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Abstract:Theexistenceandmultiplicityofpositivesolutionsarestudiedforthenonlinearsecond-order
Dirichletboundaryvalueproblem

u″(t)-λu(t)+h(t)f(t,u(t))+g(t,u(t))=0　　0<t<1,u(0)=u(1)=0,

whereλ>-π2isaconstantandg(t,u)maybesingularatu=0.Byexactlyestimatingtheprioribound
ofsolutionandapplyingtheGuo-Krasnoselskiifixedpointtheoremofconeexpansion-compressiontype,

severalexistencetheoremsareestablished.
Keywords:nonlinearordinarydifferentialequation;singularboundaryvalueproblem;positivesolution;

existenceandmultiplicity
CLCnumber:O175.8　　　　　Documentcode:A DOI:10.3969/j.issn.1007 2985.2012.06.001

1　Introduction
Letλ>-π2beaconstant.Thispaperstudiestheexistenceandmultiplicityofpositivesolutionsfor

thefollowingnonlinearsecond-orderDirichletboundaryvalueproblem:

u″(t)-λu(t)+h(t)f(t,u(t))+g(t,u(t))=0　　0<t<1,

u(0)=u(1)=0,{ (1)

wheref(t,u)iscontinuousandg(t,u)maybesingularatu=0.Inotherwords,weallowlimsup
u→+0

g(t,

u)=+∞foranyt∈[0,1].
Here,afunctionu∗ ∈C[0,1]iscalledpositivesolutionoftheproblem (1)ifu∗isasolutionof(1)

andu∗ (t)>0,0<t<1.
Theproblem (1)canmodelmanyphysicalphenomena,forexample,themotionofaclockpendu-

lum[1]andthemotionofaparticlerestrainedbyanonlinearspring[2].Wheng(t,u)≡0,theexistenceof
solutionsandpositivesolutionshasbeenstudiedbymanyauthors,forexample,seeref.[3 9].

Tothisday,thereisnoanyexistenceresultofpositivesolutionconcernedwiththeproblem (1)

whenthenonlinearityhassingularityatu=0.Recently,thereismuchattentionfocusedontheexistence
ofpositivesolutionsofothersingularboundaryvalueproblems,forexample,seeref.[10 16].These
studiesinspireus.
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Thepurposeofthispaperistostudytheexistenceandmultiplicityofpositivesolutionsforthesin-
gularproblem (1).Inthisstudy,thenonlinearityh(t)f(t,u)+g(t,u)mayhavethetimeandspacesin-
gularities.BecausetheGreenfunctionoftheproblem (1)haspreciseexpression,wecanobtainmanyuse-
fuldata.Accordingtothesedata,wecanexactlyestimatetheprioriboundofsolution.

Letω = |λ|and

q(t)=

sinω
ω2 min{sinωt,sinω(1-t)}　　-π2 <λ <0,

min{t,1-t}　　λ=0,

1
sinhωmin{sinhωt,sinhω(1-t)}　　λ>0.

ì

î

í

Thefollowingassumptionswillbeused:

(H1)h:(0,1)→[0,+∞)iscontinuousand∫
1

0
h(t)dt<+∞.

(H2)f:[0,1]×[0,+∞)→[0,+∞)iscontinuous.
(H3)g:(0,1)×(0,+∞)→[0,+∞)iscontinuous.
(H4)Foranyr2>r1>0,

∫
1

0
max{g(t,u):r1q(t)≤u ≤r2}dt<+∞.

Therefore,wenotonlyallowh(t)tobesingularatt=0and/ort=1,butalsoallowg(t,u)tobe
singularatu=0foranyt∈[0,1],andatt=0and/ort=1foranyu∈[0,+∞).

ThispaperisbasedonthefollowingGuo-Krasnoselskiifixedpointtheoremofconeexpansion-com-
pressiontype.

Lemma1　LetX beaBanachspaceandK beaconeinX.LetΩ1,Ω2betwoboundedopensubsets

inK with0∈Ω1⊂■Ω1⊂Ω2.AssumethatF:■Ω2\Ω1→Kisacompletelycontinuousoperatorsuchthatone
ofthefollowingconditionsissatisfied:

(1)‖F(x)‖≤‖x‖,x∈■Ω1and‖F(x)‖≥‖x‖,x∈■Ω2;
(2)‖F(x)‖≥‖x‖,x∈■Ω1and‖F(x)‖≤‖x‖,x∈■Ω2.

ThenFhasafixedpointin■Ω2\Ω1.
Inordertoapplythefixedpointtheorem,weconstructfourcontrolfunctionsbytheprioriestima-

tionforthesolution.Byapplyingthesecontrolfunctions,wecandescribethegrowthfeatureofthenon-
linearityh(t)f(t,u)+g(t,u).Mainresultsshowthattheproblem (1)hasnpositivesolutionsifthese
controlfunctionshaveappropriatevalues.Here,nisanarbitrarypositiveinteger.

2　Preliminaries
LetC[0,1]betheBanachspaceofcontinuousfunctionson[0,1]equippedwiththenorm ‖u‖=

max
0≤t≤1

|u(t)|.LetK bethefollowingconeofnonnegativefunctionsinC[0,1]:

K ={u ∈C[0,1]:u(t)≥ ‖u‖q(t),0≤t≤1}.
WriteK[r1,r2]={u∈K:r1≤‖u‖≤r2},Ωr={u∈K:‖u‖<r}.ThenK[r1,r2]=■Ωr2\Ωr1.

LetG(t,s)betheGreenfunctionofthehomogeneouslinearproblem:

u″(t)-λu(t)=0,u(0)=u(1)=0　　0<t<1.
If-π2<λ<0,then

G(t,s)=
(ωsinω)-1sinωssinω(1-t)　　0≤s≤t≤1,
(ωsinω)-1sinωtsinω(1-s)　　0≤t≤s≤1.{
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Ifλ =0,then

G(t,s)=
s(1-t)　　0≤s≤t≤1,

t(1-s)　　0≤t≤s≤1.{
Ifλ>0,then

G(t,s)=
(ωsinhω)-1sinhωssinhω(1-t)　　0≤s≤t≤1,
(ωsinhω)-1sinhωtsinhω(1-s)　　0≤t≤s≤1.{

So,G:[0,1]×[0,1]→[0,+∞)iscontinuousandG(t,s)>0,t,s∈(0,1).
Lettheconstants

A=max
0≤t≤1∫

1

0
G(t,s)h(s)ds,B=∫

1-δ

δ
G(1

2
,s)h(s)ds,

C= max
t,s∈[0,1]

G(t,s),D= min
t,s∈[δ,1-δ]

G(t,s),

whereδ∈(0,1
2

)isapositiveconstant.Inarealproblem,wecanchooseδbythepropertiesofh(t)f(t,

u)+g(t,u),forexample,δ=
1
4.

Ifh(t)≡1,-π2<λ <0,thenA=
1-cos

1
2ω

ω2cos
1
2ω

,B=
2sin

1
2ω(cosδω-cos

1
2ω )

ω2sinω
.

Ifh(t)≡1,λ=0,thenA=
1
8

,B=
1-4δ2

8 .

Ifh(t)≡1,λ>0,thenA=
cosh

1
2ω-1

ω2cosh
1
2ω

,B=
2sinh

1
2ω(cosh

1
2ω-coshδω)

ω2sinhω
.

If-π2<λ<0,thenC=
sin

ω
2

2ωcosω
ω
2

,D=
sin2δω
ωsinω.

Ifλ=0,thenC=
1
4

,D=δ2.

Ifλ>0,thenC=
sinh

ω
2

2ωcosh
ω
2

,D=
sinh2δω
ωsinhω.

Additionally,let

H(s)=

s(1-s)
ωsinω 　　-π2 <λ<0,

s(1-s)　　λ=0,

sinhωssinhω(1-s)
ωsinhω 　　λ>0.

ì

î

í

Foru∈K\{0},definetheoperatorTasfollows:

(Tu)(t)=∫
1

0
G(t,s)[h(s)f(s,u(s))+g(s,u(s))]ds　　0≤t≤1.

Lemma2　q(t)H(s)≤G(t,s)≤H(s)foranyt,s∈[0,1].
Proof　G(t,s)≤H(s)isimmediate.Weonlyprovetheanotherinequality.

Let-π2<λ<0,then0<ω<π.Since
sinx
x isadecreasingfunctionon(0,π],onehas
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sinωt
ωt ≥

sinω
ω

,sinω(1-t)
ω(1-t) ≥

sinω
ω 　　0<t<1.

If0<s≤t<1,then
G(t,s)
H(s)=

sinωs
ωs

·sinω(1-t)
ω(1-s) ≥

sinω
ω

·sinω(1-t)
ω(1-s) >

sinω
ω2 sinω(1-t)≥q(t).

If0<t≤s<1,then
G(t,s)
H(s)=

sinωt
ωs

·sinω(1-s)
ω(1-s) ≥

sinωt
ωs

·sinω
ω >

sinω
ω2 sinωt≥q(t).

Bythecontinuity,thenG(t,s)≥q(t)H(s),t,s∈[0,1].
Forλ=0andλ>0,theproofsaresimilar.
Lemma3　Supposethat(H1)(H4)hold.ThenT:K[r1,r2]→Kisacompletelycontinuousopera-

torforanyr2>r1>0.
Proof　Ifu∈K[r1,r2],then

r1q(t)≤ ‖u‖q(t)≤u(t)≤ ‖u‖ ≤r2　　0≤t≤1.
By(H1)(H4),then(Tu)(t)iswelldefinedandTu∈C[0,1].

Forr2>r1>0,let

jr2r1
(t)=max{g(t,u):r1q(t)≤u ≤r2}　　0<t<1.

By(H3)and(H4),jr2r1∈C(0,1)and∫
1

0
jr2r1

(t)dt<+∞.

Forn≥3,let

[jr2r1
]n(t)=

min{jr2r1
(t),ntjr2r1

(1
n

)}　　0≤t≤
1
n

,

jr2r1
(t)　　

1
n ≤t≤

n-1
n

,

min{jr2r1
(t),n(1-t)jr2r1

(n-1
n

)}　　
n-1
n ≤t≤1,

ì

î

í

then[jr2r1
]n∈C[0,1],[jr2r1

]n(0)=[jr2r1
]n(1)=0andlim

n→∞∫
1

0
[jr2r1

(t)-[jr2r1
(t)]n(t)]dt=0.

Definethefunctiongn(t,u)asfollows:

gn(t,u)=min{g(t,u),[jr2r1
]n(t)}　　(t,u)∈ [0,1]×[0,+∞).

Thengn:[0,1]×[0,+∞)→[0,+∞)iscontinuous.
DefinetheoperatorTnasfollows:

(Tnu)(t)=∫
1

0
G(t,s)(h(s)f(s,u(s))+gn(s,u(s)))ds　　0≤t≤1.

ThenTn:K[r1,r2]→C[0,1]iscompletelycontinuousbytheArzela-Ascolitheorem.Sinceforany0<t
<1,r1q(t)≤u≤r2,

0≤g(t,u)-gn(t,u)≤jr2r1
(t)-[jr2r1

]n(t),

wegetthat

sup
u∈K[r1,r2]

‖Tu-Tnu‖= sup
u∈K[r1,r2]

max
0≤t≤1∫

1

0
G(t,s)(g(s,u(s))-gn(s,u(s)))ds≤

sup
u∈K[r1,r2]

max
0≤t≤1∫

1

0
G(t,s)[jr2r1

(t)-[jr2r1
]n(t)]ds≤

max
t,s∈[0,1]

G(t,s)∫
1

0
[jr2r1

(t)-[jr2r1
]n(t)]ds→0.

Therefore,T:K[r1,r2]→C[0,1]isacompletelycontinuousoperator.
Ontheotherhand,bylemma2,for0≤t≤1,
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(Tu)(t)≥q(t)∫
1

0
H(s)[h(s)f(s,u(s))+g(s,u(s))]ds≥q(t)max

0≤t≤1∫
1

0
G(t,s)[h(s)f(s,u(s))+

g(s,u(s))]ds=‖Tu‖q(t).
ThisshowsT:K[r1,r2]→K.

3　LocalExistenceTheorems
Inordertoprovethemainresults,weintroducethefollowingfourcontrolfunctions:

φ(r)=max{f(t,u):0≤t≤1,rq(t)≤u ≤r},

ψ(r)=min{f(t,u):δ≤t≤1-δ,rq(t)≤u ≤r},

μ(r)=∫
1

0
max{g(t,u):rq(t)≤u ≤r}dt,

υ(r)=∫
1-δ

δ
min{g(t,u):rq(t)≤u ≤r}dt.

If(H3)and(H4)hold,thenυ(r)≤μ(r)<+∞foranyr>0.
Themainresultsarethefollowinglocalexistencetheorems.
Theorem1　Supposethat(H1)(H4)holdandthereexisttwopositivenumbersa<bsuchthatone

ofthefollowingconditionsissatisfied:
(ⅰ)Aφ(a)+Cμ(a)≤a,Bψ(b)+Dυ(b)≥b;
(ⅱ)Bψ(a)+Dυ(a)≥a,Aφ(b)+Cμ(b)≤b.

Thentheproblem (1)hasatleastapositivesolutionu∗ ∈Kanda≤‖u∗ ‖≤b.
Proof　Weonlyprovethecase(ⅰ).Theproofofthecase(ⅱ)issimilar.
Ifu∈■Ωa,then‖u‖=aandaq(t)≤u(t)≤a,0≤t≤1.Bythedefinitionsofφ(a)andμ(a),then

max
0≤t≤1

f(t,u(t))≤φ(a),∫
1

0
g(t,u(t))dt≤μ(a).

ApplyingAφ(a)+Cμ(a)≤a,wegetthat

‖Tu‖= max
0≤t≤1∫

1

0
G(t,s)[h(s)f(s,u(s))+g(s,u(s))]ds≤ max

0≤t≤1∫
1

0
G(t,s)h(s)f(s,u(s))ds+

max
t,s∈[0,1]

G(t,s)∫
1

0
g(s,u(s))ds≤φ(a)max

0≤t≤1∫
1

0
G(t,s)h(s)ds+

μ(a)max
t,s∈[0,1]

G(t,s)=Aφ(a)+Cμ(a)≤a=‖u‖.

Ifu∈■Ω(b),then‖u‖=bandbq(t)≤u(t)≤b,0≤t≤1.So,

min
δ≤t≤1-δ

f(t,u(t))≥ψ(b),∫
1-δ

δ
g(t,u(t))dt≥υ(b).

ApplyingBψ(b)+Dυ(b)≥b,wegetthat

‖Tu‖ ≥ max
δ≤t≤1-δ∫

1-δ

δ
G(t,s)[h(s)f(s,u(s))+g(s,u(s))]ds≥ max

δ≤t≤1-δ∫
1-δ

δ
G(t,s)h(s)f(s,u(s))ds+

min
δ≤t≤1-δ∫

1-δ

δ
G(t,s)g(s,u(s))ds≥∫

1-δ

δ
G(1

2
,s)h(s)f(s,u(s))ds+

min
t,s∈[δ,1-δ]

G(t,s)∫
1-δ

δ
g(s,u(s))ds≥ψ(b)∫

1-δ

δ
G(1

2
,s)h(s)ds+

υ(b) min
t,s∈[δ,1-δ]

G(t,s)=Bψ(b)+Dυ(b)≥b=‖u‖.

Accordingtolemmas1andlemmas3,thereexistsu∗ ∈K [a,b]suchthatTu∗ =u∗ .Inother
words,u∗ ∈K,a≤‖u∗ ‖≤band

u∗ (t)=∫
1

0
G(t,s)[h(s)f(s,u∗ (s))+g(s,u∗ (s))]ds　　0≤t≤1.

Twicedifferentiatingthebothendsoftheequalityon(0,1),wegetthat
(u∗ )″(t)-λu∗ (t)+h(t)f(t,u∗ (t))+g(t,u∗ (t))=0　　0<t<1.
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AndsinceG(0,s)=G(1,s)=0,0≤s≤1,onehasu∗ (0)=u∗ (1)=0.Thisshowsthatu∗isasolutionof
theproblem (1).Sinceu∗ (t)≥aq(t)>0,0<t<1,thesolutionu∗ispositive.

Theorem2　Supposethat(H1)(H4)holdandthereexistthreepositivenumbersa<b<csuch
thatoneofthefollowingconditionsissatisfied:

(ⅰ)Aφ(a)+Cμ(a)≤a,Bψ(b)+Dυ(b)>b,Aφ(c)+Cμ(c)≤c;
(ⅱ)Bψ(a)+Dυ(a)≥a,Aφ(b)+Cμ(b)<b,Bψ(c)+Dυ(c)≥c.

Thentheproblem (1)hasatleasttwopositivesolutionsu∗
1 ,u∗

2 ∈Kanda≤‖u∗
1 ‖<b<‖u∗

2 ‖≤c.
Proof　ByapplyingAφ(a)+Cμ(a)≤a,Bψ(b)+Dυ(b)>bandimitatingtheproofoftheorem1

(ⅰ),theproblem (1)hasapositivesolutionu∗
1 ∈Ksuchthata≤‖u∗

1 ‖<b.SinceBψ(b)+Dυ(b)>
b,Aφ(c)+Cμ(c)≤c,theproblem (1)hasanotherpositivesolutionu∗

2 ∈K suchthatb<‖u∗
2 ‖≤c.

Thecase(ⅰ)isproved.Theproofof(ⅱ)issimilar.
Generally,wehavethefollowingexistencetheoremconcernedwithnpositivesolutions,where[c]is

theintegerpartofc.
Theorem3　Supposethat(H1)(H4)holdandthereexistn+1positivenumbersa1<a2<…<

an+1suchthatoneofthefollowingconditionsissatisfied:

(ⅰ)Aφ(a2k-1)+Cμ(a2k-1)<a2k-1,k=1,2,…,[n+2
2

]andBψ(a2k)+Dυ(a2k)>a2k,k=1,2,…,

[n+1
2

];

(ⅱ)Bψ(a2k-1)+Dυ(a2k-1)>a2k-1,k=1,2,…,[n+2
2

]andAφ(a2k)+Cμ(a2k)<a2k,k=1,2,…,

[n+1
2

].

Thentheproblem (1)hasatleastnpositivesolutionsu∗
k ∈K,k=1,2,…,nandak<‖u∗

k ‖<ak+1.

4　SeveralInterestingResults
Inthissection,weconsidersomespecificcasesoftheorem1.
Theorem4　Supposethat(H1)(H4)holdand:
(ⅰ)limsup

r→+0
[Bψ(r)/r+Dυ(r)/r]>1;

(ⅱ)liminf
r→+∞

[Aφ(r)/r+Cμ(r)/r]<1.

Thentheproblem (1)hasatleastapositivesolutionu∗ ∈K.
Proof　By(ⅰ),thereexistsa>0suchthatBψ(a)+Dυ(a)≥a.By(ⅱ),thereexistsb>asuch

thatAφ(b)+Cμ(b)≤b.Bytheorem1(ⅱ),theproofiscompleted.
Theorem5　Supposethat(H1)(H4)holdand:
(ⅰ)lim

u→+0
min

δ≤t≤1-δ
g(t,u)>0;

(ⅱ)lim
u→+∞

max
0≤t≤1

f(t,u)/u<A-1;

(ⅲ)thereexistξ∈L1[0,1],0≤θ<1and■r>0suchthatg(t,u)≤ξ(t)uθforany(t,u)∈(0,1)×
[■r,+∞).
Thentheproblem (1)hasatleastapositivesolutionu∗ ∈K.

Proof　By(ⅰ),thereexisttwopositivenumbersLand■r1suchthat

g(t,u)≥L　　(t,u)∈ [δ,1-δ]×(0,■r1].

Leta=min{DL(1-2δ),■r1},thena>0and

Bψ(a)+Dυ(a)≥Dυ(a)=D∫
1-δ

δ
g(t,a)dt≥DL(1-2δ)≥a.
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By(ⅲ),foranyr>■r,onehas

μ(r)≤μ(■r)+∫
1

0
max{g(t,u):■r≤u ≤r}dt≤μ(■r)+rθ∫

1

0
ξ(t)dt.

Since0≤θ<1,itfollowsthat

lim
r→+∞

μ(r)/r≤lim
r→+∞

1
r

(μ(■r)+rθ∫
1

0
ξ(t)dt)=0.

LetA-1-lim
u→+∞

max
0≤t≤1

f(t,u)/u=3ε.By(ⅱ),ε>0.So,thereexistsapositivenumber■r2suchthat■r2

>■r1and

f(t,u)/u ≤A-1-2ε　　(t,u)∈ [0,1]×[■r2,+∞).
Sincef:[0,1]×[0,+∞)→[0,+∞)iscontinuous,then

M =max{f(t,u):(t,u)∈ [0,1]×[0,■r2]}<+∞.

Let■r3>■r2suchthat■r3ε>M.Sincelim
r→+∞

μ(r)/r=0,thereexists■r4>0suchthatCμ(r)/r<Aεforanyr

∈[■r4,+∞).

Letb=max{■r3,■r4},thenbε>M,Cμ(b)<Aεb.So,

f(t,u)≤ (A-1-2ε)u < (A-1-2ε)b　　∀(t,u)∈ [0,1]×[■r2,b],

f(t,u)≤M +(A-1-2ε)b< (A-1-ε)b　　∀(t,u)∈ [0,1]×[0,b].
ItfollowsthatAφ(b)<(1-Aε)band

Aφ(b)+Cμ(b)< (1-Aε)b+Aεb=b.
Bytheorem1(ⅱ),(1)hasapositivesolutionu∗ ∈K.
Thefollowingproblemisaspecialformoftheproblem (1):

u″(t)-λu(t)+h(t)uρ(t)+η(t)
uτ(t)=0　　0<t<1,

u(0)=u(1)=0,

ì

î

í (2)

whereη(t)isafunctionandρ,τareconstants.
Theorem6　Supposethat(H1)holdsand:

(ⅰ)η∈C[0,1]isnonnegativeand∫
1-δ

δ
η(t)dt>0;

(ⅱ)0<ρ<1,0<τ<1.
Thentheproblem (2)hasapositivesolutionu∗ ∈K.

Proof　Letf(t,u)=f(u)=uρ,g(t,u)=η(t)
uτ ,then(H2)and(H3)naturallyhold.Itiseasytosee

that

q(t)≥

2sinωsin
ω
2

ω2 min{t,1-t}　　-π2 <λ<0,

min{t,1-t}　　λ=0,

1
sinhωmin{t,1-t}　　λ>0.

ì

î

í

Since0<τ<1,onehas∫
1

0

dt
[min{t,1-t}]τ <+∞.So,∫

1

0

dt
[rq(t)]τ <+∞foranyr>0.Sinceη∈C[0,1]

isanonnegativefunction,onehas∫
1

0

η(t)dt
[rq(t)]τ <+∞foranyr>0.Hence,(H4)issatisfied.

Letσ= min
δ≤t≤1-δ

q(t),then
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lim
r→+0

υ(r)
r =lim

r→+0

∫
1-δ

δ
min{η

(t)
uτ

:rq(t)≤u ≤r}dt

r =lim
r→+0

∫
1-δ

δ
η(t)dt

r1+τ =+∞,
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1
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1

0

η(t)
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lim
r→+0

ψ(r)
r =lim

r→+0

min{uρ:δ≤t≤1-δ,rq(t)≤u ≤r}
r =lim

r→+0

στ

r1-ρ =+∞,

lim
r→+∞

φ(r)
r =lim

r→+∞

max{uρ:0≤t≤1,rq(t)≤u ≤r}
r =lim

r→+∞

1
r1-ρ =0.

Itfollowsthat
lim
r→+0

(Bψ(r)/r+Dυ(r)/r)=+∞,lim
r→+∞

(Aφ(r)/r+Cμ(r)/r)=0.

Bytheorem4,theproofiscompleted.

5　Illustration
ConsiderthenonlinearDirichletboundaryvalueproblem

u″(t)-u(t)+
u3(t)-t5u2(t)+3u(t)+9

1+2t+u2(t) +
1+sinu(t)

3
t(1-t)u(t)

=0　　0<t<1,

u(0)=u(1)=0,

ì

î

í

here,λ=1,h(t)≡1,f(t,u)=
u3-t5u2+3u+9

1+2t+u2 andg(t,u)=
1+sinu

3
t(1-t)u

.So,g(t,u)issingularatu=

0forany0≤t≤1,andatt=0,t=1foranyu∈[0,+∞).Since,foranyu≥0,

u3-t5u2+3u+9≥u3-5u2+3u+9=(u-3)2(u+1)>0,

weseethatf:[0,1]×[0,+∞)→[0,+∞)iscontinuous.

Insuchacase,A-1=
cosh

1
2

cosh
1
2-1

≈8.8354.

Letγ=
1

sinh1=
2

e-e-1,then

q(t)=γmin{sinht,sinh(1-t)}≥γt(1-t)　　∀0≤t≤1.
So,foranyr2>r1>0and0<t<1,

max{g(t,u):r1q(t)≤u ≤r2}=
2

3
r1t(1-t)q(t)

≤
2

3
γr1t2(1-t)2

.

Since∫
1

0

dt
3
t2(1-t)2

<+∞,weseethattheassumption(H4)holds.

Obviously,lim
u→+0

min
0≤t≤1

g(t,u)=+∞,lim
u→+∞

max
0≤t≤1

f(t,u)/u=1<A-1andg(t,u)≤
2

3
t(1-t)

forany

(t,u)∈[0,1]×[1,+∞).
Bytheorem5,theproblemhasapositivesolutionu∗ ∈K.
Theconclusioncannotbederivedfromtheexistingresultsbecausethefunctiong(t,u)issingular

atu=0.
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满足Dirichlet边界条件的2阶奇异
微分方程的正解

姚庆六
(南京财经大学应用数学系,江苏 南京　210003)

摘　要:研究了非线性2阶 Dirichlet边值问题

u″(t)-λu(t)+h(t)f(t,u(t))+g(t,u(t))=0　　0<t<1,u(0)=u(1)=0
的正解存在性与多解性,其中λ>-π2 是常数,而g(t,u)可以在u=0处奇异.通过精确估计解的先验界并且利用锥拉伸

压缩的 Guo-Krasnoselskii不动点定理,建立了几个存在定理.
关键词:非线性常微分方程;奇异边值问题;正解;存在性与多解性
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