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Abstract: The existence and multiplicity of positive solutions are studied for the nonlinear second-order
Dirichlet boundary value problem

W) — A Fh O fGau))+g,ule)) =0 0<t<<1,u(0)=u(l)=0,
where A>>—rx" is a constant and g (¢,u) may be singular at « =0. By exactly estimating the priori bound
of solution and applying the Guo-Krasnoselskii fixed point theorem of cone expansion-compression type,
several existence theorems are established.
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1 Introduction
Let A>>—x* be a constant. This paper studies the existence and multiplicity of positive solutions for
the following nonlinear second-order Dirichlet boundary value problem:
W) =2 Fh () fGu)) +gult)) =0 0<<t <1,
u(0) =u(l) =0,
where f(¢,u) is continuous and g (z ,u) may be singular at u =0. In other words,we allow 1ium> sup g,
u)=-4co for any t €[0,1].
Here,a function «* € C[0,1] is called positive solution of the problem (1) if «* is a solution of (1)
and u " (1) >0,0<r<1.

The problem (1) can model many physical phenomena,for example, the motion of a clock pendu-

(D

lum" and the motion of a particle restrained by a nonlinear spring™. When g (¢ ,u)= 0, the existence of
solutions and positive solutions has been studied by many authors,for example,see ref. [3-9].

To this day,there is no any existence result of positive solution concerned with the problem (1)
when the nonlinearity has singularity at « =0. Recently, there is much attention focused on the existence
of positive solutions of other singular boundary value problems, for example,see ref. [10 — 16]. These

studies inspire us.
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The purpose of this paper is to study the existence and multiplicity of positive solutions for the sin-
gular problem (1). In this study,the nonlinearity 2 (¢) f (¢t ,u) +g (¢t ,u) may have the time and space sin-
gularities. Because the Green function of the problem (1) has precise expression, we can obtain many use-

ful data. According to these data,we can exactly estimate the priori bound of solution.

Let w =+/|A] and

[szwmin{sinwl,sinw(lft)} —xt << <0,
w
q(t) =4min{z,1—1t} A =0,
1
LWmm{%mh wt,SiI’lh (U(l *l‘)} A > 0.
S w

The following assumptions will be used:
"1
(H1) h:(0,1)—>[0,+°°) is continuous andJ h(t)dt <+ oo,
0

(H2) £:[0,1]X[0,4+c2)—>[0,+2°) is continuous.
(H3) g:(0,1) X (0, 4+c2)—>[0,+0°°) is continuous.
(H4) For any r,>r, >0,

1
J max{g (t,u):riq(t) <u < r, dt <+ oo,
0

Therefore,we not only allow 2 (z) to be singular at =0 and/or t =1, but also allow g (z,u) to be
singular at =0 for any t €[0,1],and at =0 and/or t =1 for any u € [0, +°).

This paper is based on the following Guo-Krasnoselskii fixed point theorem of cone expansion-com-
pression type.

Lemma 1 Let X be a Banach space and K be a cone in X. Let 2,,0, be two bounded open subsets

in K with0€0,C0,CQ2,. Assume that F :02,\2,—K is a completely continuous operator such that one
of the following conditions is satisfied:

D [F <zl .2€8Q and | F() =z | .x€00.;

) IF@ =zl .2€a0Q,and |F(o) | <z | .x€20,.

Then F has a fixed point in 2,\Q;.

In order to apply the fixed point theorem,we construct four control functions by the priori estima-
tion for the solution. By applying these control functions,we can describe the growth feature of the non-
linearity h (¢) f (¢t su) +g (¢t su). Main results show that the problem (1) has n positive solutions if these

control functions have appropriate values. Here,n is an arbitrary positive integer.

2 Preliminaries
Let C[0,17] be the Banach space of continuous functions on [0,1] equipped with the norm || « || =

max |u(2)|. Let K be the following cone of nonnegative functions in C[0,1]:
0=r=1

K={u€ CLo.1]:u() = llull g0t <1},
Write K[risr |={u €K i< | ull <r,}.Q,={u€K: | ul <r}. Then K[r, ,72]:(2,.2\0,,1.
Let G(z,s) be the Green function of the homogeneous linear problem:
() = A (@) =0,u(0) =u(1)=0  0<Tt<1.
If —x*<{2<<0,then
(wsin w) 'sin ws sin w (1 —1¢) 0<s <1t
G(t,s) = <

(wsin @) 'sin wt sin w(1 —s) 0<t
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If A =0,then
G([’S):{s(l—t) 0<s <1t
t(1—3s) 0<<r <
If A>0,then
(wsinh w) 'sinh ws sinh w(1 —1¢) 0<Cs<<Lr<1,
(wsinh w) 'sinh wtsinh w (1 — ) 0Tt s <1.
S0,G:[0,1]X[0,1]=>[0,+°°) is continuous and G(z,s)>0,¢,5s € (0,1).

Let the constants

G(tas) {

1 1-o 1
A=m xj G(t,s)h(s)ds,B :J G(?,s)h(s)ds,
0==t=<1J 0 J

C= max G(,s),D= min G(,s),
t.se[0.1] t.s€[0.1-0]

1
where 0 € (O,?) is a positive constant. In a real problem,we can choose & by the properties of A (z) f (¢,

1
u)+tg(t,u),for example,d =—.

4
1 1 1
1 — cos Pi 2sin ?w(cos 0w — cos 5w )
Ifrh(p)=1,—n*<A <0,thenA=———— B = —
) i w”sin w
w’cos —w
1 1—46*
Ifh(t)zlyk:()athel’lA:in: .
8 8
cosh —w — 1 2sinh ?w(cosh Pl — cosh dw)
Ifh()=1,A>0,thenA=————,B= o
, w’sinh w
w”cosh —w
2
L w
sin — ‘
) 2 sin® O
If —x*<A<0,then C=——— ,D=""
w wsin w
2wcos w —
2
1
If A=0,then C:I,D:é”.
w
sinh —
2 sinh? &
If 2=>0, then C = ,p =10 %
] wSlnhw
2wcosh —
2
Additionally, let
s(1—s
S
wsin w

H() =45 —5) A =0,

sinh wssinh w (1 —5)

A > 0.

L wsinh w

For u € K\{0},define the operator T as follows:
1
(Tw) () :J GUss)Lh(s) fGouls)) +gluls))]ds 0<<{r<1.

Lemma 2 ¢ () H()<G(t,s)<<H(s) for any t,s€[0,1].
Proof G (z,s)<XH (s) is immediate. We only prove the another inequality.

sin x | . .
is a decreasing function on (0,x],one has

Let —7*<<A<{0,then 0<w< . Since

X
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sincut>sinw’sinw(1—t)>sinw 0<t <1

wt  w wl—2) 7

If 0<s<<t<1, then

G(t,s) sinws sinw(l—1¢) sinw sinw(l—1¢) sin w
= ° = * sl 1— > .
H(s) ws w(l—s) w w(l—s) w’ sin 2 q(®)
If 0<<t<{s<1,then
G(t,s) sinwt sinw(l—s) sin wt  sin w sin w
— . . 51 =
H(s) ws w(l—s) = ws w = w® sinwt = q ().

By the continuity,then G(z,5)=q(t)H (s),t,s€[0,1].
For A=0 and A>>0,the proofs are similar.
Lemma 3 Suppose that (H1)—(H4) hold. Then T:K[r,.r, =K is a completely continuous opera-
tor for any r,>r, >0.
Proof If u €K[r,,r,],then
rg < llullg) <u@<lul <r. 0
By (H1)—(H4) .then (Tu) (¢) is well defined and Tu € C[0,1].
For r,>r,>0,let
jre @) =max{g(t,u):rig(t) <u<ry} 0<<t<l.

N
N

1
By (H3) and (H4).j> €C(0,1) andj g @de <+ oo,

For n=3,let

1 1
[minU;if(n,nu::;(f» 0<r < —,
n n
1 —1
FERROERIFAO S,
n n
n—1 n—1

min{jz (z),n(1—1)j( )} <r<1,

L
1

then [z ], € CL0.1].[;2 ], (0)=[j7 ], (1)=0 and limJ Ui (o) — [z ()], () ]de =0.
0

n—>c0

n

Define the function g, (¢,u) as follows:
g, (tsu) :min{g(t,u),[ﬂf]”(t)} (tyu) € [0,1] X [0, +0),
Then g,:[0,1]X[0,+c2)—>[0,+=2) is continuous.

Define the operator T, as follows:

1
(T,u) () :J Gys)(h(s)f(Gouls)) + g, (suls)))ds 0 < 1.

Then T, :K[ry,r, ]=>C[0,1] is completely continuous by the Arzela-Ascoli theorem. Since for any 0<¢
<l,rmqgHO<u<r,,

0<<g(su) —g,(tu) <jrQ)— [jif],,(t),
we get that

1
sup | Tu—T,ull = sup maxj G(t,s)(gls,uls)) —g,(s,uls)))ds <
w€KLrywr,] w€KLr)ryJo<i<1J 0

1
sup maXJ G(t,s)[jfi(t)—[jf’—{]n(z‘)]dsg

w€K[r .r,] 0=t<<1J 0

1
max G(Z,S)J []'ff (1) — [jff]”(t)]ds — 0.
0

t.s€[0.1]
Therefore, T:K[r,,r, ]>C[0,1] is a completely continuous operator.
On the other hand,by lemma 2,for 0t <1,
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(Tw)(t) = q(z‘)j HGLh() fGouls)) +glouls))]ds = q(t)maxJ G s)[h(s)fGsouls)) +

gCyuCN]ds= || Tu |l g(o).
This shows T:K[r,,r, | K.

3 Local Existence Theorems
In order to prove the main results,we introduce the following four control functions:
() =max{f(,u): 0t < 1l,rqg(t) <u<r},
) =min{fG,u): 0 <t <<1—0,rq(t) <u<r},

1
p(r) :J max{g(t,u):rq(t) < u < r}ide,

1—6
v(r) :J min{g (t,u):rq(t) < u < r}dz.
b}

If (H3) and (H4) hold,then v (+)<{p: (r)<<+c° for any r>0.
The main results are the following local existence theorems.
Theorem 1  Suppose that (H1)-(H4) hold and there exist two positive numbers a<Zb such that one
of the following conditions is satisfied:
(1) Apla)+Cu(a)<<a B¢ ) +Dv(b)=b;
(i) B¢(a)+Dvla)=a ,Apb)+Cpu(hb)<b.
Then the problem (1) has at least a positive solution «” €K and << || u* || <b.
Proof We only prove the case ( | ). The proof of the case (i ) is similar.
If u€3Q, then |« | =a and aq(t)<<u(1)<<a ,0=<<t<1. By the definitions of ¢(a) and p(a),then
max f(t,u(t)) < ¢la), J gUsu))dt < pla).
011
Applying Ap(a)+Cua)=<ta,we get that
| Tull = maxJ GUas)[h(s) fGuls)) + gls,uls))]ds < maXJ Gy h(s) (s uls))ds +

0=r=1 0=r=1
max G(t,.\‘)J gCuls))ds < go(a)maxj Gt s)h(s)ds +
t.s€[0.1] 0==r=1

©(a) max G(tss) =Ap(a) +Cula) < a=llul.

t.s€[0,1

If u €2Q0) ,then H ull =b and bg (1) <<u(1)<<b,0<1<1. So,

1—
min f(t,u(z‘)) </)(b)aj g uC))dt =Zv(b).
5

o=t=_1—

Applying B¢y (b)) +Dv(b)=b,we get that

1—6 1—6
| Tull = maxL GUss)Lh () f(suls)) + gl uls))]ds = maxL Gy h(s) (s uls))ds +

8=t d==t=<1—0

1-8 1-8 1
min J Gys)g(souls))ds ZJ G(?,s)h(s)f(s,u(s))der
el

o==t=<1-dJ ¢

1 s ]
min G(t,s)J g(.s',u(s))d«s'}(/)(b)ﬁ G(*ys)h(s)ds—ﬁ—

tes€[8,1—6]
v(b) rgln G(t.s)=B¢Wb) +Dvb) =b=ull.
tys€ 1—6]

According to lemmas 1 and lemmas 3, there exists u* € K[a,b | such that Tu* =u . In other
words,u* €EK.,a<<| u" || <b and

u” (1) :J GUss)[h(s) f(ssu (D) +glsau’ (s))]ds 0t <1

Twice differentiating the both ends of the equality on (0,1),we get that
)" @) =2 D) +h@ fGou™ @)+ glsu” (0))=0 0<<t<1.
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And since G(0,5)=G(1,5s)=0,0<s<1,one has " (0)=u " (1) =0. This shows that «* is a solution of
the problem (1), Since u* (z)=aq(z)>0,0<t<1,the solution u " is positive.

Theorem 2 Suppose that (H1)-(H4) hold and there exist three positive numbers a <b<c¢ such
that one of the following conditions is satisfied:

(1) Apla)+Cula)<<a By () +Dv(b)>b,Ap(c)+Culc)<c;

(i) B¢la)+Dv(a)=a,Ap(b)+Cu(b)<<b,B¢(c)+Dvlc)=c.
Then the problem (1) has at least two positive solutions u; sus €K and a<< | uy || <0< us || <c.

Proof By applying Ap(a)+Cu(a)<<a.B¢(b)+ Dv(h)>>b and imitating the proof of theorem 1
( i) .the problem (1) has a positive solution u; € K such that ¢ << || u; || <{6. Since B¢)(b) + Dv (h) >
b+A@(c)+Culc)<c,the problem (1) has another positive solution u; € K such that 6<Z | u, [ <c.
The case ( | ) is proved. The proof of (i ) is similar.

Generally,we have the following existence theorem concerned with n positive solutions,where [ ¢ ] is
the integer part of c.

Theorem 3 Suppose that (H1)-(H4) hold and there exist n +1 positive numbers a; <<a, <-+<
a,+, such that one of the following conditions is satisfied:

n

. +2
( | ) AgD(aZk—l)+Cﬂ(dgk—l)<a2/¢—lak:1’2,"'9[ 2 :| and B¢(a2h)+DU(a2k)>a2k ’/3:1,2,"',

n—+1

-

1

n—+

- 2
(”) ng(agkﬂ)JrDU(ag,ﬁ])>a2k71,k:1,2,---,[ 2 :I and A@(d2k>+(;ﬂ(azk><a2k ,k:LZ,---,

n+1
s

Then the problem (1) has at least n positive solutions u; €K ,k=1,2,++,n and a,<< || u; | <a,i:.

4 Several Interesting Results
In this section,we consider some specific cases of theorem 1.
Theorem 4 Suppose that (H1)-(H4) hold and:
Ci) lim sup[B¢(r)/r+Duv(r)/r1>1;

=0
Cii lirzn‘ Lnf[Ago(r)/r+Cp(r)/r]<l.
Then the problem (1) has at least a positive solution u ™~ € K.
Proof By (| ),there exists a=>0 such that B¢ (a)+ Dv(a)=a.By Cii ),there exists b>>a such
that Ap(h) +Cpn(h)<<h. By theorem 1 (i ) ,the proof is completed.
Theorem 5 Suppose that (H1)-(H4) hold and:
(i) lim min g(,u)>0;

u—>+00=t<<1—¢

Cli) lim max f(,u)/u<<A™';
=1

utos0< i<

(i ) there exist EEL'[0,1],0=<<0<C1 and r >0 such that g (¢,u)<<6()u’ for any (¢,u) € (0,1) X
[;’+OO>.
Then the problem (1) has at least a positive solution u ™ € K.

Proof By (i) ,there exist two positive numbers L and r, such that
g(t,u) =1L (tsu) € [6,1—0]X (0.r,].
Let a=min{DL (1—28).r,},then a >0 and

1—¢
B¢ (a) +Dv(a) = Dv(a) :DJ“ g(t,a)dt = DL(1—20) =a.



55 6 ] BRSS9 2 Dirichlet 215 5 PR 2 B aF 5% Bl op 5 72 B9 IE fiff 7

By (i ) ,for any »>>7r,one has

"1

— _ . 1
r(r) <)u(r)—0—J max{g(t,u):r <<u < rjdt <,u(r)—0—rgj E(t)de.
0 0

Since 0<L0<1,it follows that
1 _ 1
lim () /r < lim —(u(r) —l—r”J E()de) =0.
rorton rmtos T 0

Let A '— lim max f(z,u)/u=3e.By (i ),e>>0. So,there exists a positive number r, such that r,

w00 r=<1
>, and
f(z‘au)/u<A71*2€ (taM)GI:O,l:IXI:;Zy_'_OO).
Since f:[0,1]X[0,+c0)—>[0,+°°) is continuous,then
M =max{f(t.u):(t,u) € [0,1] X [0,r,]} <+ o,

Let r4>>7, such that rye >M. Since lim 2 (r)/r=0,there exists 7,>>0 such that Cp(r)/r<<Ae for any r
ror oo

S [;4 ,+c>o)
Let b=max{r;,r,} then be >M ,Cp(h)<<Aeb. So,

Flsu) <A —200u < (A" —2e)b Y (tsu) € [0,1] X [r,0],
S <M+ (A —2)b << (A" —e)b YV (t,u) € [0,1]X[0,b].
It follows that Ap(h)<<(1—Ae)b and
Ap(b) + Cu(b) << (1 —Ae)b + Aeb =b.
By theorem 1 (i ), (1) has a positive solution u* € K.

The following problem is a special form of the problem (1)

[u”(t)—/lu(Z)Jrh(l)up(t)Jrv(t) =0 0<r <1,
! w (1) (2)
() =u(1) =0,

where 7(¢) is a function and p,7 are constants.

Theorem 6 Suppose that (H1) holds and:

15
Ci) 7)6(3[0,1] is nonnegative andj n()dt > 0;
5

Cli) 0<Cp<<1,0<r<C1.
Then the problem (2) has a positive solution u* € K.
)
Proof Let f(t ,u)=f(uw)=u’,g( ,u):%,then (H2) and (H3) naturally hold. It is easy to see
u

that

. . w
2sin wsin —

min{z,1 —¢} — 7t <A <<0,

2
w

>
Q<t>/<min{t,1—z} 1=0,

min{¢,1 —1¢} A > 0.

[sinh w
Since 0<z<"1,one h J.l de <t oo, J.l oy ~0. Since n€ C[0,1]
1n s ON S O, O, - - SO 10r an . n .
ce U=t €has | Tminiz 1 —2) 7 o [rq(O T anyr cen

op(e)de

————— <+ oo for any r=>0. Hence, (H4) is satisfied.
o Lrg(t)I°

is a nonnegative function,one hasj

Let 6= min g(z),then

o=t<1—2¢
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= () 1-8
o (r) Ja min{ E g (1) <u < rjpdt J 7 () dt
lim =lim =lim~———— = +oo,
rt0 T rt0 r o0 r
1
Jmax{v(i);rq(t)<u<r}dt )
) ,u(r): ) 0 u L 1 n(t) _
lim lim lim — dt =0,
rofos T pomtoo r rteo o g (1)
oGy minf{u i <<t <1 —08.rq() <u<r) . of
lim =lim =lim — =+o0,
0 T re=0 r ret0
.oe(r) Comax{u’ 0 <t <1l,qQ) <u<r} . 1
lim = lim = lim — ; =0.
rofeo T rtoo r oo 1

It follows that
E%(ng(r)/r +Dv(r)/r) =-+eo, lim (Ap(r) /r + Cu(r)/r) =0.

By theorem 4,the proof is completed.

5 Illustration
Consider the nonlinear Dirichlet boundary value problem

3 o 2 N
ju”(t)u(t)—}—u (t) —t5u (Z)+3u(t)+9+ 14 sin u () 0 0< <1,

142t +u? () Vi —Dut)

[« (0) =u(1) =0,

heresd — Lok (D=1, f ()= 800 =S (o) s singular at u—
ere, , =1,f,u T2 0 and g (t.u Sz(l—z)u.‘o’g ,u) is singular at u

0 for any 0<<t<C1l,and at t=0,z=1 for any u € [0, +°°). Since, for any u=0,
w —t5u*+3u+9=>u—5u"+3u+9=u—3)*w+1) >0,
we see that £:[0,1]X[0,+o0)—>[0,+°2) is continuous.

1
cosh —
In such a case,A ™! :71%8. 835 4.
cosh ?*1
1 2
Let yisinh 1fﬁ,then

q(t) =ymin{sinh ¢,sinh(1 —2)} =yt (1 — 1) Vo<t <1.
So,for any r,>r,; >0 and 0<t<1,

2 2
max{g (t,u):rig(t) <u<r,} =+ <5 _ -
rit(1—1)qg () yrit?(1—1)?
1 dz
SinceJ 372‘ <+ o, we see that the assumption (H4) holds.
0/t (1 —1)*
Obviously, lim min g (z,u) =40, lim max f(t,u)/u=1<<A" " and g (t,u)<<-———— for any
u—+00<r<1 u—>F o001 m
(t,u)€E[0,1]X[1,+00).

By theorem 5,the problem has a positive solution u* € K.
The conclusion can not be derived from the existing results because the function g (¢,u) is singular
at u=0.
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