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Abstract: Steelmaking–continuous casting is the core production process in modern steel production. It is

abstracted as a hybrid flowshop with complex constraints in this paper. A 0-1 mixed-integer nonlinear pro-

gramming model, which treats the no dead time within the samecast at the last stage as an equality constraint

and uses the total sojourn times of all jobs and the penalty ofthe earliness and tardiness of all casts as its

minimum objective, is established. The disjunctive constraints of this model are relaxed in order to decouple

the coupling relationship between continuous variables and integer variables. So the relaxed problem can be

decomposed into two tractable sub-problems. A Lagrangian relaxation(LR) level algorithm is proposed for

this scheduling problem. The algorithm applies the decreasing level control approach of the dual relaxation

function evaluation in order to guarantee convergence. A computational comparison is provided for the LR

level algorithm and traditional LR algorithm. Numerical results show that the LR level algorithm method can

provide better lower bound, better dual gap and faster convergence for medium sized problems, especially for

larger sized problems.
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1 ÚÚÚ óóó

õg–ëÒ´y�gcè�)�6§�Ø%óS, �9õg!°õÚëÒn�óS��Nz��. �Æ

/NÝõg–ëÒ)�L§�±¿©Jpè�)�ÇÚO��ÀÇ,ü$ÔÑÚUÑ,l
Or½|¿�å.

NõÆölØÓ��Ýéõg–ëÒ)�NÝ¯K?1
ïÄ[1−11] ,¤ïá�¯K�.Ì�kn«: Ä

u���mü��X�ê�.[1−3];ÄuÛ�ã�ãØ�.[4];Äu0-1Cþ�·Ü�ê�.[5,6]. �.¦)

�{�©�oa: Äu.�KFtµµe�Ä�5y�{[1−3] ;�ê5yÚ©|½.�{[5] ;�U�{(½é

uª�{)[6−10];ãØ�{[11] .þã�{¥,�ê5yÚ©|½.�{���mE,Ýép,�±)û�5�

¯K,��X¯K5�O�,O��m¥�ê?O�; Äu.�KFtµµe�Ä�5y�{¦)�þéÐ,

��mE,Ý�p[1−3] ,�duÃ{ýk��éótµ¯K��`), J±�y�{Âñ[12−15] ;ÄuÛ�

ãØ�å|¢�{[11] ,·^u�5�¯K, �¯KE,�J±(½�Z|¢´»; �U�{[6−10]O��Ç

�p,�´XJ1��ã�)�oNÝØ
n�,1��ã�±`z���Ò�~k�,,	Ta�{Ã{

�yÙS��Âñ5.

Äu®kïÄ,±¬go73�m�áÚ�gO�m��`z8I,ïá
õg–ëÒ)�NÝ�0-1.

·Ü�ê��5�.. T�.ÏLé¬g73�m?1¨v,;�Ï¬gÊ3�mL�
ü$�75U;Ï

Lé¬gJc/öÏ?1¨v,±�yO�)�. 3¦)�,ò8I¼ê¥���5�8I¼ê=z¤�5�

8I¼ê. ÏLtµ]
Û��å,)ØëYCþÚ�êCþ�m�ÍÜ'X,òtµ¯K©)¤ü�Õá

�N´¦)�f¯K.JÑ�«.�KFtµY²�{,æ^éótµ¼êeüY²��üÑ,±�yÙÂ

ñuéótµ¯K�`),¿�Ñ
Âñ5y². ,	,�é�{�¼ê���eü%C�`��A:,J

Ñ
#��1z�E�{,±�y���`��¯K�1).

2 õõõggg–ëëëÒÒÒ)))���NNNÝÝÝ���...

2.1 õõõggg–ëëëÒÒÒ)))���LLL§§§

gcè��õg–ëÒ)�L§�¹õg!°õÚëÒn��ã, Ù¥z�)��ã�U�3õ�¿1

�)���. õg–ëÒ�Ì�)�L§Xe:õg–ëÒ«�É5gp¬�cY,ÏLõg�ã�=¬��

ò�õÐ�cY=��gY,,�ògY�\g�,¿1$�°õ��?1°õ,?�ÚN�gY�§ÝÚ

¤©. °õ��gY�$x��½�ëÒÅc�\¥m�, ¿²¥m�6\ëÒÅëYÒ¤�.. Ù¥,�

�$xgY�g��¡�¬g,�¡“ó�”, ´õg–ëÒ��)�ü�; 3Ó��ëÒÅþëY�Ò�¬g

8Ü¡����g,´õg–ëÒ���)�ü�.

~X,3,�.g��õg–ëÒ)�L§¥, õg�ãk3�=¬(LD1, LD2, LD3), °õ�ã

k3�RH��(RH1, RH2, RH3),ëÒ�ãk3�ëÒÅ(CC1, CC2, CC3),n�¬g�\ó´»©O

�µ1LD→ 1RH→ 2CC, 2LD→ 2RH→ 1CC, 3LD→ 3RH→ 3CC.ã 1�Ñ
õg–ëÒ)�L§«

¿[Aã.�g 1(cast)¥kn�¬g(charge),z�¬g�\ó´»©O�¬g 1(1LD→ 2RH→ 3CC),¬

g 2(2LD→ 1RH→ 3CC),¬g 3(1LD→ 1RH→ 3CC).

õg–ëÒ)�L§kXeA:µ

1)¤k¬g�\ó^S�Ó, =z�¬gÑ�²L�õ!°õÚëÒn��ã;z�ãÑkõ�¿1)

���;Ó��ëÒÅ7L3�½¬g��SëY�5,=z��g¥�¬g7LëY\ó;

2)z�ëÒÅþ¤\ó��gýk�½;�ëÒÅþ����g�mI��½�m��m,±��(¬

ìÚN���;

3))�L§�p§ëY��,���m�O\�U¿�X§Ý�ü$,2,§ò¬��U
Ú)�¤�
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Fig. 1 The Gantt chart for steelmaking-continuous casting process

2.2 õõõggg–ëëëÒÒÒ)))���NNNÝÝÝ¯̄̄KKK

�©ïÄ�õg–ëÒNÝ¯K,)�6§�)õg!°õÚëÒn�ã,��ãq�3Xõ�¿1)�

��,z�¬g�\ó^SÑ�Ó,�z��g¥�¤k¬g3ëÒÅþI�ëY\ó.Ï
�±òÙÄ�

����ãëY\ó�·Ü6Y�mNÝ(hybrid flow-shop, HFS)̄ K.õg–ëÒ)�NÝÒ´3�½��

�^�e,ò�gOy¥�¬gUì5½�)�ó²Ün/©����þ,¿(½Ùm©\ó�m,¦��

�gO�m�±9�¬g�o73�m��.Ù¥�g¤�¹�¬g!�g¤©��ëÒÅ!��g��5

gS!��g�Oym��m!¬g�\ó�mÚ¬g�$Ñ�mþ�®�,¬g3õgÚ°õ�ãþ��

���ØÉ��.

2.3 ÎÎÎÒÒÒ½½½ÂÂÂ

�Bu£ã,½ÂÎÒÚCþXe:

1)¢Ú!��Ú8Ü

i, r�¬gSÒ, Ω�¹k¤k¬g�8Ü, i, r ∈ Ω, |Ω|�o¬gê; NL«�goê; n��gS

Ò,n = 1, 2, ..., N ; j��ãSÒ,�õ!°õÚëÒn��ã©OéA� j = 1, 2, 3; MjL«1 j�ã�

��ê(�ê), Mj > 1; ΩnL«1n��g¥¤k¬g�kS8Ü, |Ωn|L«1n��g¥¬g��ê,�

kΩn1
∩Ωn2

= Ø, ∀n1, n2 = 1, 2, ..., N, n1 6= n2,�Ω1∪Ω2∪ · · · ∪Ωn = Ω; s(n)L«1n��g�"¬

gSÒ, s(n) = s(n− 1) + |Ωn|,s(0) = 0, n = 1, 2, ..., N ,KΩn = {s(n− 1) + 1, . . . , s(n)}; BkL«1 k�

ëÒÅþ®����g�kS8Ü, |Bk|L«1 k�ëÒÅþ�g��ê, 1 6 k 6 M3; b(k)�1 k�ëÒ

Åþ�"�gSÒ, b(k) = b(k − 1) + |Bk|, b(0) = 0,k = 1, 2, ...,M3 ,KBk = {b(k − 1) + 1, · · · , b(k)}.

2)�½ëê

PijL«¬g i31 j�ã����m; Tj,j+1L«1 j�ãÚ1 j + 1�ã�m�IO$Ñ�m; dnL

«�gΩn�Oym��m; TBL«���gmÏ��(¬ì¤I��m��m; C1L«¬g i�o73�

m¨v; C2�m�Jc¨vXê; C3m�ò´¨vXê; U�v
���ê.

3)ûüCþ

xijk�0-1Cþ,��=�¬g i�����ã j�1 k���þ�Ù� 1,ÄK�"; yirj�0-1Cþ,�

�=�3¬g iku r3�ã j�?n�� 1,ÄK�"; tij�¬g i31 j�ã���m©�m.
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2.4 ���...ïïïááá

2.4.1 8I¼ê

õg–ëÒ)�NÝ�8I´¬g�o73�m�áÚ�g�O�m�,=

Min G = F1 + F2, (1)

ÙäN¹ÂXe.

1)¤k¬g�o73�m¨v¼ê

F1 = C1

|Ω|
∑

i=1

(ti,3 − ti,1); (2)

2)�gm��mJc½öÏ¨v¼ê

F2 = C2

N
∑

n=1

max
(

0, dn − ts(n−1)+1,3

)

+ C3

N
∑

n=1

max
(

0, ts(n−1)+1,3 − dn

)

, (3)

Ù¥F2�1�Ü©��gm��mJc¨v¼ê, F2�1�Ü©��gm��möÏ¨v¼ê.

2.4.2 ëYCþ�'�å

1)¬g\ó^S�å. Ó�¬g3c��ã\ó�.¿$�e��ã�,âUm©\ó,=

ti,j+1 − tij − Pij > Tj,j+1,∀i ∈ Ω,∀j = 1, 2; (4)

2)ë��å. 3Ó�ëÒÅþ,�gS���¬g7LëY\ó,=

ti+1,3 = ti,3 + Pi3,∀i, i + 1 ∈ Ωn, n = 1, 2, ..., N ; (5)

3)�gm��å. Ó��ëÒÅþ����g�mI��½�m��m,±B���'��,X(¬ì

�,=

ti+1,3 − ti,3 − Pi,3 > TB , (6)

Ù¥ i = s(b(k − 1)) + n), ∀k = 1, 2, ...,M3, ∀n = 1, 2, ..., |Bk| − 1;

4)�mCþ�å. �mCþ��K,=

tij > 0,∀i ∈ Ω,∀j = 1, 2, 3. (7)

2.4.3 �êCþ�'�å

1)¬g3��ã\ó����5�å
Mj
∑

k=1

xijk = 1,∀i ∈ Ω,∀j = 1, 2; (8)

2)^S'X�å

yirj + yrij = 1,∀i 6= r, i ∈ Ω, r ∈ Ω,∀j = 1, 2; (9)

3)�êCþ�å.

xijk ∈ {0, 1},∀i ∈ Ω,∀j = 1, 2,∀k = 1, 2, ...,Mj , (10)

yirj ∈ {0, 1},∀i 6= r, i ∈ Ω, r ∈ Ω,∀j = 1, 2. (11)

2.4.4 �êCþ�ëYCþÍÜ�å

��Uå�Û��å.3Ó���(=¬½°õ¬)ØUÓ�\óõ�¬g,=

trj − tij − Pij + (3− xijk − xrjk − yirj)U > 0, ∀i 6= r, i ∈ Ω, r ∈ Ω,∀j = 1, 2. (12)
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3 ���...===���

du8I¼êF2�{ü���5¼ê,��òÙ=�¤�5¼ê[16] ,-

tls(n−1)+1,3 = max
(

0, dn − ts(n−1)+1,3

)

, tus(n−1)+1,3 = max
(

0, ts(n−1)+1,3 − dn

)

,

�� ts(n−1)+1,3 = tus(n−1)+1,3 − tls(n−1)+1,3 + dn.ÏdF2�=�¤Xe/ª

F2 = C2

N
∑

n=1

tls(n−1)+1,3 + C3

N
∑

n=1

tus(n−1)+1,3. (13)

þã8I¼ê3÷v�å^�ª(4)–ª(12)±	,�÷vXe^�

ts(n−1)+1,3 = tus(n−1)+1,3 − tls(n−1)+1,3 + dn,∀n = 1, 2, ..., N, (14)

tus(n−1)+1,3 > 0, tls(n−1)+1,3 > 0,∀n = 1, 2, ..., N. (15)

�©z[16]�{ØÓ,�©vkò=��� tus(n−1)+1,3 − tls(n−1)+1,3 + dnO��¯K¥� ti,3.ù��.

Lã�{',¦)�{ü.

4 ���...¦¦¦)))

4.1 ...���KKKFFFtttµµµ

ÏLtµ]
Û��åª(12),)ØëYCþÚ�êCþ�m�ÍÜ'X,òtµ¯Ky©¤ü�Õá

�N´¦)�f¯K,=�¹ëYCþ��55y¯KÚ�¹�êCþ�{ü�ê5y¯K.

ÏdÚ\�K�.�KF¦f µò]
Û��åtµ�8I¼ê,k

(LR)







Min L(µ) = GL(x,y, t,µ) = Min{F1 + F2 + F3}

s.t. ª(4)−ª(11),ª(14),ª(15),

Ù¥F1ÚF2�½Â�ª(2)Úª(13)�Ó, F3 = −
2
∑

j=1

Mj
∑

k=1

|Ω|
∑

i=1

|Ω|
∑

r=1,r 6=i

µirjkF̄irjk , F̄irjk = trj− tij−Pij +(3−

xijk−xrjk−yirj)U ,x=(xijk)Nx×1´��Nx×1��þ, y=(yirj)Ny×1, t=(tij)Nt×1,µ=(µirjk)Nµ×1,Nx =

|Ω|

(

2
∑

j=1

Mj

)

,Ny = 2 |Ω| (|Ω| − 1),Nt = 2 |Ω|,Nµ = |Ω| (|Ω| − 1)

(

2
∑

j=1

Mj

)

.

ÏdÙ.�KFéó¯K�

(LD)



























Max L(µ) = Max Min GL

s.t.

ª(4) −ª(11), ª(14),ª(15)

µ > 0.

(16)

éu�½�µ,tµ���8I¼êGL�©)¤üÜ©,�Ü©��¹ëYCþ�8I¼êGL1,,�

Ü©��¹�êCþ�8I¼êGL2,=

GL1 = F1 + F2 + F31, GL2 = F32, (17)

Ù¥F3 = F31+F32, F31 = −
2
∑

j=1

Mj
∑

k=1

|Ω|
∑

i=1

|Ω|
∑

r=1,r 6=i

µirjk (trj − tij − Pij), F32 = −
2
∑

j=1

Mj
∑

k=1

|Ω|
∑

i=1

|Ω|
∑

r=1,r 6=i

airjkµirjkU ,
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airjk = 3− xijk − xrjk − yirj .

²Ltµ,�.�å´�©l�.ò¯K (LR))Í¤ü�{üf¯K5¦),=�këYCþ�f¯

K(LR1)Ú�k�êCþ�f¯K(LR2 ).

(LR1)











Min GL1(t),

s.t. ª(4) −ª(7), ª(14),ª(15),

(18)

(LR2)











Min GL2(x, y),

s.t. ª(8) −ª(11).

(19)

4.2 éééóóótttµµµ¯̄̄KKK¦¦¦)))

4.2.1 ëYCþf¯K¦)

f¯K(LR1)´{ü��55y¯K.éu�½�.�KF¦fµ,¯K(LR1)�8I¼êGL1Ú�åÑ

´�5¼ê,|^S:�{½üX/{=�¦).

4.2.2 �êCþf¯K¦)

f¯K(LR2)´{ü��ê5y¯K.éu�½�.�KF¦fµ,¯K(LR2)�8I¼êGL2¥���

CþxÚ^SCþ y´�©l�,=GL2�©)¤ü�Ü°

GL2 = GL2(x) + GL2(y), (20)

Ù¥GL2(x) =

2
∑

j=1

Mj
∑

k=1

|Ω|
∑

i=1

(

|Ω|
∑

r=1

µirjk +

|Ω|
∑

r=1

µrijk

)

xijkU, GL2(y) =

2
∑

j=1

|Ω|
∑

i=1

|Ω|
∑

r=1,r 6=i

Mj
∑

k=1

(µirjkyirj − 3)U .

¯K(LR2)��å¥üöÃÍÜ,Ù�å��{ü.¯K(LR2)�±©)¤©O'u��Cþ xÚ^S

Cþ y�ü�f¯K,=

(LR21)







Min GL2(x)

s.t. ª(8),ª(10),
(21)

(LR22)







Min GL2(y)

s.t. ª(9),ª(11).
(22)

éu�½�.�KF¦f, GL2(U)´~ê.du�å(8)Ú(10)́ {ü�å,´�¯K(LR21)¥���C

þ��`:�

x∗
ijk =











1, k = arg min
16k6Mj

µ̄ijk

0, Ù§,
µ̄ijk =

|Ω|
∑

r=1

µirjk +

|Ω|
∑

r=1

µrijk, i = 1, 2, ..., |Ω| , j = 1, 2,

¯K(LR22)¥�^SCþ��`:�

y∗
irj =











1, µ̂ijk < µ̂rjk

0, Ù§,
µ̂ijk =

|Ω|
∑

r=1,r 6=i

Mj
∑

k=1

µirjkyirj, r 6= i, i, r = 1, 2, ..., |Ω| , j = 1, 2.

4.3 ...���KKKFFFtttµµµYYY²²²���{{{

DÚ.�KFtµ�{X�Âñ,KI¯k��éótµ¯K��`�,�¢SþéJé�ùaé

ó¯K��`�[17] ;3¢S¦)¥,��æ^S���Ð�¯K�1)��éótµ¯K��`�,±�

��égFÝ�Ú�,�d�{J±�y�{�Âñ5[17] .�é±þØv,�©JÑ�«.�KFtµY
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²�{,3Ø��éótµ¯K��`���¹e,ÏLØä�O8I¼ê���{Åì%C¯K�`

�[18,19],�ª��Âñ.Ó�,�©z[1–3]�.�KFtµ�{ØÓ,¤J�{ØI�3zgS�L§¥Ñ

¦)�¯K�1),Ï
U�ÌÝJp¦)�Ç.

-F (µ) = −L(µ), virjk = trj − tij −Pij + (3−xijk − xrjk − yirj)U, h (l)´'u l���®�¼ê..

�KFtµY²�{�Ú½Xe:

Ú½ 1 (Ð©z) �Ð©� µ0 > 0, ε1 > 0, ε2 > 0, ε3 > 0, β ∈ (0, 1) ,W > 0(�óê), r ← 0(P

¹F (µm)Ì�a�gê), r1 ← 0, r2 ← 0, l ← 1, t ∈ (0, 2) , δ1 > 0ÚR > 0.σ1 ← 0, F 0
rec ← ∞,m ←

1,M [ l ] = 1(M [ l ]P¹F m
lev�1mgUC�S�gê);

Ú½ 2 (¦)éótµ8I¼ê�) O�F (µm)ÚgFÝ gF(µm) = (virjk)Nµ×1({P� gm).

XJF (µm) < F m−1
rec ,KF m

rec ← F (µm),µm
rec ← µm;ÄKF m

rec ← F m−1
rec ,µm

rec ← µm−1
rec .ù��±�

yF m
rec = min {F (µj) |0 6 j 6 m};

Ú½ 3 (¿©eüuÿ)XJF (µm) 6 F m
rec−0.5δl,KM (l + 1)← m,σm ← 0, δl+1 ← δl, l ← l+1,=

�Ú½ 5;

Ú½ 4 (���uÿ) D[ r ] ← F (µm),XJ r > 2�D[ r ] = D[ 1 ],K r1 ← r1 + 1;XJ r >

2�D[ r ] = D[ 2 ],K r2 ← r2 + 1, r ← r + 1.XJ r > W ,K r ← 1, r1 ← 0, r2 ← 0;XJ r1 = r2 =

0.5W ,K δm ← R + 1, r ← 1, r1 ← 0, r2 ← 0;

Ú½ 5 (o��uÿ)XJ δm > h(l)R,KM (l + 1) ← m,σm ← 0, δl+1 ← βδl�µm ← µm
rec,gm ←

gF(µm
rec), l ← l + 1;

Ú½ 6 (ÝK)�F m
lev = F m(l)

rec − δl,-

zm = µm − dm,µm+1 = PR+(zm),dm = t (F (µm)− F m
lev)gm/‖gm‖

2,

Ù¥PR+(zm)òzmÝK��K«�þ;

Ú½ 7 (´»�#) σm+1 ← σm + ‖dm‖,m← m + 1;

Ú½ 8 (Ê�^�)XJ‖dm‖ < ε1,‖µm‖ < ε2Ú |δl/F
m(l)
lev | < ε3 ¥?��¤á,KÊ�;ÄK=�Ú

½2;

Ú½ 9 (�E�`�1))�â®���éótµ¯K),|^ 4.4Ú 4.5!��E�é�`�1)�

�{������é�`�1).

4.4 ���EEE���111)))

��5`,.�KFtµ¯K)�éu�¯K´Ø�1�,I�3tµ)�Ä:þ�E�¯K�1

).dutµ
]
Û��å,ØÓ¬g3Ó����þ\ók�UÀâ,Ù)Ø�1Ì��Ï´,Ó��

��þ�¤k¬g\ó^S�m�UÑyk��.~Xtµ)�U¬ÑyXe�¹:311�ã�1 1�

Åìþ� 3�\ó¬g(¬g1!2!3),Ù��Cþ�)� x111 = 1!x211 = 1Úx311 = 1,^SCþ�)

� y121 = 1(¬g 1ku 2\ó)!y231 = 1(¬g 2ku 3\ó)Ú y311 = 1(¬g 3ku¬g 1\ó).d�¹

e,\ó^S²wgñ,Ï��âc¡�(J(y121 = 1Ú y231 = 1),¬g 1Aku 3\ó,= y311 = 1.

�
�Øk��,�ÏLz�¬g�SCþ yirj �Ú���(½¤k�¬g�\ó^S,,�ò¬gþ

ï/�����\óÅìþ,l
(½
z��ãz�¬g�\ó��,=(½
��Cþ xijk.ù��¯

K��êCþÑ®(½,Ù{z����55y¯K,�|^üX/{½S:{¦),l
����¬g3

���ã�m©\ó�m tij .äNÚ½Xe:

Ú½ 1 ¦)tµ¯K,(½^SCþ yirj;

Ú½ 2 ?�Ü©^SCþ yirj,Ù?��ªXe:XJ i < r,K yirj ← 1;ÄK,yirj ← 0, i, r ∈ Bk, 1 6

k 6 M3, j = 1, 2;
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Ú½ 3 ¦z�¬g�SCþ�Ú,= sij =
|Ω|
∑

r=1

yirj, 1 6 r 6 |Ω| , j = 1, 2;

Ú½ 4 ¬g�SCþ�Ú sij ,Uìl����^SüS,��z��ã�¤k¬g�\ó^

S (i1,j, i2,j , . . . , i|Ω|,j), j = 1, 2.=(½Xe'X: yir ,ir+m,j = 1, yir+m,ir ,j = 0, 1 6 r 6 |Ω| − 1, 1 6 m 6

|Ω| − r − 1, j = 1, 2;

Ú½ 5 �â¬g^Sþ©©�\óÅì,� n =

⌊

|Ω|

Mj

⌋

,m = |Ω|−nMj, xijk = 1, (k−1)n+rk−1+1 6

i 6 kn + rk,Ù¥� k 6 m�, rk = k;� k > m�, rk = m, 1 6 k 6 Mj, j = 1, 2;

Ú½ 6 ò(½Ð��êCþ xijk Ú yirj �\õg–ëÒ)�NÝ�.,|^üX/{½S:{¦),�

����¬g3���ã�A�m©\ó�m tij ,(å.

4.5 ���EEE���ééé���`̀̀���111)))

tµ¼ê�3.�KFtµY²�{S��Ï´�Ì��eü�(de¡ 4.6�!¥�½n 2Ú½

n 3��),��ÌÝ�XS�gêO\�5��,��ª�^��(åS�.tµ¯K¼ê���Ì��e

ü,7,���ÄuÙ)��¯K¼ê��´��½Ì�a��.�
��d�¹e��`��¯K�1

),IÄutµ¯K�ªS�),2?1eZgS�,±���é�`�1).äNÚ½Xe:

Ú½ 1 d.�KFtµY²�{,���ª�.�KF¦f µm+1, F
m
recÚ δl+1.Ó�Äuµm+1�

�tµ¯K�),|^ 4.4�!�E�1)��{���¯K�1)Ú¼ê� f0.� N̄ > 0(N̄�ó

ê), µ̄0 ← µm+1, δ̄0 ← δl+1, n← 0 ;

Ú½ 2 F m
lev ← F m(l)

rec − δ̄0,z1 ← µ̄0 − d0, µ̄1 ← PR+(z1),d0 ← t (F (µ̄0)− F m
lev)gm/‖gm‖

2 ;

Ú½ 3 Äuµ̄1��tµ�¯K�), �E�¯K��1)Ú¼ê�f1, XJf1 < f0, KÊ�; Ä

K, δ̄0 ← βδ̄0, µ̄0 ← µ̄1, n← n + 1,=�Ú½ 4 ;1

Ú½ 4 XJn 6 N̄ ,K=�Ú½ 2;ÄK,Ê�.

4.6 ���{{{ÂÂÂñññ555©©©ÛÛÛ

½½½nnn 1 XJéu�½�m0 > 1, ∀m > m0, F m
lev > F̂ > F ∗,K.�KFtµY²�{Âñ���`

)F̄ ∗,= lim
m→+∞

F (µm) = lim
m→+∞

F m
lev = F̄ ∗�F̄ ∗ > F̂ > F ∗.

½½½nnn 2 XJ.�KFtµY²�{ÃÚ½ 3ÚÚ½ 4,�éu�½�m0 > 1, ∀m > m0, F
m
lev <

F ∗,KÙØUÂñ,=
+∞
∑

m=1

‖dm‖ = +∞.

½n 1Ú½n 2�y²�N¹.

½½½nnn 3 XJ
+∞
∑

l=1

h (l) = +∞,K lim
k→∞

F k
rec = inf

µ>0
F (µ) = inf

µ>0
max

(x,y,t)∈X
GL, X�GL��1�.2

y²Ï�gFÝ gF(µm) = (virjk)Nµ×1k.,Ïd|^©z[18,19]¥gFÝ�Âñ5y²��{, ±

9½n 2Ú½n 3�(Ø,=��y. y..

5 êêê���¢¢¢~~~

5.1 ÄÄÄ���êêêâââ

�
©Û.�KFtµY²�{�5U, ¿��©z[2–4]¥¤^�DÚ.�KFtµ�{?1'�.

du�©�Ù¯K�.ØÓ,��E�1)�{�Ø��, ¤±é'ÿÁ��´æ^
Ù.�KF�{µ
13¢SO�¥, β ∈ (0, 1)��â¢Sêâ(J?1N�,,	3Ú½ 4¥��� h (l) = 1/(l + 1).�{¥RØU���,ÄK¬¦

� δl4~L¯,E¤F m
lev

> F ∗.d½n2��,ù�¬¦��{Âñ�tµ¼ê���`:.
2d½n 2��, δlØU����,ÄK�{�U¬Âñ���`:.�F m

lev
< F ∗�,d½n 3��,�{ØUÂñ,
ò3S��Ï��½

Ì�a�.Ïd,I�~� δl,±¦F m
lev
Åì%C�`:.�{¥����uÿù�Ú,�±uÿ¼ê�´ÄÌ�a�,±û½´Ä~� δl.��

�uÿÚ½¥�W ��� 10±S��ê,�©�W = 4.
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e,Ù§�{Ñ´Äu�©��{.

ù�ü��{Ñ´3 Dell Precision T5500(CPUÌª� 2.93 GHz)ÅìþÚ3MATLAB 7.10�¸e?§

¢y.�{ïþ�Ì��I�éótµ¼ê�!�¼ê�ÚéómYÚ$1�m.¢���'ëêÚêâ

�(zaêâþ�Å)¤�|êâ?1'�).

�
BuÚ�'�(J,b½�ãê� 3,z��g¥�¬g�ê�Ó,ë��ãz�Åì��gê�

Ó,z��g¥�¬g�ê� 8�½16�;z�ëÒÅ�þ��gê� 1�½ 2�;z��ã�Åìê�

�,�,Uì.�KFY²tµ�{Ú½ 1�Ú½8(3.3!),?1­ES�,�����ª�éótµ¼ê

�.²LO����e.� q2 = L∗ = 2.789 8 × 105;«m�[3, 5],�z��ãÅìê�Ó;73�m¨vX

êC1 = 130,Jc¨vXê C2 = 100,öÏ¨vXê C3 = 10;\ó���m Pi,1´3«m [36, 40]þ!©

Ù)¤��ê, Pi,2´3«m[36, 50]þ!©Ù)¤��ê, Pi,3´3«m[36, 48]þ!©Ù)¤��ê;IO

�$Ñ�m Tij´3«m[3, 6]þ!©Ù)¤��ê,1g¥���g�m��m TB = 80;Oym��m�

db(k−1)+m+1 = db(k−1)+m +

nk,m
∑

i=nk,1

Pi,3 + TB, di0 =
2
∑

j=1

Pi0,j +
2
∑

j=1

Tj,j+1,

Ù¥ i0 = sbk−1
+1, k̄m = b(k−1)+m,nk,1 = s(k̄m), nk,m = s(k̄m)−s(k̄m−1), 1 6 m < b(k)−b(k−1), 1 6

k 6 M3.

5.2 ���{{{ëëëêêê������999ÙÙÙ555UUUµµµddd½½½ÂÂÂ

�
BuO�,.�KFY²tµ�{({¡.¼Y²�{)¥�'ëê���� h(l) = 1/(l + 1), ε1 =

ε2 = ε3 = 10−5, R = 400 + 100 × N,µ0 = 0,µ1 = 10ngF(µ0)/‖gF(µ0)‖
2, δ1 = (F (µ0) + G(µ0))/C,Ù

¥µ0�Ð©.�KF¦f, F (µ0)�tµ¯K¼ê�, G(µ0)�Äuµ0����1), C = 50 + 10N��

~ê,N��goê, n =
⌊

lg
(

‖gF(µ0)‖
2
/U
)⌋

, U = 1× 104.

�{ÿÁé'�,ü��{�Ð©¦fþ�� µ0 = 0.duDÚ.�KFtµ�{({¡DÚ.¼�

{)ØU�yÂñ,Ï
Ñ´±��S�gê5ª�S�,�©¥Ùª�S�gê�500.ü�.�KF�{

Ø
S��ªØ��±	,Ù§þ�Ó,=ëYCþf¯K¦)!�êCþf¯K¦)��E�1)��{

��(DÚ.¼�{Ã�E�`�1)ù�Ú).

PDÚ.¼�{�tµ¼ê�ªS��� q̄end({P� q11),ÙéA��1�¼ê�P� f̄end({P

� f11),S�¥��`tµ¼ê�P� q̄best ({P� q12),ÙéA��1�¼ê��f̄best({P� q12);.¼Y

²�{tµ¼ê�ªS�� fend({P� f2),ÙéA��1�¼ê� qend({P� q2).Ó�PDÚ.¼�{

�$1�m� t1,.¼Y²�{$1�m� t2.�©½Â.�KF�{��'éómY gap��

g11 = (f̄end − q̄end)/q̄end, g12 = (f̄best − q̄end)/q̄end, g13 = (f̄best − q̄best)/q̄best, g2 = (fend − qend)/qend.

ùp g11L«DÚ.¼�{��ªS��éómY�, g12L«DÚ.¼�{¥�éó¼ê�`���ªS

���1�¼ê��éómY(©z[1–3]�éómY�d½Â), g13L«DÚ.¼�{3���`�1�¼

ê)�¤éA�éómY.duþãn�éómY  Ø�Ó,Ï
lùn�éómY��±�¡/ïþD

Ú.¼�{�O��J.

5.3 OOO���(((JJJ

5.3.1 {ü¢~

L1�Ñ
 3��gÚ 24�¬g�\ó�m(Pi,j )êâ,Ù¥z��g¥¹k8�¬g.�g1¥�¬

gSÒ� 1–8,�g 2¥�¬gSÒ� 9–16,�g3¥�¬gSÒ� 17–24.¬g3��ãm�DÑ�m

�T1,2 = 4, T2,3 = 5.

.�KFtµY²�{äN¦)L§Xe:Äk,¦)éó¼êL(µ1)(½Â� 4.1!),d�

GL(µ1) = 130
24
∑

i=1

(ti,3 − ti,1) + 100
3
∑

n=1

tls(n−1)+1,3 + 10
3
∑

n=1

tus(n−1)+1,3 + F3,
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Ù¥F3 = −
2
∑

j=1

3
∑

k=1

24
∑

i=1

24
∑

r=1,r 6=i

µirjk(trj− tij−Pij +(3−xijk−xrjk−yirj)U), µ1 = 108gF(0)/‖gF(0)‖2,g

FÝgF(µ)½Â� 4.3!. Ù§�'ëê�C = 80, R = 700, h(1) = 1/2, F (µ1) = −L(µ1) = 6.078 1 ×

107, G(µ1) = 2.916 4 × 105, δ1 = 7.634 1 × 104.

,�,Uì.�KFY²tµ�{Ú½ 1�Ú½ 8(3.3!),?1­ES�,�����ª�éótµ¼ê

�.²LO����e.� q2 = L∗ = 2.789 8 × 105;

L 1 ¢�êâ

Table 1 Data for testing

¬gSÒ \ó�m/ min ¬gSÒ \ó�m/ min
1��ã 1��ã 1n�ã 1��ã 1��ã 1n�ã

1 37 47 43 13 39 46 44
2 37 36 43 14 38 39 44
3 38 37 46 15 37 41 40
4 36 38 46 16 38 45 41
5 40 45 44 17 36 47 43
6 40 46 42 18 37 37 40
7 38 45 46 19 40 49 46
8 38 42 43 20 40 47 40
9 37 44 42 21 38 43 40
10 40 40 47 22 36 42 40
11 37 46 47 23 37 42 40
12 36 39 44 24 37 40 42

��,�â�ªS��¤��.�KF¦f,dÚ½ 9(4.3!)����é�`�1)� f2 = G∗ = 2.879 8 ×

105,ÙéómY� g2 = (f2 − q2)/q2 × 100% = 3.23%.
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2.7885
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2.7895
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5

(b)

L
( 

)

ã 2 .�KFtµY²�{S�L§(K �S�gê)

Fig. 2 The iteration process of Lagrangian relaxation levelalgorithm(K is number of iterations)

ã 2�Ñ
.�KFtµY²�{�éó¼ê� L(µ)(e.)S�L§,Ù¥ã2(a)£ã�´�{oN

S�L§,du¼ê�3S��Ï���C,Ï
^ã2(b)£ã
�{���ãS�L§.

dã 2(a)��,.�KFtµY²�{U«
DÚ.�KF�{�`:,3m©�ãþ,é¯,��C

�`:�,�ÝK�ú.dã 2(b)��,�{3��S��ã,ØäN��O�¼ê�,
�N�ÌÝ�5�

�,�ªÂñu�`éó¼ê�.ò�ª���e.��1)?1'�,��d�{���)lý���`

)�ålØ¬�LG∗ − L∗ = 9000,=mY�u 3.23%.
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5.3.2 õ|ØÓ¢~

�
?�ÚÿÁ�{�5U,O�
Ù§ØÓa.�êâ.3ê�¢~'�¥,z«¯KÑ�Å)¤�

|ÿÁêâ?1O�'�,P¹z|êâ��Ð�!���Ú²þ�,äNO�(J�L 2!L 3ÚL 4.

L 2 DÚ.�KFtµ�{�O�(J

Table 2 The result of traditional Lagrangian relaxation algorithm

¬gê �gê Åìê q11 f11 f12

�Z� ��� ²þ� �Z� ��� ²þ� �Z� ��� ²þ�

24 3 3 283 138 273 489.4 279 371.9 281 400 292 250 287 779 281 290 290 040 287 399
32 4 4 382 573 372 287 376 256 386 880 398 200 391 807 386 470 395 420 390 146
40 5 5 474 935 462 799 467 896 482 210 497 740 492 234 480 680 495 090 489 093
48 6 3 570 795 555 626 562 100 596 760 615 610 603 191 595 060 614 080 601 484
64 8 4 757 378 743 138 750 220 817 230 833 600 824 568 816 410 831 370 823 599
80 10 5 897 611 837 063 878 171 1 050 600 1 078 940 1 063 0331 048 880 1 066 230 1 057 223
48 3 3 564 849 555 819 561 613 574 360 584 810 580 945 574 300 583 080 580 306
64 4 4 755 617 743 496 750 403 776 950 794 920 785 582 777 640 789 810 784 836
80 5 5 875 516 842 392 857 878 990 320 1 011 320 999 132 982 120 1 003 360 995 153
96 6 3 1 042 445 1 013 146 1 029 6071 203 640 1 215 770 1 208 1721 203 140 1 213 160 1 206 657
128 8 4 1 424 090 1 336 698 1 383 6221 646 050 1 678 570 1 661 3951 643 760 1 671 880 1 657 925
160 10 5 1 804 687 1 756 544 1 778 4832 124 170 2 158 770 2 137 9222 116 700 2 140 900 2 131 110

5:\o�êiL«¤'��{¥��ÐO�(J.

L 3 DÚ.�KFtµ�{�éómY�$1�m

Table 3 The dual gaps and running times of the traditional Lagrangian relaxation algorithm

¬gê �gê Åìê g11 g12 g13 t1(s)
�Z� ��� ²þ� �Z� ��� ²þ� �Z� ��� ²þ� �Z� ��� ²þ�

24 3 3 0.027 8 0.038 4 0.030 10.024 4 0.034 0 0.028 80.024 7 0.035 7 0.029 5 2.380 0 3.29 2.81
32 4 4 0.034 7 0.054 0 0.041 30.033 6 0.039 9 0.037 00.049 8 0.120 0 0.070 123.080 0 24.68 24.01
40 5 5 0.038 4 0.069 8 0.052 00.038 2 0.055 2 0.045 30.042 0 0.125 4 0.061 614.070 0 30.65 28.18
48 6 3 0.069 2 0.078 5 0.073 10.065 2 0.075 9 0.070 10.066 6 0.095 9 0.076 111.300 0 37.07 29.68
64 8 4 0.097 0 0.101 3 0.099 10.096 3 0.099 5 0.097 90.096 8 0.121 9 0.101 813.720 0 48.87 20.41
80 10 5 0.171 3 0.282 2 0.211 10.169 0 0.263 7 0.205 00.185 6 4.980 2 1.252 767.030 0 70.03 68.05
48 3 3 0.032 1 0.038 4 0.034 40.031 5 0.035 4 0.033 30.032 1 0.308 2 0.086 615.680 0 31.63 22.88
64 4 4 0.045 0 0.052 0 0.046 90.043 6 0.048 7 0.045 90.045 9 0.063 5 0.049 621.090 0 44.49 36.12
80 5 5 0.149 8 0.188 0 0.164 80.145 4 0.188 6 0.160 70.155 5 0.461 8 0.260 762.420 0 63.98 63.05
96 6 3 0.154 6 0.189 7 0.173 50.155 4 0.190 5 0.172 80.155 4 8.535 6 1.886 774.290 0 79.48 76.77
128 8 4 0.176 0 0.234 1 0.201 20.172 9 0.235 0 0.199 50.191 1 1.729 0 0.447 5125.810 0 131.48 128.29
160 10 5 0.189 2 0.226 4 0.202 20.185 8 0.216 9 0.198 90.210 4 4.366 0 0.696 9197.000 0 202.25 199.35

5:\o�êiL«¤'��{¥��ÐO�(J.

5.4 OOO���(((JJJ©©©ÛÛÛ

lê�¢~O�(J��,�©JÑ�.�KFtµY²�{({¡.¼Y²�{)lO��mÚtµ

¼ê��`�`uDÚ�.�KF�{({¡DÚ.¼�{),éómY�Nþ`uDÚ�.�KFtµ�

{.äN©ÛXe:

1).¼Y²�{�éó¼ê�`uDÚ.¼�{.lL 2ÚL 3�12|¢~(J�ÚO(J��,.¼

Y²�{�éó¼ê�þ�uDÚ.¼�{,=��
�Ð�e..cÙ¯K5����,ü��{���

å��;

2)¯K5���,.¼Y²�{�éómY`uDÚ.¼�{.lL 3ÚL 4�12|¢~(J��,3

¯K5����,�,DÚ.¼�{�éómY�u.¼Y²�{,�üö�O��Ø�,= g2 − g12 6

0.01;��X¯K5�O�,üö��$���max(g12 − g2) = 0.115 7(¬gê� 128�).ù`²¯K5�

��,.¼Y²�{�¤���mY�é�`;

3)DÚ.¼�{�éómYO�(JØ­½,
.¼Y²�{�éómYO�(J��­½.'�

L 2¥� g11!g12Ú g13ÚO(J,�±uy,nöÄ�Ø�Ó,cÙ g13�(JÅÄ��.Ì��Ï3uDÚ

.¼�{¿ØU�yÂñ;
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4) ¯K5���, .¼Y²�{�¦)�m�`³�²w.lL3ÚL4¥�±wÑ,3¬gê

�160�,DÚ.¼�{'.¼Y²�{õ 38 s,��� 25%.,	,lL 3¥�$1�m�±wÑ,éu

Ó�|êâ,.¼Y²�{�O��m'�²­,
DÚ.¼�{$1�mÅÄ��.

L 4 .�KFtµY²�{�O�(J

Table 4 The computational results of the Lagrangian relaxation level algorithm

¬gê �gê Åìê q2 f2 g2 t2(s)
�Z� ��� ²þ� �Z� ��� ²þ� �Z� ��� ²þ� �Z� ��� ²þ�

24 3 3 273 489 283 139 279 372 284 760 295 270 290 4050.028 5 0.046 6 0.039 5 7.49 8.15 7.83
32 4 4 373 019 382 697 376 595 390 350 401 980 396 4520.045 7 0.057 9 0.052 712.57 13.96 13.23
40 5 5 462 794 475 018 467 934 491 950 506 640 497 7090.056 0 0.071 1 0.063 616.27 17.14 16.53
48 6 3 555 628 570 795 562 099 598 020 615 460 607 5420.076 3 0.086 5 0.080 921.60 24.93 22.54
64 8 4 743 134 757 374 750 217 826 570 845 810 836 4620.110 5 0.120 2 0.115 031.30 34.8 32.58
80 10 5 931 707 942 167 936 6471 064 750 1 084 060 1 075 5640.142 8 0.155 6 0.148 354.23 57.91 55.54
48 3 3 555 818 564 848 561 651 576 880 586 730 583 2130.035 5 0.041 8 0.038 418.55 19.15 18.88
64 4 4 743 498 755 614 750 412 783 200 799 220 792 4490.053 4 0.057 7 0.056 026.29 27.43 26.79
80 5 5 930 510 944 396 939 034 995 480 1 012 690 1 005 9070.068 2 0.073 9 0.071 246.75 49.11 47.86
96 6 3 1 120 333 1 129 932 1 123 6361 205 490 1 218 990 1 215 3360.075 2 0.084 4 0.081 665.28 70.4 67.65
128 8 4 1 486 413 1 509 580 1 498 0811 649 380 1 685 000 1 669 2470.108 6 0.119 3 0.114 3104.9 113.94 110.09
160 10 5 1 858 771.3 1 882 513 1 872 0242 137 630 2 164 350 2 150 4790.142 6 0.155 9 0.148 8157.8 165.53 161.37
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N ¹

�
y²½n1k�ÑÚn1.

Ún 1 -Ψ =
{

µ|µ > 0, µ ∈ RK
}

,Ù¥K = |Ω| (|Ω| − 1)
2
∑

j=1

Mj ,-sm = t
(

F (µm) − F m
lev

)

/‖gm‖2,K∀µ ∈ Ψ ,k

‖µm+1 − µ‖2 6 ‖µm − µ‖2 − 2sm (F (µm) − F (µ)) + s2
m‖gm‖2.

y² Ï�F (µ)�à¼ê, ¤±F (µ) − F (µm) > gT
m (µ− µm) , q‖µm+1 − µ|2 = |PR+ (µm − smgm) − PR+ (µ)‖2 6

q‖µm − µ‖2 − 2smgT
m (µm − µ) + s2

m‖gm‖2,Ïddþ¡üª��

‖µm+1 − µ‖2 6 ‖µm − µ‖2 − 2sm (F (µm) − F (µ)) + s2
m‖gm‖2. y..

½n 1�y²

y² Ï�F (µ)´ëY¼ê,Ïd7�3�� µ̃ ∈ Ψ ,¦�F m
lev

> F̂ > F (µ̃) > F ∗.dÚn1��

‖µm+1 − µ̃‖2 6 ‖µm − µ̃‖2 − 2sm (F (µm) − F (µ̃)) + s2
m‖gm‖2

6 ‖µm − µ̃‖2 − 2sm (F (µm) − F m
lev) + s2

m‖gm‖2

6 ‖µm − µ̃‖2 − t(2 − t)

(

F (µm) − F m
lev

)2

‖gm‖2
.

Ï�gmk.,=‖gm‖ < M, M�v
�~ê,Kk

t(2 − t)

M2

+∞
∑

m=0

(F (µm) − F m
lev)2 6 ‖µ0 − µ̃‖2.

w, lim
m→+∞

F (µm) = lim
m→+∞

F m
lev

= F̄ ∗,� F̄ ∗ > F̂ > F ∗. y..

½n 2�y².

y² Ï�gmk.,= ‖gm‖ < M, M�v
�~ê,é?¿��N > 0,k
N
∑

m=0

‖dm‖ =
N
∑

m=0

F (µm) − F m
lev

‖gm‖
>

1

M

N
∑

m=0

(F (µm) − F m
lev) >

N + 1

M
(F ∗ − F m

lev) .

Ï�F m
lev

< F ∗,¤±�N → +∞�,
N
∑

m=0

‖dm‖ → +∞. y..


