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Abstract The computation of the viability kernel is an important topic in control
theory community. In this paper, we propose a new algorithm that computes the viability
kernel of a discrete-time system. Based on the theory of machine learning, the algorithm
of approximating viability kernel is presented. We give some conditions that guarantee
the convergence of the approximations towards the actual viable kernel. This method
avoids the exponential growth of the computing time with the dimension of the control
space. Finally, examples are given to illustrate this result.
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«�. ù��8Ü¡�XÚ�)�Ø[1]§ÙO�´)�nØ¥���­���§¿3)�

Æ!�óÆÚ ¬\ó�+�k2��A^[9−11]. ©z[12]�Ñ
üa���5XÚ�)

�ØL«�{§¿ß�d(Ø3XÚp��½¤á. ©z[13]�Ä
üÑ\����5X

Ú�)�ØO�¯K§�Ñ
)�Ø�äNL«. �8cé��XÚ�)�ØO�"�

Ï^��{§
�)�Ø�O��¯K��êO\§ÙO�þ¥y�êO�§"�p��

O��{[14,15].

�©òÄuÅìÆS��{§�Ñ�«Ø(½lÑXÚ�)�ØO��{. d�{

�`:´;�
c¡J���ê/J
�O�þ�§3�½^�eÂñ�ý¢�)�Ø.

,	§�±æ^ØÓ�©a�{§5'�(J�Ð�.

1 ��XÚ�)�Ø

�Ä���lÑ��XÚ

x+ = f(x, u, w), (1.1)

Ù¥x�G�Cþ§x+�x�e��G�§u ∈ U���Ñ\§ω ∈ W´Z6. ùp�Z6

  ´k.�Ø��©Ù.

e¡�Ñ�
'u)�5Ú)�Ø�Vg(�[16,17]).

½Â 1.1 �K ⊆ Rn§éulÑXÚ(1.1)§XJ�3u ∈ U§éu¤k�x ∈ KÚω ∈
W§Ñkf(x, u, w) ∈ K§@o¡XÚ(1.1)38ÜKþ´°��)��.

dd�±��Xe�'u)��5�.

5� 1.1 XÚ(1.1)348Kþ°��)��¿�^�´:

∃u ∈ U,3 f(x, u, w) ⊆ K,∀x ∈ K,ω ∈W.

XJ´,�:��Ð©:§XÚ(1.1)��;,ÑØlm48§@o¡ù�:´°�

�)��:.

�XÚÃ{÷v)�^��§F"é�Xe�)�ØV iab(K).

½Â 1.2 48K'u��XÚ(1.1)�)�Ø�Xe�8Ü:

V iab(K) = {x0 ∈ K|∃u ∈ U, XÚ(1.1)�;,x©ª�¹3K¥§é?¿�ω ∈W}.

��)�Ø´���°��)�G��8Ü.

e¡�Ñ�
½Â.

½Â 1.3 éuXÚ(1.1)§½ÂXe8Ü

Pre(K) = {x|∃u ∈ U,∀ω ∈W,kf(x, u, w) ∈ K}.

w,§þ¡�8Ü´d¤kÏLXÚ(1.1)�ÚU�8ÜK�G�¤|¤�8Ü.
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½Â 1.4 éu¼êf§^Xe�PÒ5L«¼ê�EÜ

f [2](x) = f(f(x)),

f [m+1] = f(f [m](x)),m > 2.

ùp§�XÚ(1.1)U�¤Xe��©�¹

x+ ∈ F (x),

Ù¥F (x) = {f(x, u, w)|u ∈ U, ω ∈W}§ùpF (x)´48.

½Â 1.5 N�F : X → 2X ´µ−Lipschitz���=��3~êµ > 0 (�¡�Lipschitz

~ê)¦�é¤k�x, x′ ∈ X,k

F (x) ⊆ F (x′) + µ‖x− x′‖B(0, 1).

2 ÅìÆSL§

¤¢ÅìÆS´ïÄO�ÅN��[½¢y<a�ÆS1�§±¼�#��£ÚE

U§­#|�®k��£(�¦�ØäUõg��5U[18,19].

ÅìÆS�IOL§Xe[18]µ

�Ä�|êâ(X1, Y1), · · · , (Xn, Yn), ¡�Ôö��. Ù¥Xi = (Xi1, · · · , Xid) ∈ χ ⊆
Rn, i = 1, · · · , n´d��þ§Xi¡�A�. Yi��uk�8Üγ = {−1,+1}. ùpJ�
�−1,+1L«ØÓ�ü«á5. ,�2�âÔö��§����©aÅìh : χ → γ. �

�XJk#�XÑy§�±�âÅìh(X)�u−1½+15�ÑX�©a. ~��©aÅì

kµ�5£8!�C�!|±�þÅ!ûüä�. ��ÅìÆS�'�´�âÔö��5

¼���Ð�©aÅì§Bu�k#�êâÑ\�§©aÅì��ä´−1½+1.

3 )�Ø�%C�{

Äk�Ñ��;8K, �Ñ��K���Kh ⊆ K, Kh´��Xã1�k�8Ü§=

ã1¥�ç:¤/¤�8Ü.

ã1 ��«¿ã
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¿÷v∀x ∈ K,∃xh ∈ Kh,3 ‖x− xh‖ 6 β(h), Ù¥β(h)→ 0,�h→ 0�.

�e5§ò?ØXÛ¦k�'uXÚ(1.1)�)�Ø§Äk�dKh5�E¦)�Ø�Ô

ö��. e¡�ÑäNÚ½.

�{�

Ú½1 Ð©zm = 0, -Km
h = Kh, K

m = K;

Ú½2 Km+1
h = Km

h ∩ Pre(Km);

Ú½3 XJKm+1
h 6= Km

h , -Km+1 = Km ∩ Pre(Km). m := m+ 1, ¿=Ú½2;

Ú½4 XJKm+1
h = Km

h , ��Xe�Ôö��:

XJxh ∈ Km
h , KIþ+1; XJxh /∈ Km

h , KIþ−1.

Ún 3.1 Xþ�Ôö���){73k�Ú�Ê�.

y² 3z�Ú§d�{�kKn+1
h ⊆ Kn

h . duKh���½Ò´k���§¤±²L

k�Ú��{7,Ê�.

AO/§XJ��XÚ´Xe�g£XÚµ

x+ = f(x). (3.1)

Ôö���)�{�±{z�Xe��{.

�{�

Ú½1 Ð©zm = 0, Km
h = Kh;

Ú½2 Km+1
h = {xh|xh ∈ Km

h , f
[m+1](xh) ∈ K};

Ú½3 XJKm+1
h 6= Km

h , m := m+ 1, ¿=Ú½2;

Ú½4 XJKm+1
h = Km

h , ��Xe�Ôö��:

XJxh ∈ Km
h , KIþ+1; XJxh /∈ Km

h , KIþ−1.

��, XÚ(3.1)�)�Ø�O���/{z
. ��O�k��¼ê�Ò�±
.

Ôö��)¤�§I�ÀJÜ·�©aÅì5�ä8ÜK¥=
´áu)�Ø�. �


)¤�k��©aÅì§�±^©[18]¥J��AdaBoost�{©Ù`:´�±deZ�

f©aÅì)¤���ª�r©aÅì. 
r©aÅì©a��ØÇ¬4�/

ü$.

�)¤�©aÅì�h, K8ÜK�Cq)�ØL«Xeµ

V = {x|x ∈ K,h(x) = +1}.

w,§Cq)�ØV�Ð��ûuÔö����{Ú©aÅì�ÀJ§�±?�Ú^ê�

�{5u�(J�Ð�.

e¡ò?Ø�{�Âñ5. dÚn3.1, b��{Ê��kKp+1
h = Kp

h.

½n 3.1 b�F (x)'ux´µ− Lipschitz�. �3λ > 0, V÷vXe�^�

∀x ∈ V, ∃xh ∈ Kp
h, 3 ‖x− xh‖ 6 λβ(h), (3.2)

∀x ∈ K\V, ∃xh ∈ Kh\Kp
h, 3 ‖x− xh‖ 6 β(h), (3.3)

V ⊆ Kp. (3.4)
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@o�h→ 0§V%Cý¢�)�ØV iab(K).

y² Äky²V iab(K) ⊆ K.

b�x /∈ V .

(a) XJx /∈ Kp§duV iab(K) ⊆ Kp§@ox /∈ V iab(K).

(b) XJx ∈ Kp§d^�(3.3)§k

∃xh ∈ kh\kph,3 ‖x− xh‖ 6 β(h).

qd�{���Ek

xh ∈ kh\kph, F (xh) ∩ (K\Kp−1) 6= φ.

duKp ⊆ Kp−1§¤±F (xh)∩K\Kp. u´kd(F (xh),Kp) > µβ(h)§qduF (x)´µ−
Lipschitz�, ¤±

F (x) ⊆ F (xh) + µβ(h)B(0, 1).

�k

F (x) ⊆ (K\Kp).

d(a)§F (x)¥�:Ñ´Ø�)��§x�´Ø�)��§�Ò´x /∈ V iab(K). nÜ(a)!(b),

kx /∈ V ⇒ x /∈ V iab(K), =V iab(K) ⊆ V .

Ùg§b�Xe�8�N

x+ ∈ Fh(x) = F (x) + µ(1 + λ)β(h)B(0, 1), (3.5)

òy²V�¹u8ÜK'u(3.5)�)�ØV iabF (K).

�x ∈ V . d(3.2), �

∃xh ∈ Kp
h,3 ‖x− xh‖ 6 λβ(h).

d�{�§

xh ∈ Kp+1
h ⇒ d(F (xh),K

p) 6 µβ(h). (3.6)

qF (x)´µ−lipschitz�§¤±

F (x) ⊆ F (xh) + λµβ(h)B(0, 1). (3.7)

�Ä(3.6)Ú(3.7)±9n�Ø�ª§k

d(F (x),Kp) 6 µ(1 + λ)β(h).

ù`²Fh(x)∩Kp 6= φ. u´?¿�x ∈ Kp§�3;,©ª3Kp S§¤±Kp ⊆ V iabF (K).

��§Ï�F (x)´µ−lipschitz�§8ÜK´;�. ¤±éu∀ε > 0, ∃η > 0÷vh < η§

k

V iabF (K) ⊆ (V iab(K) + εB(0, 1)).

qdþ¡�y²§¿�Ä(3.4)k

V iab(K) ⊆ V ⊆ V iabF (K).

Ïd§�h→ 0§V%Cý¢�)�ØV iab(K).

53.1^�(3.4)´�~Ün�§XJVkÜ©v3Kp¥,Kù�Ü©7Øáu)�Ø.

Ïd�±�K.
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4 ê��ý

e¡�ÑäN��ý~f.

~1 ð�3p�ú´þ��ÝCz�§�µ

x+ = 2x+ u,

Ù¥xL«���Ý§uL«^uÄÅ½á��±���\�.

ùpb�8ÜK = [0, 2], U = [−1, 1], ùpØ�ÄZ6. N´O�Ùý¢�)�Ø

´[0, 1], �ã2.

ã2 ~1¥�ý¢)��

e¡^ÅìÆS��{5¦)�Ø.

ÄkòK�©¤100�«m(/¤��)µ

[0, 0.02], [0.02, 0.04], · · · , [1.98, 2]

u´�Ä:0, 0.02, · · · , 1.98, 2ù101�:5)¤Ôö��. d�{��Xe�Ôö��:

áu)�Ø�Ôö��µ(0,+1), (0.02,+1), · · · , (1,+1)�51�§¿P�(xi, yi), i =

1, · · · , 51.
Øáu)�Ø�Ôö��µ(1.02,−1), (1.04,−1), · · · , (2,−1)�50�§¿P�(xi, yi), i =

52, · · · , 101.
e¡Ò´ÀJ©aÅì�¯K
. ùpÅì^�5£8?1©a§=é(xi, yi), i =

1, · · · , 101?1�5£8. b�

Y = β0 + β1X.

dêâ(xi, yi)§̂ ���¦{�ÑXêβ0, β1. u´k

Y = 1.495− 1.485X.

u´��©aÅìµ

h(X) =

{
+1, 1.495− 1.485X > 0,

−1, 1.495− 1.485X < 0.
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u´©.:Ò´1.495− 1.485X = 0, =X = 1.007. ¤±Cq)�Ø´[0, 1.007), �ý¢)

�Ø�'õÑ
0.7%§%C§ÝéÐ,�ã3. ^R^�O�§ÙO�þé�.

ã3 ~1¥�Cq)��

~2 �ÄXe���XÚµ(
x+1
x+2

)
=

(
2 0

0 3

)(
x1

x2

)
+

(
2 0

0 4

)(
u1

u2

)
,

ùpU = [−40, 40]× [−20, 20], K = [0, 120]× [0, 120]. ùpý¢�)�Ø´[0, 80]× [0, 40].

e¡òx1 ∈ [0, 120]�©¤120°§qòx2 ∈ [0, 120]�©¤120°. �121^��x1 =

0, x1 = 1, · · · , x1 = 120Ú121^��x2 = 0, x2 = 1, · · · , x2 = 120§Xd)¤
8ÜK��

���§�k121× 121�:.

�â�{�§��Xe���:µ

áu)�Ø�Ôö��µ

(i, j,+1), i = 0, 1, · · · , 80, j = 0, 1, · · · , 40,

�81× 41�:.

Øáu)�Ø�Ôö��:

(i, j,−1),

Ù¥(i, j)áu8Ü(x1, x2)
T ∈ (K\G1)§�x1, x2 ∈ Z, Ù¥{G1 = {(x1, x2)T|0 6 x1 6

80, 0 6 x1 6 40, }§�11 320�:.

d�XJæ��5£8?1©a§¬��Xe�©aÅìµ

h(X) =

{
+1, 0.792 319− 0.007 537x1 − 0.014 874x2 > 0,

−1, 0.792 319− 0.007 537x1 − 0.014 874x2 < 0.

Ù¥X´¤kK¥�:.

d©aÅì§�±��©.��

0.792 319− 0.007 537x1 − 0.014 874x2 = 0,
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'�ý¢�)�Ø§�Ù�ØÇ´0.0728. u)�Ø�/�3ã4¥�n�^��IÑ�

n�/«�.

ã4 ~2¥��Ø«�

e�JpO(Ç§�±�âÔö���A:§æ^È�Bayes©a�{. ÙL§Xe:

�ÄÔö��¥I+1�A�¤/¤��þ§�±@�Ù3«�G1 = {(x1, x2)T|0 6

x1 6 80, 0 6 x1 6 40, }þ´þ!©Ù.

ÙVÇ�Ý�±�¤Xe�ªf

f1(X) =

{ 1

3200
, X ∈ G1;

0, X /∈ G1.

qI+1�Ôö���êÓo���ê�'~�π1 = 0.23.

2�ÄÔö��¥I−1�A�¤/¤��þ§�±@�Ù3«�G2 = (K\G1) ∪
{x1 = 80, 0 6 x2 6 40} ∪ {x1 = 40, 0 6 x2 6 80}þ´þ!©Ù.

ÙVÇ�Ý�±�¤Xe�ªf

f−1(X) =

{ 1

11200
, X ∈ G2;

0, X /∈ G2.

qI−1�Ôö���êÓo���ê�'~�π−1 = 0.77.

u´�EXe�©aÅìµ

h(X) = argmax
k=−1,1

{πkfk(X)}

ÙO(Ç�±��100%. ��æ^ØÓ�Åì§���XÚCq)�Ø°ÝØÓ.¤±�

±æ^�
~��ÅìéÙ?1©a§'�(J¿^�Ð�Åì5��Cq)�Ø.

5 (ØÚÐ"

�©ïÄ
��lÑXÚ)�Ø�%C�{. Ì�|^
ÅìÆS��{§�Ñ


Cq�)�Ø, y²
3�½^�e§d�{���)�Ø´Âñuý¢�)�Ø. ÏL
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ê�~f§`²d�{4�/{z
O�þ. d�{�,�`:´äN�©aÅì�±

�âäNK85ÀJ. ��§�Ñ
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