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Method for two-sided matching decision-making based on the weak

preference ordering information

Liang Haiming, Jiang Yanping

(School of Business Administration, Northeastern University, Shenyang 110004, China)

Abstract: For the two-sided matching decision making problem using the matching parties’ weak prefer-

ence ordering information, a decision-making analysis method is proposed. The definitions of the stability,

satisfaction and stability satisfaction for the matching alternative are given. According to the matching party’s

weak preference ordering information, one matching party’s satisfaction degrees at the other matching party

are calculated. Based on the stability constraint, an optimization model is constructed, where the two objectives

are to maximize one matching party’s satisfaction degrees and maximize the other matching party’s satisfac-

tion degrees, respectively. According to the characteristics of the model which belongs to a type of 0-1 linear

programming model, a changeable step algorithm is designedto solve it, and then the matching alternative is

obtained. Finally, a practical example is given to illustrate the feasibility and effectiveness of the proposed

method.
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�[3]
!¢S)��[4]�.3ù
V>��ûü¯K¥,ûüö~~�Ñ ÐS/ª�&E.~�� ÐS/ª

&E�)r ÐS(X“`u”)!f ÐS(X“Ø�u”)!Ã�É ÐS(X“�du”). 8c,IS	Æö�õ'

5Äur ÐS½Ã�É ÐS&E�V>��ûü¯K�ïÄ,¿�Ì�l÷¿5Ú­½5ü��Ý)

û��¯K. Gale�[1]�@�é´Ó��ûü¯K,�ÄIåV��éé��Ñ�r ÐS&E,�Ñ
Ï

¦­½���G-S�{; Roth[5]��éG-S�{?1
*ÐA^,¿JÑV>���½|�O¢�nØ;d

	, Yoshihisa�[6]�Ä
V>��ÌN�Ñ�r ÐS&E,�Ñ
Äu�äã�ûü©Û�{; Pais[7]ï

Ä
�Æ¹���Å­½��¯K,©Û
�ÅÚ(½5��Å��`":,¿�Ñ
ÄuS�þï�Æ

��{;Wl�[8]ïÄ
Äu ÐS��V>��ûü¯K,¿�ï
±V>÷¿Ý���8I�`z�

.; Vicki [9]�éÄur ÐS&E��Å��ûü¯K,�Ñ
U?�G-S�{.���Ñ�´,duV>�

�ûü¯K�E,5±9��ÌN�£Ú²��k�5,��ÌNk�Ã{�Ñ²(�r ÐS½Ã�É

 ÐS/ª�&E,
�U�ÑÃX“Ø�u”!“Ø`u”/ª�f ÐS&E[10]5L�¦��I¦.�´,8

c'uÄuf ÐS&E�V>��ûü�{�ïÄÿ���.d	,l®k�ïÄ¤J5w,üX�Ä­

½5�å�V>��ûü©Û�{[11]Ï~�U��Ü©ÌN�`����Y.XJüX�Ä÷¿58I


�À­½5�å,�U¬��k
��ÌNduØ�¿�É�c��é�
¦����.�d,�©�é�

�ÌN�Ñf ÐS&E�V>��ûü¯K,JÑ
�«Ó��Ä÷¿5Ú­½5���ûü©Û�{.

2 ¯̄̄KKK£££ããã

3�Ä�Äuf ÐS&E�V>��ûü¯K¥,�`���ÌN8ÜÚ¯���ÌN8Ü� A =

{A1, A2, . . . , Am}ÚB = {B1, B2, . . . , Bn},Ù¥AiÚBj©OL«1 i�`���ÌNÚ1 j�¯���

ÌN.�Bσi(1),∆Bσi(2), . . . ,∆Bσi(n)�Ai�é¯���ÌN8ÜJÑ� ÐSó, �Aϑj(1),∆Aϑj(2), . . . ,

∆Aϑj(m)�Bj�é`���ÌN8ÜJÑ� ÐSó,Ù¥Bσi(1), Bσi(2), . . . Bσi(n)∈ B,Aϑj(1), Aϑj(2),. . .,

Aϑj(m) ∈ A; σi(·)�AiéB1, B2, . . . , Bnl`�����ü�, Bσi(k),∆Bϑi(t),∀k 6 t; ϑj(·)�Bj'

uA1, A2, . . . , Aml`�����ü�, Aϑj(p),∆Aϑj(q),∀p 6 q; ∆L«“Ø�u” Ð'X,äN�)X

en«/ª� Ð'X[11] : 1) “`u” (^ÎÒ≻L«); 2) “`u½�du” (^ÎÒ�L«); 3) “�du” (^

ÎÒ∼L«).

e¡Äk�ÑV>���½Â.

½Â 1[9] V>�� µ½Â�N�µ : A ∪B → A ∪B.éu∀Ai ∈ A,∀Bj ∈ B,µ÷vXe^�:

1)µ(Ai) ∈ B ∪Ai,eµ(Ai) = Ai,K¡Aivk��é�;

2)µ(Bj) ∈ A ∪Bj ,eµ(Bj) = Bj ,K¡Bjvk��é�;

3)eµ(Ai) = Bj ,Kµ(Bj) = Ai ,d�¡ (Ai, Bj)��â�� µ(½�����é;

4)eµ(Ai) = Bj ,Kµ(Ai) 6= µ(Bk),Bk 6= Bj ,Bk ∈ B.

�âV>�� µ(½�¤k��é�8Ü¡������Y.

�©�)û�¯K´,�Ä`���ÌNÚ¯���ÌN�Ñ�f ÐS&E,XÛ(½���Y.

3 ������ûûûüüü©©©ÛÛÛ���{{{

� gijÚhij©OL«AiéBjÚBjéAi�÷¿Ý.�âþã£ã,e¡Äk�Ñ­½���YÚ÷¿

­½���Y�½Â.

½Â 2[5] éuV>�� µ : A ∪ B → A ∪ B¤(½����Y, ∀Ai, Al ∈ A,∀Bk, Bj ∈ B, i 6= l,k 6=
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j,Ù¥µ(Ai) = Bj ,µ(Al) = Bk,e (Ai, Bj)Ú (Al, Bk)÷vXen�^���: 1) gij 6 gik�hlk >

hik; 2)gij > gik�hlk 6 hik ;3)gij > gik�hlk > hik,K¡T���Y�­½���Y;ÄK¡�Ø­½�

��Y.

½Â 3[9] éuV>�� µ : A∪B → A∪B¤(½����Y,e∃Ai, Al ∈ A,∀Bk, Bj ∈ B, i 6= l,k 6=

j,Ù¥µ(Ai) = Bj ,µ(Al) = Bk,¦� (Ai, Bj), (Al, Bk)÷v gij +glk 6 gik +glj�hij +hlk 6 hik +hlj ,K

¡T���Y�Ø÷¿���Y,ÄK¡�÷¿���Y.

½Â 4 e����Y�­½���Y,Ó�T�Y�÷¿���Y,K¡T�Y�÷¿­½���Y.

3.1 OOO���`̀̀���������ÌÌÌNNNÚÚÚ¯̄̄���������ÌÌÌNNN���VVV>>>÷÷÷¿¿¿ÝÝÝ

�G = (gij)m×n�`���ÌNé¯���ÌN�÷¿ÝÝ
. du Ð'X“ � ”�¹ü�¹Â:�

«´“`u” (“ ≻ ”),�«´“�du” (“ ∼”),¤±,éu`���ÌN Ai
ó,�ÙJÑ�'u¯���ÌN

� ÐSó¥�¹mi�“ ≻”'X�,K`���ÌNAi� ÐSó�¹ 2mi^ ÐSfó,¿�z^ Ð

Sfóu)�VÇþ� 1/2mi .

-Dl≻
ij ÚDl∼

ij ©O�Ai@�1 l^ ÐSfó¥`uÚ�duBj �¯���ÌN8Ü, |Dl≻
ij |Ú |D

l∼
ij |

©O�8ÜDl≻
ij ÚDl∼

ij �Äê,Ril(Bj)�Ai@�1 l^ ÐSfó¥Bj� ÐS�,Pr(Ril(Bj) = q)L

«Ai@�1 l^ ÐSfó¥Bjü31 q �VÇ, q = 1, 2, . . . , n,¿�
n
∑

q=1

Pr(Ril(Bj) = q) = 1.

e |Dl∼
ij | > 1,KRil(Bj)´þ!©Ù3«m [|Dl≻

ij |+ 1, |Dl≻
ij |+ |D

l∼
ij |]þ�lÑ�ÅCþ,=

Pr(Ril(Bj) = q) =







1/|Dl∼
ij |, |D

l≻
ij |+ 1 6 q 6 |Dl≻

ij |+ |D
l∼
ij |

0, q < |Dl≻
ij |+ 1½ q > |Dl≻

ij |+ |D
l∼
ij |,

(1)

éu1 l^ ÐSfó
ó, Ai'uBj� ÐSÏ"�E[Ril(Bj)]�

E[Ril(Bj)] =

n
∑

q=1

qPr(Ril(Bj) = q), (2)

�Ä 2mi^ ÐSfó, Ai'uBj� ÐSÏ"�E[Ri(Bj)]�

E[Ri(Bj)] =
2mi
∑

l=1

n
∑

q=1

qPr(Ril(Bj) = q)/2mi . (3)

duS���,�A�¯���ÌN�`,òE[Ril(Bj)]?15�z,��AiéBj�÷¿Ý gij�

gij = (n− E[Ri(Bj)] + 1)/(n − E[Ri] + 1), i = 1, 2, . . . ,m; j = 1, 2, . . . , n, (4)

Ù¥E[Ri]�Ai'u¯���ÌN���oN ÐSÏ"�, E[Ri] = min(E[Ri(B1)],E[Ri(B2)], . . .).A

O/,�`���ÌNAi� ÐSó¥=�¹“≻”½“∼”'X�,k 2mi = 1.

Ón,�H = (hij)m×n.�¯���ÌNBjJÑ� ÐSó¥�¹ nj�“�”'X, Qp≻
ij ÚQp∼

ij ©OL

«Bj@�1 p^ ÐSfó¥`uÚ�duBj�`���ÌN8Ü, p = 1, 2, . . . , 2nj ; |Qp≻
ij |Ú |Q

p∼
ij |©

O�8Ü |Qp≻
ij |Ú |Q

p∼
ij |�Äê; Ojp(Ai)�Bj@�1 p^ ÐSfó¥Ai� ÐS�. Pr(Ojp(Ai) =

v)L«Bj@�31 p^ ÐSfó¥Aiü31 v �VÇ, v = 1, 2, . . . ,m,�
m
∑

v=1

Pr(Ojp(Ai) = v) = 1,

Ù¥

Pr(Ojp(Ai) = v) =







1/|Qp∼
ij |, |Q

p≻
ij |+ 1 6 v 6 |Qp≻

ij |+ |Q
p∼
ij |

0, v < |Qv≻
ij |+ 1½ v > |Qv≻

ij |+ |Q
v∼
ij |,

(5)

aquª(4),��BjéAi�÷¿Ýhij�

hij = (n − E[Oj(Ai)] + 1)/(n − E[Oj ] + 1), i = 1, 2, . . . ,m; j = 1, 2, . . . , n, (6)
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Ù¥E[Ri(Bj)] =
2nj
∑

p=1

m
∑

v=1

vPr(Ojp(Ai) = v)/2nj , E[Oj] = min(E[Oj(A1)],E[Oj(A2)], . . . ,E[Oj(Am)]).A

O/,�¯���ÌNBj� ÐSó¥=�¹ “≻”'X½“∼”'X�,k 2nj = 1.

ØJy²,÷¿Ý gijÚhijäkXe5�:

5� 1 (�K5) gij ,hij > 0.

5� 2 - g+
i = max{gi1, gi2, . . . , gin},h

+
j = max{h1j , h2j , . . . , hmj},K g+

i = h+
j = 1.

5� 3 - g−
i = min{gi1, gi2, . . . , gin},h

−
j = min{h1j , h2j , . . . , hmj},K g−

i > 0 ,h−
i > 0.

5� 4 (D45)e 1) gij > gik,gik > gil,k, l ∈ {1, 2, . . . , n},k 6= l,K gij > gil; 2)hij > huj ,huj >

hvj ,u, v ∈ {1, 2, . . . , n},u 6= v,Khij > hvj .

3.2 ���ïïïVVV>>>���������`̀̀zzz���...

Ú\0-1Cþxij ,eAi�Bj/¤��é,Kxij = 1,ÄKxij = 0.�â½Â 2Ú½Â 3,�ïáXe(½

�`���Y�`z�.

Max z1 =

m
∑

i=1

n
∑

j=1

gijxij , (7)

Max z2 =

m
∑

i=1

n
∑

j=1

hijxij , (8)

s.t.
n

∑

j=1

xij 6 1, i = 1, 2, . . . ,m, (9)

m
∑

i=1

xij 6 1, j = 1, 2, . . . , n, (10)

xij +
∑

k:gik>gij

xik +
∑

k:hkj>hij

xkj > 1, i = 1, 2, · · · ,m; j = 1, 2, . . . ,m, (11)

xij = 0½1, i = 1, 2, . . . ,m; j = 1, 2, · · · ,m, (12)

Ù¥ª(7)Úª(8)©OL«��z`���ÌNÚ¯���ÌN�÷¿Ý;ª(9)Úª(10)©OL«z�`�

��ÌNÚ¯���ÌN�õ�±�,����ÌN/¤��é;ª(11)��â©z[12]Ú½Â 2(½�­

½5�å^�.

½n 1 �.(7)–(12)7,�3k�).

y² �.(7)–(12)��å^���,�1)8Ü���ê8k�,~X, xkl = 1, xij = 0, , i 6= kÚ j 6=

lÒ´�.(7)–(12)����1).?�Ú/,�1)¥�½�3��k�),~X,Ø�Äª(8)��Äª(7)�

ü8I`z�.��`)Ò´�.(7)–(12)���k�). y..

3y¢���¯K¥,k�)´�¤�9���ÌNV�þÃ{é�÷¿5�p�­½���Y.

ØJwÑ,�.(7)–(12)́ õ8I 0-1�ê5y�..�é�.(7)–(12)�A:,�©�â©z[13]�g

�,�O
Xe�CÚ��{.

Ú½ 1 ò�.(7)–(12)=z�ü�ü8I`z�.(I)Ú�.(II), Ù¥�.(I)Ú�.(II)�8I¼

ê©O�ª(7)Úª(8)¥�8I¼ê, �å^�þ�ª(9)–ª(12). ©O¦)�.(I)Ú(II), ���`

)X∗
1 ÚX∗

2 ,z∗
1Ú z∗

2��`)X∗
1 ÚX∗

2 éA�8I¼ê�,òX∗
1 �\ª(8)¥,¦��A�8I¼ê�

� z0
2 ;

Ú½ 2 Ð©S�Cþ, s← 1,��S�gê�M;

Ú½ 3 �Ú��∆ = (z∗
2 − z

(s−1)
2 )/(M− s),�ï�. (s),=3�.(I)¥\\�å^�

n
∑

i=1

m
∑

j=1

hijxij >

z
(s−1)
2 + ∆.¦)�. (s),ÑÑX

(s)
1 ,���A�8I¼ê� z

(s)
1 ,¿òX

(s)
1 �\�ª(8)¥,���A�8I
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¼ê�� z
(s)
2 ,e s > M½ z

(s)
2 + ∆ > z∗

2 ,K=Ú½ 5;ÄK=Ú½ 4;

Ú½ 4 s← s + 1,=Ú½ 3;

Ú½ 5 ÑÑk�)8ÜΠ = {X∗
1 ,X∗

2 ,X(1)
1 , . . . ,X(s)

1 }¿¦Ñk�)éA�8I¼ê�,= z1 =

z1(X), z2 = z2(X),X ∈ Π ;

Ú½ 6 �âûüö�½�äá¼ê V = V (z1, z2) ,(½�`) X̄ = arg max
X∈Π

V (z1, z2).

½n 2 �.(7)–(12)��`) X̄éA����Y�÷¿­½���Y.

y² d­½5�å^�(11),�`) X̄éA����Yw,´­½���Y.

eb� X̄éA����Y�Ø÷¿���Y, K3T���Y¥, ∃Ai, Al ∈ A,∀Bk, Bj ∈ B, i 6=

l,k 6= j,Ù¥xij = 1, xlk = 1,
�xik = 0, xlj = 0,÷v gij + glk 6 gik + glj�hij + hlk 6 gik + gljÓ�

¤á.

-X ′ = X̄\{xij = 1, xlk = 1} ∪ {xik = 1, xlj = 1}.eX ′Ø´�1),KX ′ØU(½���Y.

eX ′´�1),� z′
1 = z1(X

′)Ú z′
2 = z2(X

′)©O�éA�8I¼ê z1Ú z2��,Kk

z′
1 = gikxik + gljxlj +

∑

xuv∈X′\{xik=1,xlj=1}

guvxuv > gijxij + glkxlk +
∑

xuv∈X̄\{xij=1,xlk=1}

guvxuv = z̄1,

z′
2 = hikxik + hljxlj +

∑

xuv∈X′\{xik=1,xlj=1}

huvxuv > hijxij + hlkxlk +
∑

xuv∈X̄\{xij=1,xlk=1}

huvxuv = z̄2.

ùw,� X̄�k�)gñ.Ïd,�.(7)–(12)��`) X̄éA����Y�÷¿­½���Y. y..

4 ���~~~

,¥0úiJøÅ�a�¬�;|Eâ=4ÑÖ, `���ÌN´Pk;|Eâ����<½è

�; ¯���ÌN´¦	;|Eâ¦^���<½è�. TEâ¥0úi3,��ãÂ�`���ÌN

8ÜA = {A1, A2, . . . , A6}�=4&EÚ¯���ÌNB = {B1, B2, . . . , B6}�¦	&E.`���Ì

NAi'uB�Ñ� ÐSÌ��Ä;|Eâ�=4¤�!è�5�9&���I.¯���ÌNBj'

uA�Ñ� ÐSÌ��Ä;|EâUåï�!�ü�¸!;|EâM#N�9�´¤���I;`���

ÌNÚ¯���ÌN�Ñ� ÐS&EXL 1¤«.

L 1 `�ÌNÚ¯�ÌN�Ñ� ÐS&E

Table 1 The preference ordering information provided by two-sided matching party

 ÐS  ÐS

A1 B5 ≻ B3 � B2 � B1 ≻ B6 ≻ B4 B1 A1 � A3 ≻ A4 ∼ A6 ≻ A5 ≻ A2

A2 B4 � B3 ≻ B6 � B5 � B2 ≻ B1 B2 A5 ≻ A6 ∼ A1 ∼ A3 ≻ A4 � A2

A3 B2 ≻ B5 ≻ B1 ∼ B6 � B3 ≻ B4 B3 A4 ≻ A3 ≻ A6 ≻ A2 ≻ A5 ∼ A1

A4 B6 ∼ B1 ∼ B3 � B5 ≻ B4 ≻ B2 B4 A5 ≻ A2 � A3 � A4 ≻ A1 ≻ A6

A5 A5 ≻ A2 � A3 � A4 ≻ A1 ≻ A6 B5 A4 ∼ A2 ≻ A6 ≻ A1 ≻ A3 � A5

A6 B2 � B3 ≻ B6 ≻ B4 ≻ B5 ≻ B1 B6 A6 � A5 ∼ A3 ≻ A1 ≻ A2 � A4

�âª(1)–ª(4),��`���ÌN�÷¿ÝÝ


G =























37/48 2/3 1 1/6 27/48 1/3

4/23 11/23 22/23 1 13/23 15/23

13/24 1 5/12 1/6 5/6 13/24

1 4/19 1 8/19 18/19 1

1 7/12 1/6 39/48 7/12 37/48

4/23 1 22/23 12/23 8/23 16/23























.
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�âª(5)–ª(6)§��¯���ÌN�÷¿ÝÝ


H =



























1 2/3 1/4 1/3 12/23 12/19

4/23 5/24 1/2 38/48 1 7/19

21/23 2/3 5/6 2/3 7/23 17/19

14/23 7/24 1 27/48 1 5/19

8/23 1 1/4 1 3/23 22/23

14/23 2/3 2/3 1/6 16/23 1



























.

Ú\0-1ûüCþxij ,ïá(½V>���Y�`z�.(7)–(12),æ^�©¤J�CÚ��{¦),Ä

k(½�.(I)Ú(II)��`)X∗
1 ÚX∗

2 ,±9�A�8I¼ê� (z∗
1 , z

(0)
2 )Ú (z

(0)
1 , z∗

2),Ù¥X∗
1 = {x11 =

1, x26 = 1, x35 = 1, x43 = 1, x54 = 1, x62 = 1}, X∗
2 = {x11 = 1, x25 = 1, x32 = 1, x43 = 1, x54 = 1, x66 =

1}, z∗
1 = 5.069, z(0)

2 = 4.339, z(0)
1 = 4.845, z∗

2 = 5.667.,�,�M = 20,²LS� 3g,�±¼��Ük�

),äNS�L§XL 2¤«.

L 2 CÚ��{�S�L§

Table 2 The iteration process of changeable step algorithm

S�gê Ú�∆ k�)X
(s)
1 8I¼ê� z

(s)
1 8I¼ê� z

(s)
2

1 0.069 x11 = 1, x22 = 1, x35 = 1, x43 = 1, x54 = 1, x66 = 1 4.937 4.587

2 0.060 x11 = 1, x24 = 1, x36 = 1, x43 = 1, x55 = 1, x62 = 1 4.912 4.894

3 0.044 x11 = 1, x25 = 1, x34 = 1, x43 = 1, x52 = 1, x66 = 1 4.873 5.317

k�)8Ü���Π = {X∗
1 ,X∗

2 ,X
(1)
1 ,X

(2)
1 ,X

(3)
1 }.��,b�¥0úi�½�äáÝ¼ê V �

V (z1, z2) = w1(z1 − z−
1 )/(z∗

1 − z−
1 ) + w2(z2 − z−

2 )/(z∗
2 − z−

2 )

= 0.5(z1 − 3.384)/1.685 + 0.5(z2 − 3.753)/1.914,

Ù¥w1Úw2©O�¥0úi�Ñ�8I z1Ú z2��­, w1 + w2 = 1,w1, w2 > 0,ùp�w1, w2 =

0.5; (zi − z−
i )/(z∗

i − z−
i )�8I zi�äáÝ, z∗

1 = 5.069, z−
1 = 3.384, z∗

2 = 5.667, z−
2 = 3.753©O�¤�ï

�.¥üÕ�Ä8I zi`z�����Ú���.

òL2¥k�)�g�\äáÝ¼ê V ¥,KV (z∗
1 , z

(0)
2 ) = 0.653, V (z

(0)
1 , z∗

2) = 0.933, V (z
(1)
1 , z

(1)
2 ) =

0.679, V (z
(2)
1 , z

(2)
2 ) = 0.751, V (z

(3)
1 , z

(3)
2 ) = 0.852.��, V (z

(0)
1 , z∗

2)éA�)X∗
2 ��.��`),�A��

��Y� (A1, B1), (A2, B5), (A3, B2), (A4, B3), (A5, B4), (A6, B6).

�
`²­½53��ûü¥��^,e¡æ^Ø�Ä­½5�å�V>��ûü�`z�.,=3¤

�ï�.¥Ø�Ä­½5�å^�,5)ûþãûü¯K,é'©Û(JXL 3¤«.

L 3 é'©Û(J

Table 3 The comparative analysis result

���Y 8I¼ê z1� 8I¼ê z2�

Ø�Ä­½5�å (A1, B1) (A2, B4), (A3, B2), (A4, B5), (A5, B6), (A6, B3) 5.446 5.883

�Ä­½5�å (A1, B1), (A2, B5), (A3, B2), (A4, B3), (A5, B4), (A6, B6) 4.845 5.667

lL(3)��,3Ø�Ä­½5�å�/e,¤��`��÷¿Ý z1 = 5.446 > 4.845,Ó�,¤��¯�

÷¿Ý z2 = 5.883 > 5.667.�¤(½����Y�¹p½�é,X��é (A4, B5)� (A6, B3)Ò´p½�

é(Ï� g45 < g43,h63 < h43),l
K�
�N���Y�­½5.
�Ä­½5�å�,Ò¬;�Ñyp½
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