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Orlicz序列空间中p-Amemiya(1≤p≤∞)
范数的可达性

∗
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摘　要:基于一般 Orlicz序列空间,定义了p-Amemiya(1≤p≤∞)函数.利用实分析与泛函分析基本理论,研究一般

Orlicz序列空间中p-Amemiya函数的特征和p-Amemiya范数的可达问题,得到了p-Amemiya函数的一系列性质,并由这

些结论确定了对任何1≤p≤∞,p-Amemiya范数都是可达的,指出了其可达区间.
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众所周知,Orlicz函数空间和序列空间几何理论既有区别又有联系,多年来始终呈现并行发展的局面.崔云安等[1]引入

p-Amemiya范数(1≤p ≤ ∞)的概念,并对赋p-Amemiya范数(1≤p ≤ ∞)的一般 Orlicz函数空间(与大多数文献如[2
8]讨论的由 N 函数生成的 Orlicz空间相比要复杂得多)范数可达性及可达区间进行了详尽的研究.笔者将对赋

p-Amemiya范数(1≤p ≤ ∞)的一般 Orlicz序列空间范数可达性及可达区间进行讨论.

1　 预备知识及引理
文中以X 表示一个Banach空间,B(X),S(X)分别表示X 的闭单位球和单位球面.
定义1[2]　 映射 M :R → [0,∞]称为 Orlicz函数是指,M 是偶的、非负连续凸函数且 M(0)=0,

lim
u→∞

M(u)= ∞.规定 M(∞)= ∞.

定义 Orlicz函数M(u)的余函数N(v)=sup{u|v|-M(u):u≥0}.设x= (x(i))i 表实数序列,称ρM (x)=∑
∞

i=1
M(x(i))

为x 关于M 的模.据文献[1],线性集l∗
M = {x = (x(i))i:∃λ>0,ρM (λx)< ∞}关于p-Amemiya范数(1≤p≤ ∞)

‖x‖M,p =
inf
k>0

1
k

[1+(ρM (kx))p]1
p 　　1≤p < ∞,

inf
k>0

1
kmax{1,ρM (kx)}　　p = ∞

ì

î

í

成为Banach空间,并且这些范数是等价的.简记lM,p = [l∗
M ,‖x‖M,p](1≤p ≤ ∞).记

sp:[0,∞]→ [1,∞],sp(u)=
(1+up)1

p 　　1≤p < ∞,

max1,u{ } 　　p = ∞.{
定义函数Ap:lM,p ×(0,∞]→ (0,∞],Ap(x,k)=k-1sp(ρM (kx))为p-Amemiya函数.显然 ‖x‖M,p =inf

k>0
Ap(x,k).

记cM =supu≥0:M(u)< ∞{ } .当0≤u<cM 时,用p+ (u)表示M(u)的右导数;当cM ≤u≤ ∞ 时,定义p+ (u)

= ∞,则p+ (u)在[0,∞)上非减且对任何u≥0,都有M(u)=∫
u

0
p+ (t)dt[9].显然,当|u|>cM 时,M(u)=N(p+ (|u
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|))= ∞,M(cM )≤N(p+ (cM ))= ∞.利用 Young不等式,有

|u|<cM ⇔p+ (|u|)< ∞⇔N(p+ (|u|))=|u|p+ (|u|)-M(u)< ∞, (1)

则当|u|<cM 时,M(u)< ∞,N(p+ (|u|))< ∞.定义

αp:lM,p → [-1,∞],αp(x)=
ρp-1

M (x)ρN (p+ (|x|))-1　　1≤p < ∞,

-1　　p = ∞,ρM (x)≤1,

ρN (p+ (|x|))　　p = ∞,ρM (x)>1,{
则对任何1≤p ≤ ∞ 及x = (x(i))i ∈lM,p\{0},函数αp(kx)关于k在[0,∞)上非减.再定义

k∗
p :lM,p → [0,∞],k∗

p (x)=inf{k>0:αp(kx)≥0}(规定infΦ = ∞),

k∗∗
p :lM,p → (0,∞],k∗∗

p (x)=sup{k>0:αp(kx)≤0},

则显然对任何1≤p ≤ ∞ 及x ∈lM,p,都有k∗
p (x)≤k∗∗

p (x).
引理1　 设l∞ 表示所有有界序列全体.对任何x = (x(i))i ∈l∞ ,若x 的坐标只有有限项不为0,则θ(x)=θ0(x),

其中θ(x)=inf{k>0:ρM (k-1x)< ∞},θ0(x)=inf{k>0:ρN (p+ (k-1|x|))< ∞}.
证明 　 反证法.假设结论不成立,则θ(x)>θ0(x)或θ(x)<θ0(x).若θ(x)>θ0(x),则存在k0:θ-1(x)<k0 <

θ-1
0 (x)(规定

1
0 = +∞),根据θ0(x)的定义得ρN (p+ (k0|x|))= ∑

∞

i=1
N(p+ (k0|x(i)|))< ∞,故对任何正整数i,

k0x(i)<cM .注意到x 的坐标只有有限项不为0,则ρM (k0x)= ∑
x(i)≠0

M(k0x(i))< ∞.这说明k0 ≤θ-1(x),产生矛盾.

同样地,若θ(x)<θ0(x),则存在k0(θ-1
0 (x)<k0 <θ-1(x)),根据θ(x)的定义得ρM (k0(x))= ∑

∞

i=1
M(k0x(i))<

∞,故对任何正整数i,k0x(i)<cM .注意到x 的坐标只有有限项不为0,利用(1)式,有

ρN (p+ (k0|x|))= ∑
∞

i=1
N(p+ (k0|x(i)|))= ∑

x(i)≠0
N(p+ (k0|x(i)|))< ∞.

这说明k0 ≤θ-1
0 (x),产生矛盾.

下面的引理2(见文献[1])对文中主要结果的取得很重要,不加证明给出.

引理2　 对任何1≤p < ∞ 及a>0,都有max
x≥0

1+xp-1a
(1+xp)1-1

p
= (1+ap)1

p .

2　 主要结果及证明
定理1　 当1≤p < ∞ 时,对任何x = (x(i))i ∈lM,p\{0},都有:

(ⅰ)(0,θ-1(x))⊂ {k>0:Ap(x,k)< ∞};

(ⅱ)p-Amemiya函数Ap(x,k)关于k在(0,θ-1(x))内连续;

(ⅲ)p-Amemiya函数Ap(x,k)关于k在(0,k∗
p (x))内递减;

(ⅳ)p-Amemiya函数Ap(x,k)关于k在(0,k∗∗
p (x))内非增;

(ⅴ)p-Amemiya函数Ap(x,k)关于k在(k∗∗
p (x),θ-1(x))内递增;

(ⅵ)p-Amemiya函数Ap(x,k)关于k在(k∗
p (x),θ-1(x))内非减.

证明 　 (ⅰ)设k∈ (0,θ-1(x)),则ρM (kx)< ∞,sp(ρM (kx))< ∞,从而Ap(x,k)< ∞,结论得证.
(ⅱ)对任何k ∈ (0,θ-1(x)),取k1 ∈ (0,k),k2 ∈ (k,θ-1(x)),则对任何k′ ∈ [k1,k2],都有|M(k′x(i))|=

M(k′x(i))≤ M(k2x(i))(i=1,2,...),且ρM (k2x)= ∑
∞

i=1
M(k2x(i))< ∞.由优级数判别法知,关于k 的函数项级数

∑
∞

i=1
M(kx(i))在[k1,k2]上一致收敛.注意到M 的连续性和函数∑

∞

i=1
M(kx(i))在[k1,k2]上连续,当然在k∈ [k1,k2]点

连续.再利用sp 的连续性结论得证.
(ⅲ)对任何x = (x(i))i ∈lM,p\{0}及k1,k2 ∈ (0,k∗

p (x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n,{
则 当 1 ≤ p < ∞ 时,ρp-1

M (kjxn)ρN (p+ (kj | xn |)) < 1,j = 1,2. 由 引 理 1 知,ρM (kjxn) < ∞,

ρN (p+ (kj|xn|))< ∞,j=1,2.因此,

Ap(xn,k2)=
1+ρp-1

M (k2xn)ρM (k2xn)

k2(1+ρp
M (k2xn))1-1

p
= 1+ρp-1

M (k2xn)∑
∞

i=1
k2|xn(i)|p+ (k2|xn(i)|)-([
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ρN (p+ (k2|xn|))) ]/k2(1+ρp
M (k2xn))1-1

p[ ] = ρp-1
M (k2xn)∑

∞

i=1
|xn(i)|p+[

(k2|xn(i)|)+
1
k2

1-ρp-1
M (k2xn)ρN (p+(k2|xn|))( ) ]/

(1+ρp
M (k2xn))1-1

p[ ] = ρp-1
M (k2xn)∑

∞

i=1
|xn(i)|p+[

(k2|xn(i)|)-
1
k2

αp(k2xn)]/ (1+ρp
M (k2xn))1-1

p[ ] .

令εn =min1,(k-1
2 -k-1

1 )αp(k2xn)(1+ρp
M (k2xn))-1+

1
p{ } .因为k2 <k∗

p (x),有αp(k2xn)≤αp(k2x)<0,所以εn

>0.由 Young不等式及引理2,得

Ap(xn,k2)≤ ρp-1
M (k2xn)∑

∞

i=1
|xn(i)|p+ (k2|xn(i)|)-

1
k1

αp(k2xn)[ ]/ (1+ρp
M (k2xn))1-1

p[ ] -

εn = 1+ρp-1
M (k2xn)∑

∞

i=1
k1|xn(i)|p+ (k2|xn(i)|)-ρN (p+ (k2|xn|))( )[ ]/

k1(1+ρp
M (k2xn))1-1

p[ ] -εn ≤
1+ρp-1

M (k2xn)ρM (k1xn)

k1(1+ρp
M (k2xn))1-1

p
-εn ≤

1
k1

(1+ρp
M (k1xn)1

p -εn =Ap(xn,k1)-εn.

令n→ ∞,则εn →ε0 = min1,(k-1
2 -k-1

1 )αp(k2x)(1+ρp
M (k2x))-1+

1
p{ } >0,且Ap(x,k2)≤Ap(x,k1)-ε0 <Ap(x,

k1),结论得证.
(ⅳ)对任何x = (x(i))i ∈lM,p\{0}及k1,k2 ∈ (0,k∗∗

p (x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n,{
则当1≤p < ∞ 时,ρp-1

M (kjxn)ρN (p+ (kj|xn|))≤1,j=1,2.由引理1知,ρM (kjxn)< ∞,ρN (p+(kj|xn|))< ∞,j
=1,2.重复(ⅲ)的证明过程并注意变化αp(k2xn)≤αp(k2x)≤0,εn ≥0,就有Ap(x,k2)≤Ap(x,k1),结论得证.

(ⅴ)对任何x = (x(i))i ∈lM,p\{0}及k1,k2 ∈ (k∗∗
p (x),θ-1(x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n,{
则ρM (kjxn)< ∞.由引理1知,ρN (p+ (kj|xn|))< ∞,j=1,2.因为k1 >k∗∗

p (x),有0<αp(k1x)=ρp-1
M (k1x)ρN (p+

(k1|x|))-1< ∞,所以当n充分大时,0<αp(k1xn)=ρp-1
M (k1xn)ρN (p+ (k1|xn|))-1< ∞.

令εn = min1,(k-1
1 -k-1

2 )αp(k1xn)(1+ρp
M (k1xn))-1+

1
p{ } ,类似上面(ⅳ)的方法,当n充分大时,有

Ap(xn,k1)= ρp-1
M (k1xn)∑

∞

i=1
|xn(i)|p+ (k1|xn(i)|)-

1
k1

αp(k1xn)[ ]/ (1+ρp
M (k1xn))1-

1
p[ ] ≤

ρp-1
M (k1xn)∑

∞

i=1
|xn(i)|p+ (k1|xn(i)|)-

1
k2

αp(k1xn)[ ]/ (1+ρp
M (k1xn))1-1

p[ ]

-εn ≤
1+ρp-1

M (k1xn)ρM (k2xn)

k2(1+ρp
M (k1xn))1-1

p
-εn ≤

1
k2

(1+ρp
M (k2xn))1

p -εn =Ap(xn,k2)-εn.

令n→ ∞,则εn →ε0 = min1,(k-1
1 -k-1

2 )αp(k1x)(1+ρp
M (k1x))-1+

1
p{ } >0,且Ap(x,k1)≤Ap(x,k2)-ε0 <Ap(x,

k2),结论得证.
(ⅵ)对任何x = (x(i))i ∈lM,p\{0}及k1,k2 ∈ (k∗

p (x),θ-1(x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n,{
则ρM (kjxn)< ∞.由引理1知,ρN (p+ (kj|xn|))< ∞,j=1,2.因为k1 >k∗

p (x),有0≤αp(k1x)=ρp-1
M (k1x)ρN (p+

(k1|x|))-1< ∞,所以当n充分大时,0≤αp(k1xn)=ρp-1
M (k1xn)ρN (p+ (k1|xn|))-1< ∞.重复(ⅴ)的证明过

程并注意变化εn ≥0,就有Ap(x,k1)≤Ap(x,k2),结论得证.
定理2　 当p = ∞ 时,对任何x = (x(i))i ∈lM,∞\{0},定理1的所有结论都成立.
证明 　(ⅰ)和(ⅱ)的证明同定理1.
(ⅲ)对任何x = (x(i))i ∈lM,∞\{0}及k1,k2 ∈ (0,k∗

∞ (x)),k1 <k2,有α∞ (k2x)<0,则ρM (k1x)≤ρM (k2x)≤
1.因此,A∞ (x,k2)=k-1

2 <k-1
1 =A∞ (x,k1),结论得证.
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(ⅳ)对任何x = (x(i))i ∈lM,∞\{0}及k1,k2 ∈ (0,k∗∗
∞ (x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n.{
若对任何正整数n,都有ρM (k2xn)≤1,则ρM (k2x)≤1,由(ⅲ)得证.若存在正整数n,使得ρM (k2xn)>1.由于

α∞ (k2xn)≤α∞ (k2x)≤0,因此ρN (p+ (k2|xn|))=0.利用 Young不等式及0≤
M(u)
u ≤

M(v)
v

(0≤u≤v),可得

k-1
2ρM(k2xn)=∑

∞

i=1
|xn(i)|p+ (k2|xn(i)|)-k-1

2ρN(p+ (k2|xn|))=∑
∞

i=1
|xn(i)|p+ (k2|xn(i)|)=

∑
∞

i=1
|xn(i)|p+ (k2|xn(i)|)-k-1

1ρN (p+ (k2|xn|))≤

k-1
1ρM (k1xn)≤k-1

2ρM (k2xn)< ∞.
从而,M 在某区间(0,a)上为线性,且

A∞ (xn,k2)= max{k-1
2 ,k-1

2ρM (k2xn)}≤ max{k-1
1 ,k-1

1ρM (k1xn)}=A∞ (xn,k1).
令n→ ∞,得A∞ (x,k2)=A∞ (x,k1).

(ⅴ)对任何x = (x(i))i ∈lM,∞\{0}及k1,k2 ∈ (k∗∗
∞ (x),θ-1(x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n.{
因为α∞ (k1x)>0,所以ρM (k1x)>1,ρN (p+ (k1|x|))>0.令

εn = min{1,(k-1
1 -k-1

2 )ρN (p+ (k1|xn|))},

当n充分大时,利用 Young不等式,可得

A∞ (xn,k1)=k-1
1ρM (k1xn)= ∑

∞

i=1
|xn(i)|p+ (k1|xn(i)|)-k-1

1ρN (p+ (k1|xn|))=

∑
∞

i=1
|xn(i)|p+ (k1|xn(i)|)-k-1

2ρN (p+ (k1|xn|))-εn ≤

k-1
2ρM (k2xn)-εn =A∞ (xn,k2)-εn.

令n→ ∞,则εn →ε0 =min{1,(k-1
1 -k-1

2 )ρN (p+ (k1|x|))},且A∞ (x,k1)≤A∞ (x,k2)-ε0 <A∞ (x,k2),结论得证.
(ⅵ)对任何x = (x(i))i ∈lM,∞\{0}及k1,k2 ∈ (k∗

∞ (x),θ-1(x)),k1 <k2,取

xn = (xn(i))i　　xn(i)=
x(i)　　i≤n,

0　　i>n.{
因为α∞ (k1x)≥0,所以ρM (k1x)>1,ρN (p+ (k1|x|))≥0.重复(ⅴ)的证明过程并注意变化εn ≥0,就有A∞ (x,k1)

≤A∞ (x,k2),结论得证.
定理3　 对任何1≤p ≤ ∞ 及x = (x(i))i ∈lM,p\{0},都有:

(ⅰ)若k∗
p (x)=k∗∗

p (x)= ∞,则 ‖x‖M,p =lim
k→∞

Ap(x,k);

(ⅱ)若k∗
p (x)<k∗∗

p (x)= ∞,则p-Amemiya范数 ‖x‖M,p 在[k∗
p (x),∞)可达;

(ⅲ)若k∗∗
p (x)< ∞,则p-Amemiya范数 ‖x‖M,p 在[k∗

p (x),k∗∗
p (x)]可达.

证明 　 由定理1和定理2,(ⅰ)和(ⅱ)显然.下面证明(ⅲ).事实上,由定理1和定理2知,p-Amemiya函数Ap(x,k)

关于k在(0,θ-1(x))内连续,且对任何1≤p≤ ∞,p-Amemiya函数Ap(x,k)关于k在(0,k∗∗
p (x))内非增,在(k∗

p (x),

θ-1(x))内非减,这蕴含着Ap(x,k)在[k∗
p (x),k∗∗

p (x)]恒为常数 inf
k∈(0,θ-1(x))

Ap(x,k).再由θ(x)=inf{k>0:ρM (k-1x)

< ∞}可知,当k>θ-1(x)时,ρM (kx)=∞,从而Ap(x,k)=∞,故 inf
k∈(0,θ-1(x))

Ap(x,k)=inf
k>0

Ap(x,k),即 ‖x‖M,p =inf
k>0

Ap(x,k)在[k∗
p (x),k∗∗

p (x)]可达.
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Attainabilityofp-Amemiya(1≤p≤∞)Normin
OrliczSequenceSpaces

DUANLi-fen1,WANGHong-zhi1,CUIYun-an2

(1.CollegeofMathematics,TonghuaNormalUniversity,Tonghua134002,JilinChina;2.CollegeofAppliedSciences,

HarbinUniversityofScienceTechnology,Harbin150080,China)

Abstract:InconsiderationoftheOrliczsequencespaces,p-Amemiyafunctionisdefined.Bymeansofreal
andfunctionalanalysismethod,featureofp-Amemiya(1≤p≤∞)functionandthecharacterizationso-
verattainabilityofp-AmemiyanormintheOrliczsequencespacesarediscussed.Awholeseriesofprop-
ertiesofp-Amemiyafunctionarepresented.Basedontheconclusions,attainabilityofp-Amemiyanorm
isderived.Andtheintervalsforp-Amemiyanormattainabilityaredescribed.
Keywords:Orliczsequencespace;p-Amemiyafunction;p-Amemiyanorm;attainability
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NoteAboutGeodesicCurvatureVectorofCurvesonaSurface

XINGJia-sheng1,ZHANGGuang-zhao2

(1.DepartmentofMathematics,LMIBoftheMinistryofEducation,BeihangUniversity,Beijing100191,China;

2.DepartmentofTechnologyScience,He’nanEconomy& TradeVocationalCollege,Zhengzhou450000,China)

Abstract:Theauthorsgivethegeometricmeaningofthegeodesiccurvaturevector,andadirectderivation
methodaboutthecalculationformulaofgeodesiccurvatureandLiouvilleformulaisobtained.
Keywords:geodesiccurvaturevector;geodesiccurvature;geometricmeaning;Liouvilleformula
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