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Abstract:Usingthebasicpropertyoftheinteractionpotentialofexponentialtype,theasymptoticbehav-
iorofthesolutionsfortheTodaequationisstudied.ItisprovedthateverysolutionoftheTodaequation
isasymptoticallylinearatinfinity.
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1　Introduction
ClassicalTodaequationisasystemofsecondorderordinarydifferentialequationswhichdescribes

thebehaviorofasetoffinitemanyparticlesmovingalongastraightlinewithexponentialneighboringin-
teraction.Explicitly,itreadsas:

q″
1(t)=-eq1-q2,

q″
i(t)=eqi-1-qi -eqi+1-qi　　i=2,…,n-1,

q″
n(t)=eqn-1-qn .

ì

î

í
(1)

ThisisanintegrableHamiltoniansystemandwasfirststudiedbyToda[1].Ithasappearedinmanyareas
ofmathematicasandphysics.Recently,itsdeeprelationwiththeentiresolutionsofcertainnonlinearpar-
tialdifferentialequation,forexample,theAllen-Cahnequation,hasbeenrevealed,seeref.[2].Itturns
outthattheasymptoticbehaviorofthissystemisextremelyimportant.Ontheotherhand,recentad-
vancesoftheclassificationoffour-endsolutionstotheAllen-Cahnequation[3]tellsusthattheunder-
standingoftheasymptoticbehaviorofaTodatypeequationwillbeafirststeptowardingtheclassifica-
tionoffiniteMorseindexentiresolutiontotheAllen-CahnequationinR2.Thelongtimescatteringbe-
haviorofthisTodaequationisfirststudiedbyMoser[4],basedontheFlaschkatransform.Inthispaper,

wewishtoconsiderthisproblemfromclassicalODEpointofviewandusingelementarytooltoprove
thatthesolutionisasymptoticallylinearbasedontheinternalstuctureoftheexponentialpotentialofthe
Todaequation.Weremarkthatourmethodcouldbegeneralizedtomoregeneralnonliearitiesthanthe
oneappearedintheTodaequation.Ourresultstatesaswhatfollows
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Theorem1　Suppose(q1,…,qn)isasolutionoftheTodasystem (1).Thenthereexistconstants
α+

i ,α-
i ,β+

i ,β-
i ,i=1,…,n,suchthat:

qi(t)→α+
it+β+

i 　　t→+∞,

qi(t)→α-
it+β-

i 　　t→-∞.
Addtionally,foreach1≤i<n-1,thereholdsα+

i <α+
i+1,α-

i >α-
i+1.

2　ProofoftheMainTheorem
Wefirstremarkthattheequation (1)isasecondorderHamiltoniansystem whoseHamiltonian

functionisgivenby

H(p,q)=
1
2∑

n

i=1
p2

i +∑
n-1

i=1
eqi-qi+1,

wherep=(p1,…,pn),q=(q1,…,qn).Asaconsequence,lettingpi=q′
i,equation(1)couldalsobe

writtenasafirstorderHamiltoniansystemx′(t)=J∇ H(x),wherex=(p,q)T,J=
0 -I
I 0
æ

è

ö

ø
.Itis

easytoseethatforeachsolutionx=(p,q),thereholdsH(p(t),q(t))=C=constant.Thisimpliespar-
ticularlythatforasolution(q1,…,qn)ofequation(1),wehave

|pi(t)|=|q′
i(t)|≤C, (2)

wheretheconstantCdependsonthissolution.
Toprovethemaintheorem,wefirstofallshowthefollowing:

Proposition1　Thereexistcostantsα+
i andα-

i ,suchthatpi(t)→α±
i ,ast→±∞.

Proof　Letusfirstofallconsiderthefirstparticleq1.Fromthefirstequationof(1),weknowthe
velocityp1ofthisparticleismonotonelydecreasing.Thereforebyequation(2),wefindeasilythatthere
existssomeconstantsα±

1 ,suchthatp1(t)→α±
1 ,t→±∞.Inparticular,thisimplies

|∫
±∞

0
eq1-q2dt|=|α±

1 -p1(0)|≤C.

Nowusingthesecondequationof(1)andtheaboveestimate,recallingthat|p′
2|≤C,wededucethat

|∫
±∞

0
eq2-q3dt|mustbebounded.Asaconsequence,thereexistconstantα±

2 ,suchthat

p2(t)=p2(0)+∫
t

0
eq1-q2dt-∫

t

0
eq2-q3dt→α±

2 　　t→±∞.

Similarargumentsleadtopi(t)→α±
i ,t→±∞.

Theabovepropositiontellsusthattheparticlesqihavelimitingvelocitiesatinfinity.Thenextprop-
ositionstatesthatthevelocitiesareindeedordered.

Proposition2　α+
i <α+

i+1andα-
i >α-

i+1,i=1,…,n-1.
Proof　Wefirstclaim

qi+1-qi →+∞　　t→+∞. (3)

Weonlyprovethisforthecasei=1,theothercaseisquitesimilar.Supposeonthecontrarythatthere
existti{ } +∞

i=1andM>0,withti→+∞,suchthatq2(ti)-q1(ti)≤M,thenusingthefactthat|pi(t)|

≤Candthatq″
1=-eq1-q2,weeasilyfindthatα+

1 -q1(t0)≤-∑
+∞

i=1
e-2M M

C
,contradictingwiththefactthat

α+
1 isarealnumber.Thereforetheclaimholds.

Theaboveclaiminparticularimpliesthatα+
i ≤α+

i+1.Wenowproceedtoshowthatα+
1 <α+

n .Infact,

byequation(3),thereexistst0suchthatp1(t0)<pn(t0).Thenfromtheidentityq″
1-q″

n=-eq1-q2 -
eqn-1-qn <0,weinferthatα+

1 <α+
n .

Nowtoprovethatallα+
i arestrictlyordered,withoutlossofgenerality,wecouldsupposetothecon-
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trarythat
a+

1 <a+
2 =…=a+

n-1 <a+
n . (4)

Fromequation(1),wehave
q″

2-q″
n-1=-eq2-q3 -eqn-2-qn-1 +eq1-q2 +eqn-1-qn .

Byequation(4),weknowthatq1-q2andqn-1-qnaremuchsmallerthanq2-q3andqn-2-qn-1fort
large.HencetheremustexistsT>0suchthat

-eq2-q3 -eqn-2-qn-1 +eq1-q2 +eqn-1-qn <0　　t>T.
Butthiswillleadtoa+

2 <a+
n-1,contradictingwithequation(4).

Similarly,onecouldalsoshowthatfor1≤i<n,α-
i >α-

i+1.Thisfinishestheproof.
Nowwearereadytoprovetheorem1,whichwerestateasthefollowing:

Theorem2　Thereexistsδ>0,suchthatqi(t)=α±
it+β±

i +O(e-δ|t|),t→±∞.
Proof　Considerthefunctionφi(t)=qi(t)-α+

it.Firstofallwewishtoshowthatthereexistsβ+
i ,

suchthatφi(t)→β+
i ast→+∞.Obviously,

ϕ′
i(t)=pi(t)-α+

i =-∫
+∞

t
(eqi-1-qi -eqi-qi+1)ds.

Herewehavedenotedq0=-∞,qn+1=+∞.Usingproposition2,weknowthat

qi(t)-qi-1(t)=∫
t

0
(pi-pi-1)ds≥δt　　fortlargeenough.

Itfollowsthatfortlarge,|ϕ′
i(t)|≤Ce-δ|t|,whichimplies∫

+∞

0
|ϕ′

i(s)|ds≤C.Asaconsequence,ϕi(t)

=ϕi(0)+∫
t

0
ϕ′

i(s)ds→β+
i ,t→+∞.

Nowwiththisunderstood,weconsiderthefunctiongi(t)∶=qi(t)-α+
it-β+

i ,whichsatisfies

|g′
i(t)|<Ce-δtfort>0andgi(t)→0ast→+∞;therefore,onecoulddeduceqi(t)=α+

it+β+
i +

O(e-δ|t|),t→+∞.
Analogously,onecouldshowqi(t)=α-

it+β-
i +O(e-δ|t|),t→- ∞,forcertainconstantsβ-

i .This
completestheproof.
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Toda方程的渐近行为
刘　勇
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摘　要:利用 Toda方程中的指数势函数的性质,讨论了 Toda方程解在无穷远处的渐近行为,证明了 Toda方程的任何

一个解在无穷远处是渐近线性的.
关键词:Toda方程;渐近行为;Allen-Cahn方程

中图分类号:O175.1 文献标识码:A (责任编辑　向阳洁)

81 吉首大学学报(自然科学版) 第33卷


