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1　Background
LetVandFbe,respectively,thevectorspacespannedbythebasis{1,y1,y2,…,yi,…}andthe

functionspacebythebasis{1,y,y2,…,yi,…}overtherealfieldR.

Thetransformationdenotedby∫y
fromFtoViscalledamesonfunctional.Theshadowfunctional

usedbyRotaGC[1],isthecaseofthemesonfunctionalwhen{1,y1,y2,…,yi,…}isreplacedby{(y)0,
(y)1,(y)2,…,(y)i,… }where

(y)i=
1　　wheni=0,

∏
i-1

j=0

(y-j)　　wheni≥1.{
ThebothfunctionalsareasatypeofBlissardoperator[2].Anequationinvolvingwiththemesonfunction-
aliscalledmesonequation.

Althoughsuchanequationhasbeenusedforenumeratingmapswithvertexpartitionasparameter
sincethe80soflastcentury[3],theword“mesonfunctional”hasnotbeendistinguishedfromBlissardop-
eratororshadowfunctionaluntil2010[4].However,Tutte’senumeratingmapswithvertexpartitionap-
pearedinliteraturemuchearlywithoutuseofanequation[5].Inref.[4,6]thereareanumberofmeson
equations,particularlyinsurfacetype,butnosolution.

Thepurposeofthispaperistoprovideanewmesonequationofsurfacetype,itswell-definednessin
acertaindomainandanexplicitexpressionofthesolutionviaconsideringrelatedsymmetry.
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2　MapsandEmbeddings
Theconceptsofpolyhedra,surfaces,embeddingsandmapsareclarifiedinref.[7](orAppendixIin

ref.[4])withrelationshipsamongthem.Inthissection,onlyresultsrelatedtothispaperareoverlooked
incertaindetail.

LetG=(V,E)beagraphofvertexsetVandedgesetE.TwoGraphsG1=(V1,E1)andG2=(V2,

E2)iscalledisomorphicifthereexistsa1 1mappingτ:V1→V2suchthatforanyu,v∈V1,(u,v)∈E1

⇔(τ(u),τ(v))∈E2.Forsuchamappingτ,bothτandτ-1arecalledanisomorphismbetweenG1=(V1,

E1)andG2=(V2,E2).AnautomorphismonGisanisomorphismbetweenGanditself.Thesetofall
automorphismsofagraphformagroupcalledtheautomorphismgroup,denotedbyAut(G),ofG.

Forourpurpose,letusseeanothermodelofagraphG=(V,E).LetB={0,1}bethegroupoftwo
elements.Foranyx∈E,letBx={x0,x1}wherex0=x(0)andx1=x(1)asinref.[4](firstlyinref.
[8]).ThegraphGisseentobesuchapartitionκonχ=∑

x∈E
BxthatV=P.Suchamodelofagraphena-

blesustodefinea
1
2-automorphismofagraphG=(V,E)a1 1mappingτonχitselfthatforx,y∈χ,

x∈κy⇔κτ(x)=κτ(y).Thesetofallautomorphismsofagraphformsagroupaswell,calledthe
1
2-auto-

morphismgroup,denotedbyAut1/2(G),ofG.
Lemma1　GraphGisconnectedifandonlyifχistransitiveunderΨβ,κ,thegroupgeneratedbyβ

andκwhereforanyx(i)∈χ,

β(x(i))=
x(0)　　wheni=1,

x(1)　　wheni=0.{
Proof　Becauseof{1,β}≃B,βistheonlyelementnottheidentity,similarlytowhatwasshownin

ref.[4].
Letaut(G)=|Aut(G)|andaut1/2(G)=|Aut1/2(G)|,i.e.,theordersofgroups,respectively,

Aut(G)andAut1/2(G).
Lemma2[9]or[4]　ForagraphG withlself-loops,aut1/2(G)=2laut(G).
Proof　See(14.4)inref.[4].
ThislemmatellsusthatAut1/2(G)isdifferentfromAut(G)ifandonlyifGhasanedgewhichisa

self-loop.
AnembeddingofagraphG(connected,defaultwithoutlossofgeneralityfromlemma1)isatopolo-

gicalmappingfromGintoasurface,i.e.,acompact2-dimensionalmanifoldwithoutboundary.Ithas
beenshowninref.[4]thatanembeddingofGiscombinatoriallyequivalenttoapermutationπonχ
transitiveunderΨB,π.

Lemma3　LetnO(G)bethenumberofdistinctembeddingsonorientablesurfaces,thenthenumber
ofembeddingsonallsurfacesis

nO(G)=∏
i≥2

((i-1)! )ni, (1)

whereniisthenumberofverticesofdegreeiinG.
Proof　See(1.10)inref.[4].
GivenagraphG=(V,E),letK={1,α,β,γ}whereγ=αβ,α2=β2=1andhenceγ2=1.Inother

words,KistheKleingroupoforder4,denotingthatz=∑
x∈E

KxwhereKx={x,α,β,γ}iscalledaquad-

ricell.A map,orsupermapofG,isdefinedtobesuchapermutationπonzthatzispartitionedintocon-
jugatepairs{(x)π,(αx)π}oforbitsforx∈zandthegroupΨ{α,β,π}istransitiveonz(becauseofthecon-
nectednessonG).
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Itiseasytoseethatthegraphformedbyeachconjugatepairoforbitsasavertexandaquidricellas
aedgeisisomorphictoG.ThemapisdenotedbyM,orprecisely,MG=(z,π).ItiseasilyshownthatMG

isanembeddingofG.
TwomapsM1=(z1,π1)andM2=(z2,π2)aresaidtobeisomorphicifthereexistsa1 1mapping

(bijectionindiscretecase)τ:z1→z2suchthatthediagrams

forη1=η2=α,η1=η2=β,andforη1=π1andη2=π2,areallcommutative.Thebijectionτisanisomor-
phism.

Ifamaphasanelementinzisspecifiedandcalledtheroot,thenitiscalledarootedmap.Tworoot-
edmapswiththeirroots,respectively,r1andr2aresaidtobeisomorphicifthereexistsanisomorphism
τbetweenthemsuchthatτ(r1)=r2.

Theorem1　 ThenumberofnonisomorphicrootedsupermapsofagraphG onallorientablesur-
facesis

2■(G)
aut1/2(G)nO(G), (2)

where■(G)isthesizeofG,aut1/2(G)andnO(G)are,respectively,theorderof1/2-automorphismgroup
andthenumberofdistinctembeddingsonallorientablesurfacesofG.

Proof　See(11.4.4)inref.[6](firstlyinref.[8]forthepetalbundles).

3　DecompositionViaPartitions
LetMbethesetofrootedmapsonallorientablesurfaces.ForM=(z,π)withitsrootr=r(M),let

m(M)=|{r}π|andn(M)be,respectively,theroot-vertexvalencyandthepartitionvectorofnonroot-
verticeswherethei-thcomponentni(M)ofn(M)isthenumberofnonroot-verticeswithvalencyi,

i≥1.
Onthebasisofavailabilitywhichwillbeseeninwhatfollows,Mcanbepartitionedintothreeclasses

M0,M1andM2as
M=M0+M1+M2, (3)

whereM0hasthesinglevertexmapϑ,M1isthesetofallmapswiththeirroot-edgesaselfloopandM2is
thesetofallmapswiththeirroot-edgesalink.

Lemma4　 LetM<1> ={M-Kr|∀M∈M1},thenM<1> =M.
Proof　ForanyM=(z,π)∈M1,becauseofKrasaselfloop,M′=M-Kr=(z-Kr,π′)∈M<1> with

π′differentfromπin{r′}π′={r}π-{r,γr}anditsconjugatewherer′=πr.Therefore,M′∈M.Thisim-
pliesM<1> ⊆M.

Conversely,foranyM(z,π)∈M,wemayconstructM′=(z+Kr′,π′)wherer′∉zandπ′aredif-
ferentfromπonlyin(r′)π′=(r′,<r>π,γr′)anditsconjugate.ItiseasytocheckthatM′isamapand
henceM=M′-Kr′.BecauseofKr′asaselfloop,M′∈M1andhenceM∈M<1> .Therefore,M⊆M<1> .

ItisseenfromtheconversepartintheproofthatallMi=(z+Kri,πi)∈M1,0≤i≤ m(M)-1,

constructedfromM arenonisomorphicwhereπiisdifferentfromπonlyin

(ri)πi =
(ri,r,πr,…,πir,γri,πi+1r,…,πm(M)-1r)　　when0≤i≤m(M)-1,
(ri,γri,<r>π)　　wheni=m(M){ (4)
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andtheirconjugates.
Lemma5　 ForM∈M,letSM ={Mi|0≤i≤ m(M)},thenwehave

M1=∑
M∈M

SM . (5)

Proof　From (4),SM ∩SN =Ø⇔M≄N.Fromlemma4,(5)isthenobtained.
Lemma6　LetM(2)={M·Kr|∀M∈M2},thenM(2)=M.
Proof　ForanyM=(Z,π)∈M2,becauseofKrasalink,M′=M·Kr=(Z-Kr,π′)∈M(2)withπ′

differentfromπonlyin
(r′)π′ =(πγr,π2γr,…,π-1γr,πr,π2r,…,π-1r)

anditsconjugatewherer′=πγr.Therefore,M′∈M.ThisimpliesM(2)⊆M.
Conversely,foranyM=(z,π)∈M,wemayconstructM′=(z+Kr′,π′)wherer′∉zandπ′isdif-

ferentfromπin(r′)π′=(r′)and(γr′)π′=(γr′,<r>π)withtheirconjugates.EasytocheckthatM′isa
mapandhenceM =M′·Kr′.BecauseofKr′asalink,M′∈M2andhenceM ∈M(2).Therefore,M⊆
M(2).

Byobservingtheconversepartintheproofoflemma6,itisseenthatthatallMi=(z+Kri,πi)∈
M2,1≤i≤ m(M)+1,constructedfromM arenonisomorphicwhereπiisdifferentfromπin

(r1)π1 =(r1),(γr1)π1 =(γr1,<r>π)　　wheni=1,

(r2)π2 =(r2,πm(M)-1r),(γr2)π2 =(γr2,r,πr,…,πm(M)-2r)　　wheni=2,

(ri)πi =(ri,πm(M)-i+1r,…,πm(M)-1r),(γri)πi =(γr1,r,…,πm(M)-ir)

　　　　　　　　　　　　　　　　　　　　　　　　　　　when3≤i≤ m(M)+1

ì

î

í (6)

withtheirconjugatesfor1≤i≤ m(M)+1.
Lemma7　 ForM∈M,letTM ={Mi|1≤i≤ m(M)+1},thenwehave

M2=∑
M∈M

TM . (7)

Proof　From (6),TM ∩TN =Ø⇔M ≄N.Fromlemma6,(7)isthenobtained.
NothingshouldbedoneforthedecompositionofM0becauseofonlyonemapϑconsidered.

4　MesonEquation
GiventhesetMofrootedmapsonallorientablesurfaces.ForamapM∈M,letm(M)andn(M)=

(n1(M),n2(M),…,ni(M),…)be,respectively,theroot-vertexvalencyandthevertexpartitionvector
ofM whereni(M)isthenumberofnonroot-verticeswithvalencyi,i≥1.

ThefunctionfMdeterminedby

fM(x,y)=∑
M∈M

xm(M)yn(M) (8)

iscalledtheenumeratingfunction,orinshortenufunctionofMwhereyn(M)=∏
i≥1

yni(M)
i .

FortheintegraldomainRofallintegers,i.e.,theintegralringwiththecancelationlawconsidered,

letR{x,y}betheextensionofRwithxandy(calledundeterminate)involved.BecauseofRinfinity,

R{x,y}isstilladomain.DenotebyR+ {x,y}thesetofallfunctionsinR{x,y}withcoefficientsinR+ ,

thesetofallnonnegativeintegers.Apparently,fM(x,y)∈R+ {x,y}⊂R{x,y}.
Lemma8(Theorem1.3.5inref.[6])　 LetSandTbetwosetsofmaps.Ifthereexistsamapping

λfromTtoSsuchthatλ(T)⊆SforanyT∈Twiththeproperties:(i)|λ(T)|=am(T)+bwherem=

m(T)isanisomorphicinvariantonmapsandbothaandbareconstants;(ii)S=∑
T∈T

λ(T);(iii)m(S)

=m(T)+cwherecisaconstantforanyS∈S,thentheenufunctionofS withparameterm,gS(x)=
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xc(bgT+ax
dgT

dx
).

Proof　Becauseλisa1toan(T)+bcorrespondenceforT∈T,properties(i iii)yieldgS(x)=

xc∑
T∈T

(am(T)+b)xm(T).

Furthermore,byconsideringthat∑
T∈T

m(T)xm(T)=x
dgT

dx
,thetheoremissoonfound.

Theorem2　ForM1,wehave

fM1 =x3■fM

■x +x2fM. (9)

Proof　Onaccountof

fM1 = ∑
M∈M1

xm(M)yn(M)(bylemma4)x2 ∑
M-Kr∈M<1>

xm(M)yn(M)(bylemma5andlemma8)

x2(x
■fM

■x +fM),

thetheoremisobtained.
Lemma9(Theorem1.6.3inref.[6])　LetSandTbetwosetsofmaps.Ifthereexistsamappingλ

fromTtoS,λ(T)={S1,S2,…,Sm(T)+1}foranyT∈TsuchthatSi1 1correspondsto{i,m(T)+2-
i}whereiandm(T)+2-iare,respectively,thecontributionstothefirstandthesecondparameters,i

=1,2,…,m(T)+1,withtheconditionthatS=∑
T∈T

λ(T),then

FS(x,y)=xyδx,y(zfT), (10)

wherefT=fT(z,y).
Proof　Byvirtueofthewaydeterminingλ,wehave

FS(x,y)=∑
T∈T

∑
m(T)+1

i=1
xiym(T)-i+2yn(T)=xy∑

T∈T

xm(T)+1-ym(T)+1

x-y yn(T)=xyδx,y(zfT).

Thisis(10).
Theorem3　ForM2,wehave

fM2 =∫y
yδx,y(zfM). (11)

Proof　Onaccountof

fM2 = ∑
M∈M2

xm(M)yn(M)(bylemma6)x ∑
M·Kr∈M(2)

xm(M)yn(M)(bylemma7andlemma9)

(x∫y
yδx,y(zfM)),

thetheoremisobtained.
Theorem4　 TheenufunctionfMofgeneralrootedmapsonallorientablesurfaceswithxforroot-

vertexvalencyandyforpartitionvectorofnonroot-verticessatisfiesthefollowingmesonequationabout
fas

f=1+x3■f
■x+x2f+x∫y

yδx,y(zf). (12)

Proof　Becauseofϑwithnoedge,fM0=1.Onthebasisof(3),from (9)and(11),Thetheoremis
soonobtained.

5　Well-Definedness
Now,wediscussthewell-definednessofthemesonequationas
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x3■f
■x=-1+(1-x2)f-x∫y

yδx,y(zf),

fx=0,y=0=1

ì

î

í (13)

onR{x,y}.
Byobservingthelimitationofdomainconsidered,fenablesustowriteinformas

f=∑
m≥0

Fm(y)xm, (14)

where

Fm(y)=∑
n≥0

(∑
|n|=n
n≥0

Am,nyn), (15)

and|n|=n1+2n2+3n3+…+ini+….
Then,wecanget

■f
■x=∑

m≥1
mFm(y)xm-1=∑

m≥0

(m+1)Fm+1(y)xm, (16)

and

δx,y(zf)=∑
m≥0

Fm(y)δx,yzm+1=∑
m≥0

Fm(y)∑
m+1

i=1
xiym-i+2. (17)

Onthebasisof(17),wehave

∫y
yδx,y(zf)=∑

m≥0
Fm(y)∑

m+1

i=1
xiym-i+3=∑

m≥1

(∑
i≥m-1

Fi(y)yi-m+2)xm. (18)

Fromtheinitialconditionof(13),wehave
F0(y)=1. (19)

Fortheconvenienceoflogicalreasoning,theequivalentform (12)of(13)isemployedinwhatfol-
lows.Onthebasisof(14),(15),(16)and(18),wehave

Fm(y)=

∑
i≥0

Fi(y)yi+1　　whenm=1,

1+∑
i≥1

Fi(y)yi　　whenm=2,

(m-1)Fm-2(y)+ ∑
i≥m-1

Fi(y)yi-m+2　　whenm ≥3.

ì

î

í (20)

Lemma10　foranyintegerm≥0andintegralvectorn≥0,m+n=0(mod2).
Proof　Onthebasisof(15),let

Fm,n(y)=∑
|n|=n
n≥0

Am,nyn, (21)

thenwehave

Fm(y)=∑
n≥0

Fm,n(y). (22)

Byinductiononm+n≥0andinvirtueof(9)and(11),from m=n=0on,foranym+n≥0,thepair
(m,n)isobtainedintwoavailablepossibilities:fromapair(m′,n′)suchthatm′+n′≤m+nbym=m′
+2whilen=n′asin(9)orbym=m′+1whilen=n′+1.Inthebothcases,m+n=m′+n′+2.Moreo-
ver,from (19),theinitialcondition,thelemmaisdone.

Thislemmaenablesustotakes=(m+n)/2,anonnegativeinteger.Fors=0,1,2,…,doourproce-
duretodetermineallFm(y)via(20).

Theorem5　Themesonfunctionalequationinformas(13)doeshave,andonlyhaveasolutionin
R{x,y}.

Proof　Thedoescaseofthetheoremisfromtheorem4.Theonlycaseisfromtheuniquenessofthe
procedurefordeterminingallFm(y)viaAm,nshownin(21)and(22)stepbystepfrom (19)ontheba-
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sisof(20)inR{x,y}.

6　Solution
Theorem4andtheorem5enableustoextractthesolutionofequation(13)byeithersolving(13)

directlyinR{x,y},orenumeratingallgeneralrootedmaponorientablesurfaceswiththeroot-vertexva-
lencymandthepartitionvectornofnonroot-vertices.Becausetheformerisnotasuitablewayfounded
yet,wehavetoconsiderthelaterfirst.Thisiswhatthepaperisconcentratedon.

Accordingto(14),(15),(21)and(22),inordertodeterminethesolutionofequation(13),itison-
lynecessarytofindAm,nforallavailableintegerm≥0andintegralvectorn≥0.

Lemma11　 Letgt[m,n]bethesetofallgraphswhosesupermapsarewithroot-vertexvalencym,

vertexpartitionvectorofnonroot-verticesnandt=aut1/2(G),thenthenumberofnonisomorphicrooted
mapswith(m,n)is

∑
t∈Im,n

m+|n|
t |gt[m,n]|(m-1)! (l-1)! n,

whereIm,nisthesetofallordersof
1
2-automorphismgroupsingt[m,n],l=(1,2,3,4,…,l,…)and1=

(1,1,1,1,…,1,…).Thefactorialofavectorisdefinedtobetheproductofitscomponentfactorials.
Proof　From (1)and(2),thelemmaissoonfoundwhenevernotifyingthatm+|n|=2■where■is

thesizeofgraphsingt[m,n]⊆gm,n.
Thislemmaenablesustogetanexplicitexpressionofthesolutionofequation(13).
Theorem6　Thesolutionofequation(13)is

f=∑
m≥0
n≥0

(∑
t∈Im,n

m+|n|
t |gt[m,n]|(m-1)! (l-1)! n)xmyn. (23)

Proof　Becauseof

f=∑
M∈M

xm(M)yn(M)=∑
n≥0
m≥0

|Mm,n|xmyn,

weseethatAm,n=|Mm,n|isthenumberofnonisomorphicrootedmapswith(m,n).Hencefromlemma
11,theproofisdone.

7　Conclusions
(1)Onlemma5andlemma7,(20),(21)and(22)havealreadypresentedarecursiveformulafor

determiningallAm,n andhencethesolutionofmesonfunctionalequation (13),itisstillnecessaryto
maketheformulamoresimple,particularlymorecompact.

(2)Thesolutionofequation(13)obtainedin§6enablesustoaccessothersurfacetypesofmeson
functionalequationsappearedinref.[6].

(3)Althoughallmesonfunctionalequationsofplanartypeshowninref.[6]canalsobedoneina
similarway,theirsolutionslookmorecomplicateincompanywith(23)becausethenumberofdistinct
planarembeddingsdependingonsplittingpairsofthegraph.

(4)Thesolutionofequation(13)shownin(23)isnothardtocalculatefortheorderofmapsnot

toobigbyusingthecomputingprogram mentionedinref.[8]becausetheorderofgraph
1
2-automor-

phismgroupscanbedonebyaprogram.

However,itisabsolutelynoteasyyetfordeterminingall
1
2-automorphismgroupsofagraphingen-
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eraleveninanumberofmannerssuggestedinref.[4]toaccess.
(5)AfurtherimportantanddifficultcaseisforMandasurfaceofgenusnotzerogiven,toestablish

amesonfunctionalequationsatisfiedbytheenufunction(8)restrictedandthentogetthesolution.
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曲面型介子泛函方程

刘彦佩
(北京交通大学数学研究所,北京　100044)

摘　要:提出一个介子泛函方程.它是在以根点次和非根顶点剖分向量为参数,数所有可定向曲面上的地图时萃取出来

的.在一个整域扩张中,证明了它的解存在且唯一.进而,通过图的对称性,给出这个解的一个紧凑显式.
关键词:介子泛函;方程;地图;曲面;嵌入;对称性

中图分类号:O177 文献标识码:A
(责任编辑　向阳洁)

更正说明

本刊2012年第3期第21页图2的纵坐标标目应为“lg(分数)”,特此更正,并向作者、读者致歉。
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