚ?¿üS�Ä:þ?1­#

üS§=3�5üS�S�� Ú�m� Ø�u����¹e§¦8I¼ê�`�¯

K§�Ñ
éõÄ:¯K�õ�ª�m½[õ�ª�m�{§½ö�Ñ
O�E,5©

Û. YuanÚMu�[6−8]�Ä
3�mL���e¹kO��m�üÅ­#üS¯K§8I

´¦�oS�� ���¯KÚ��z��ò´±9oØó�m¯K§�Ñ
�'¯K

��{ÚE,5. ZhaoÚTang[9]ïÄ
äkòzó��¦�o�ó�m���­#üS

¯K§éüa¯K?1
?Ø§�Ñ
õ�ª�m��`�{.

�©�Äó��¢S\ó�m�ó��mó�mk'§¿�ó��óÏ�uó��

¢S\ó�m\þ��tµCþ§3S�� ��e¦�oòØ�m���­#üS¯

K.

1 ¯K£ã

�âHallÚPotts[5]�£ã§üÅ­#üS¯K�±Lã�µJ0 = {1, · · · , n0}�üÅ
þ��©ó�8§3"��J0¥�ó�®²U,�5K�`ü�Ð§��vm©\ó§

�π∗´J0����`S�. JN = {n0 + 1, · · · , n0 + nN}�#���ó�8. ·��rù


����ó�Sü��ó�8��`üS¥§�ØUL©/6Ä�ó�8�ü�^S.

PJ = J0 ∪ JN . π∗Úσ∗©OL«J0ÚJ¥ó���`S�. éuJ¥ó��?¿üSσ§·

�½ÂDj(π
∗, σ)L«J0¥ó�j�S�� §=µXJó�j3S�π∗Úσ¥� �©O´

1xÚ1y� �§@oDj(π
∗, σ) = |x− y|¶

∑
Dj(π

∗, σ) 6 kL«
∑
j∈J0 Dj(π

∗, σ) 6 k§=

ó��oS�� Ø�Lk¶Lj(σ)L«ó�j�òØ�m, =Lj = Cj − dj¶
∑
Lj(σ)L«

3S�σ¥, ó�o�òØ�m. 3ØÚå· ��¹e§Dj(π
∗, σ)§

∑
Dj(π

∗, σ)§Lj(σ)§∑
Lj(σ)�±{��Dj(π

∗),
∑
Dj(π

∗), Lj ,
∑
Lj .

�©�Ä8I¼ê´oòØ�m���üS¯K§Ù¥ó��¢S\ó�m�ó�

�mó�m´¥�5'X�§¿�óÏ´\ó�m\þ����tµCþ§��^�´

#���ó�8é�©ó��)���S�� ½oS�� Ø�u����êk. ·�

ïÄ�¯K�±^e¡�/ªL«µ

1|Dmax(π
∗) 6 k, pj = αj(a+ bt), dj = pj + q|

∑
Lj¶

1|
∑
Dj(π

∗) 6 k, pj = αj(a+ bt), dj = pj + q|
∑
Lj .
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2 (�5�

b�¤k�ó�Ñ3,���t0��O�\ó§z�ó�j ∈ Jk����\ó�

mpjÚ��óÏdj§¿b�ó�j�¢S\ó�mpj´'uó�jmó�m����5¼

ê§=pj = αj(a + bt)§Ù¥αj > 0 (j = 1, · · · , n), ¡�\óÇ¶a > 0, b > 0, t > t0´ó

��mó�m. z�ó��óÏÑ´Tó��¢S\ó�mpj\þ����tµCþq§

=dj = pj + q, j = 1, · · · , n. ·�b�0 < q < 1
b (b

3t0α1 + b2t0 + ab2t0α1 + abt0 − a).
�â©z[9]§·�ke¡�Ún2.1.

Ún 2.1 éu¯K1|pj = αj(a + bt)|Cmax§XJπ = [1, 2, · · · , n]§1��ó��mó
�m´t0§@o

Cmax = t0

n∏
i=1

(1 + bαi) +
a

b

( n∏
i=1

(1 + bαi)− 1
)
.

Ún 2.2 éu���½�üSπ = [1, 2, · · · , n]§XJ1��ó��mó�m�t0§@
o1j�ó��¢S\ó�m�

pj = (a+ bt0)αj

j−1∏
i=1

(1 + bαi).

Ún 2.3 éu���½�üSπ = [1, 2, · · · , n]§XJ1��ó��mó�m�t0 > 0§

ó�j�óÏ�dj = pj + q, q > 0§@oó�j�òØ�m�

Lj =
(
t0 +

a

b

) j−1∏
i=1

(1 + bαi)−
a

b
− q.

y² éu���½�üSπ = [1, 2, · · · , n]§ó�j�òØ�m�Lj = Cj − dj . �â
Ún2.1ÚÚn2.2§·���

Lj = t0

j∏
i=1

(1 + bαi) +
a

b

( j∏
i=1

(1 + bαi)− 1
)
−
(
(a+ bt0)αj

j−1∏
i=1

(1 + bαi) + q
)

= t0

j∏
i=1

(1 + bαi) +
a

b

j∏
i=1

(1 + bαi)−
a

b
− (a+ bt0)αj

j−1∏
i=1

(1 + bαi)− q

=

j∏
i=1

(1 + bαi)[t0(1 + bαj) +
a

b
(1 + bαj)− αj(a+ bt0)]−

a

b
− q

=
(
t0 +

a

b

) j−1∏
i=1

(1 + bαi)−
a

b
− q.

dÚn2.3·���
∑
Lj���=�αi (i = 1, · · · , n)�ü�k'§�\óÇαi´Uì

d���ü��ÿ
∑
LjU�����§dd·��Ñe¡�Ún.
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Ún 2.4 ¯K1|pj = αj(a + bt), dj = pj + q|
∑
LjÏLU\óÇαj�~�S�ü�§

�±�����`). XJπ = [1, 2, · · · , n]§1��ó��mó�m�t0§@ooòØ�
m� ∑

Lj =
(
t0 +

a

b

) n∑
j=1

j−1∏
i=1

(1 + bαi)− n
(a
b
+ q
)
.

y²b½,�`üSσØ÷vαjU�~�S�ü�5K§K3düS¥§��kü�

��ó�j�k§¦�αj > αk(j > k)§�ó�j3�mt�m©\ó. yòσ�XeC�µé

Nó�j�ó�k� �§Ù{ó� ��±ØC§l
����#�üSσ
′
. 3σ

′
¥§ó

�k�m©\ó�m´t. dCk(σ) = Cj(σ
′
)��§Ù{ó��¢S\ó�mØC§l
ò

Ø�m�ØC. Ïdσ�σ
′
oòØ�m��O3uó�jÚó�k�òØ�mØÓ. 3σ¥§

ó�jÚó�k�òØ�m�Cj − dj +Ck − dk = 2t+ αj(a+ bt)− 2q¶3σ
′
¥§ó�kÚó

�j�òØ�m�Ck − dk +Cj − dj = 2t+ αk(a+ bt)− 2q. l
3ü«^Se§oòØ�

m���

(
∑
Lj)σ−(

∑
Lj)σ′ = 2t+αj(a+bt)−2q− [2t+αk(a+bt)−2q] = (αj−αk)(a+bt) > 0.

Kσ�´�`üS§­Ek�gþãC�§������`üS§¦�TüS´Uìαj�

�~S�ü��.

�âÚn2.3§��

∑
Lj =

(
t0 +

a

b

) n∑
j=1

j−1∏
i=1

(1 + bαi)− n
(a
b
+ q
)
.

Ún 2.5 éu¯K1|Dmax(π
∗) 6 k, pj = αj(a+ bt), dj = pj + q|

∑
LjÚ1|

∑
Dj(π

∗) 6

k, pj = αj(a+ bt), dj = pj + q|
∑
Lj§�3ó��mvk�s�m��`üS§¿�

(1) ¯K1|Dmax(π
∗) 6 k, pj = αj(a+ bt), dj = pj + q|

∑
Lj�3���1üS§��

=�JN¥�õkk�ó��Sü3J0�����ó�c¶

(2) ¯K1|
∑
Dj(π

∗) 6 k, pj = αj(a+ bt), dj = pj + q|
∑
Lj�3���1üS§��

=�Sü3J0�z�ó�c�JN¥ó���êÚØ�uk.

Ún 2.6 éu¯K1|Dmax(π
∗) 6 k, pj = αj(a+bt), dj = pj+q|

∑
LjÚ1|

∑
Dj(π

∗) 6

k, pj = αj(a+bt), dj = pj+q|
∑
Lj§�3���`üS§¦�J0¥�ó�´U\óÇαj�

~�S�ü�§JN¥�ó��´U\óÇαj�~�S�ü�§¿�ó��mvk�s

�m.

y²Äk�ÄJ0¥�ó�.�σ∗´�`S�§�J0¥�ó�Ø´Uαj�~�S�ü�

�. Pó�i´J0¥3σ∗¥Ñy� �'3π∗¥Ñy� ��é��§¿�äk��eI§

ó�j(j > i)´3S�σ∗¥ü3ó�ic�J0¥�����ó�§ü3ó�iÚó�j�m�

ó�´
∼
J1,

∼
J2, · · · ,

∼
Jh§Ù\ó�m©O��

∼
p1,
∼
p2, · · · ,

∼
ph. Ï�i < j§¤±αi < αj§�âÚ

n2.49^�0 < q < 1
b (b

3t0α1+b
2t0+ab

2t0α1+abt0−a)§�`²

i∑

k=1

Lk(π
∗) 6

j∑
k=1

Lk(π
∗).

b�ó�j3S�σ∗¥m©\ó��m�t0§K

Lj(σ
∗) = t0 − q, Li(σ

∗) =
(
t0 +

a

b

)
(1 + bαj)

h∏
k=1

(1 + bαk)−
a

b
− q,
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��ó�iÚó�j� �§����#�S�σ
′
. 3S�σ

′
¥§ó�i�m©\ó�m�t0§

K

Li(σ
′
) = t0 − q, Lj(σ

′
) =

(
t0 +

a

b

)
(1 + bαi)

h∏
k=1

(1 + bαk)−
a

b
− q.

Ï�αi < αj ,K

Lj(σ
′
) 6 Li(σ

∗), Li(σ
′
) 6 Li(σ

∗).

�âÚn2.3§ó�
∼
J1,

∼
J2, · · · ,

∼
Jh3S�σ

′
¥�òØ�m'3S�σ∗¥�òØ�m�§Ù{

ó��òØ�mØC§Ïd���o�òØ�mØ¬O\.

Pó�i3π∗¥�1k1� �þ§j 3π∗¥�1k2� �þ§j3σ
′
¥�1k3� �þ©

XJk3 > k2§@oDj(π
∗, σ

′
) = k3 − k2, Di(π

∗, σ∗) = k3 − k1©dk1 < k2(i < j)�

�Dj(π
∗, σ

′
) < Di(π

∗, σ∗). XJk2 > k3§@oDj(π
∗, σ

′
) = k2−k3, Dj(π

∗, σ∗) = k2−k3+h§
Ù¥h��K�ê§�ÒkDj(π

∗, σ
′
) < Dj(π

∗, σ∗)©ÏdkDmax(π
∗, σ

′
) 6 Dmax(π

∗, σ∗).

�âþ¡�©Û��§σ
′
´�1�`üS. ­Ek�g�þãC�§�±y²�3

���`üS§¦�J0¥�ó�´Uαj�~�S�ü��. éJN¥�ó�?1aq�?

Ø§U
�Ñ3�`üS¥JN¥�ó��´Uαj�~�S�ü�. XJó��mk�s

�m§�âÚn2.5§£��s�m���üS�´�1�§¿�oòØ�mØ¬O\.

3 �{�O

·�Äk�Ä¯K

1|Dmax(π
∗) 6 k , pj = αj(a+ bt), dj = pj + q|

∑
Lj ,

�âÚn2.6¥αj U�~�S�ü��5�±9Ún2.5§·���Sü3J0�����

ó�c�õkk�JN¥�ó�§¿�JN¥�ù
ó��\óÇ´���. ��Bå�§Ø

�b�J0¥�ó�Uαj�~�S�ü��^S�[1, · · · , n0]§JN¥�ó�Uαj�~�S�
ü��^S�[n0 + 1, · · · , n]. Ïd§·��Ñe¡��{.

�{1

Ñ\ Ñ\αj , j = 1, · · · , n, kÚπ∗§Ù¥k 6 nN¶

IÒ éJN¥�ó�Uαj�~�S�5KIÒ¶

S��E òó�1, · · · , n0 + kUαj�~�S�5Kü�3cn0 + k� �þ§

òó�n0 + k + 1, · · · , nUαj�~�S�5Kü�3��nN − k� �þ.

½n 3.1 éu¯K1|Dmax(π
∗) 6 k, pj = αj(a + bt), dj = pj + q|

∑
Lj§�{1�Ñ�

��`üS§¿�Ù�mE,5�O(n+ nN log nN ).

y² �âÚn2.5ÚÚn2.6§��^�Dmax(π
∗) 6 k#Nü3J0�����ó�

cJN�ó��ê�õ�k�§¿�JN¥�ù
ó�äk���αj . �âÚn2.4§1�

|�ó�´Uαj�~�S�5Kü��. Ún2.6K`²
JN¥��nN − k�ó��´
Uαj�~�S�ü�.

e¡`²�{1��mE,5§3IÒ�ã§éJN�IÒI�O(nN log nN )�m§3S

��E�ãI�O(n)�m¶òUαj�~�S�5Kü��JN¥�ck�ó��Uπ∗¥�
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^Sü��J0¥�ó��(Ü§,�2òUαj�~�S�5Kü��JN¥��nN − k�
ó�ü3��.

e¡�Ä¯K1|
∑
Dj(π

∗) 6 k, pj = αj(a + bt), dj = pj + q|
∑
Lj§dÚn2.6¥αjU

�~�S�ü�5��§�`üS�±ÏLÜ¿Uαj�~�S�5Kü��J0ÚJN¥�

ó�§�ÑT¯K���Ä�5y�{.

�{2

Ñ\ Ñ\t0,αj§j = 1, · · · , n§kÚπ∗§Ù¥k 6 n0nN¶

IÒ éJN¥�ó�Uαj�~�S�5K?1ü�IÒ¶

ý?n O�(
t0+

a

b

) i∏
h=1

(1+ bαh)

n0+j∏
k=n0+1

(1+ bαk)−
(a
b
+ q
)

(i = 1, 2, · · · , n0, j = 1, 2, · · · , nN )¶

8I¼ê f(i, j, δ) =Ü©S�¥�ó�1, · · · , iÚn0 + 1, · · · , n0 + j���oòØ�

m§Ù¥oS�� �δ¶

>.^� f(0, 0, 0) = 0¶

�`)� min06δ6k {f(n0, nN , δ)}¶
4í'X

f(i, j, δ) =min
{(
t0 +

a

b

) i−1∏
h=1

(1 + bαh)

n0+j∏
k=n0+1

(1 + bαk)−
(a
b
+ q
)
+ f(i− 1, j, δ − j),

(
t0 +

a

b

) i∏
h=1

(1 + bαh)

n0+j−1∏
k=n0+1

(1 + bαk)−
(a
b
+ q
)
+ f(i, j − 1, δ)

}
.

34í'X¥§��z¥�1�Ü©��uó�i ∈ J0ü3���Ü©S�§d�ó
�i�òØ�m� (

t0 +
a

b

) i−1∏
h=1

(1 + bαh)

n0+j∏
k=n0+1

(1 + bαk)−
(a
b
+ q
)
.

Ï�JN¥kj�ó�ü3ù�Ü©S�¥ó�i�c¡§oS�� �O\þ´j. 1�Ü

©��uó�n0 + j ∈ JNü3���Ü©S�, d�ó�n0 + j�òØ�m�(
t0 +

a

b

) i∏
h=1

(1 + bαh)

n0+j−1∏
k=n0+1

(1 + bαk)−
(a
b
+ q
)
.

½n 3.2 éu¯K1|
∑
Dj(π

∗) 6 k, pj = αj(a+ bt), dj = pj + q|
∑
Lj§�{2�±�

����`S�§��{E,5�O(n20n
2
N ).

y² �âÚn2.6§==I��ÞUαj�~�S�5Kü��J0ÚJN¥�ó��¤

k�UÜ¿��¹. �{2´ÏL'�¤k�UG��¤^§l
�����`üS.

e¡�Ä�{2��mE,5§Ï�i 6 n0, j 6 nN , δ 6 k 6 n0nN§ÏdkO(n20n
2
N )�

G�Cþ¶3ý?n�ã§O�(
t0 +

a

b

) i∏
h=1

(1 + bαh)

n0+j∏
k=n0+1

(1 + bαk)−
(a
b
+ q
)

(i = 1, 2, · · · , n0, j = 1, 2, · · · , nN )
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I�O(n0nN )�m. éJN¥�ó�Uαj�~�S�5K?1ü�§I�O(nN log nN )�m¶

éz«G�Cþ��4íúª�O�I�~ê�m§��{2��mE,5�O(n20n
2
N ).

4 ( Ø

�©ïÄ
ó��¢S\ó�m�ó��mó�mk'§¿�ó��óÏ�uó�

�¢S\ó�m\þ��tµCþ§3S�� ��e¦�oòØ�m���­#üS

¯K. éu��S�� ÚoS�� ��e�òzó���zoòØ�m¯K§�`

üS�(�5�´¦��©ó�8J0Ú#ó�8JN¥�ó�´U\óÇαj�~�S�ü

�§ÏL©�ãüSÚÄ�5y��{�Ñ
ü�¯K�õ�ª�m��`�{.
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