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Abstract:Positivesolutionforaclassofnonlinearhigher-orderneutralvariabledelaydifferenceequations
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1　Introduction
Recently,withthedevelopmentofthenaturalscienceandtheinterdisciplinarysubjectssuchaseco-

nomicandfinancial,aerospace,bio-engineering,numericalcalculation,computerscience,andautomation-
controltheory,manymathematicalmodelsneedtobedescribedbydifferentialanddifferenceequations,

thus,itisofgreattheoreticalsignificanceandpracticalvaluetoresearchtheoscillatoryandnonoscillatory
properties,andtherehasbeenanincreasinginterestinstudyingtheoscillatoryandnonoscillatorybehav-
iorofdifferentialanddifferenceequations[115].Inrecentyears,somemathematicalmodelsofdifferencee-
quationswithcontinuousargumentsappearedinthecomputerscienceresearch.Therefore,peoplepay
muchattentiontothistypeofequations[513].However,thereareafewresultsfortheexistenceofposi-
tivesolutionfornonlinearhigher-orderneutralvariabledelaydifferenceequationswithcontinuousargu-
ments[912].Inthisarticle,weconsiderthefollowingnonlinearhigher-ordervariabledelayneutraldiffer-
enceequationswithcontinuousarguments
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Δd
τ x(t)+b(t)x(t-τ)( ) -(-1)d∑

m

j=1
qj(t)fj(x(t-σj(t)))=0　　0<t0 ≤t<+∞, (1)

whered≥2,m≥1areinteger;Δτistheusualforwarddifferenceoperator,Δτx(t)=x(t+τ)-x(t),

Δn
τx(t)=Δτ(Δn-1

τ x(t));τispositiveconstant;σj(t):[t0,+∞)→(0,+∞)aredelayfunctionswithσj

(t)≤tand lim
t→+∞

(t-σj(t))=+∞;b(t),qj(t)∈C([t0,+∞),R);fj(u)∈C(R,R)(j=1,2,...,m.

Thefollowingisthesame,soweomitit).
Obviously,eq.(1)includesalotofneutraldelaydifferenceequations,whichhaveaverywiderange

ofapplicationsinscientificresearchandpractice.Soanyresearchresultsaboutoscillationandasymptotic
areveryimportant.Ourpurposeinthisarticleistoobtainnewcriteriaforthenonoscillationofeq.(1).
WiththefixedpointtheoreminBanachspaceandalotofinequalitytechniques,somenewsufficientcon-
ditionsfortheexistenceofeventuallypositivesolutionsoftheequationsareobtained.Inthisarticle,our
attentionisrestrictedtothosesolutionsx(t)foreq.(1)wherex(t)isnoteventuallyidenticallyzero.
Asiscustomary,werecallthatasolutionx(t)foreq.(1)issaidtobeaneventuallypositivesolutionif
x(t)>0forsufficientlylarget(t≥t0).

Weconsiderthefollowingassumptions:
(H1)fj(0)=0,andthereexistconstantsα>0andLj>0for∀0≤x≤α,0≤y≤α,suchthat

fj(x)-fj(y)≤Lj x-y ;

(H2)qj(t)>0,andfort≥t0,wehave ∑
+∞

sd-1=n0
∑
+∞

sd-2=sd-1

...∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)( ) <+∞ (wheren0≥0

isaninteger).

2　MainResults
Theorem1Assumethatconditions(H1)and (H2)hold,ifthereexistsaconstantp0suchthat

b(t)≤p0≤
1
3.Then,eq.(1)hasaboundedeventuallypositivesolution.

Proof　Fromcondition(H2),choosen1≥n0sufficientlylargesuchthat

∑
+∞

sd-1=n1
∑
+∞

sd-2=sd-1

...∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)( ) <

1-2p0

6L
,

whereL=max
1≤j≤m

{Lj}.LetB bethesetofallboundedrealsequencesx={x(t+nτ)}+∞n=0 withthe

norm ‖x‖=sup
n≥0

x(t+nτ).ThenBisaBanachspace.DefineasubsetB1inB asB1 ={x∈B

(1
2-p0)α≤x(t+nτ)≤α},andthenitiseasytoseethatB1isabounded,closedandconvexsubsetof

B.WedefineanoperatorT:B1→Basthefollowing

(Tx)(t+nτ)=

α
2-b(t+nτ)x(t+nτ-τ)+ ∑

+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)·fj(x(t+sτ-σj(t+sτ)))( ) 　　n ≥n1,

(Tx)(t+n1τ)　　n ≤n1.

ì

î

í (2)

Clearly,Tiscontinuous.Foreveryx∈B1andn≥n1,wehave

(Tx)(t+nτ)≤
α
2+p0α+ ∑

+∞

sd-1=n
∑
+∞

sd-2=sd-1

...∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
Ljqj(t+sτ)x(t+sτ-σj(t+sτ))( ) ≤

α
2+p0α+Lα ∑

+∞

sd-1=n
∑
+∞

sd-2=sd-1

...∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)( ) ≤
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α
2+p0α+Lα·1-2p0

6L ≤α,

and(Tx)(t+nτ)≥
α
2-p0α=(1

2-p0)α.Hence,(1
2-p0)α≤(Tx)(t+nτ)≤α.Thuswehaveproved

thatTB1⊆B1.
NowweshowthatTisacontractionmappingonB1.Infact,for∀x(1),x(2)∈B1andn≥n1,we

have

|(Tx(1))(t+nτ)-(Tx(2))(t+nτ)|≤ b(t+nτ) x(1)(t+nτ)-x(2)(t+nτ)+ ∑
+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

　　

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)fj(x(1)(t+sτ-σj(t+sτ)))-fj(x(2)(t+sτ-σj(t+sτ)))( ) ≤

p0‖x(1)-x(2)‖+ ∑
+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
Ljqj(t+sτ)x(1)(t+sτ-σj(t+sτ))-x(2)(t+sτ-σj(t+sτ))( ) ≤

p0‖x(1)-x(2)‖+L·1-2p0

6L ‖x(1)-x(2)‖=
4p0+1

6 ‖x(1)-x(2)‖.

Itfollowsthat‖Tx(1)-Tx(2)‖≤
4p0+1

6 ‖x(1)-x(2)‖.Since0<
4p0+1

6 <1,itiseasytoseethatTis

acontractionmappingonB1.Thus,bytheBanachcontractionprinciple,Thasanuniquefixedpointx∈
B1,thatisTx=x.Fromeq.(2),forsufficientlylargen,thisfixedpointxsatisfies:

x(t+nτ)=

α
2-b(t+nτ)x(t+nτ-τ)+ ∑

+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)fj(x(t+sτ-σj(t+sτ)))( ) 　　n ≥n1,

(Tx)(t+n1τ)　　n ≤n1.

ì

î

í

Furthermore,wecanobtain,forsufficientlylargen,

Δd
τ x(t+nτ)+b(t+nτ)x(t+nτ-τ)( ) =(-1)d∑

m

j=1
qj(t+nτ)fj(x(t+nτ-σj(t+nτ)));

hence,x(t)isaboundedeventuallypositivesolutionforeq.(1).Thiscompletestheproof.
Theorem2　Assumethatconditions(H1)and(H2)hold,ifthereexistsaconstantpsuchthat-1

<p≤b(t)<0.Then,theeq.(1)hasaboundedeventuallypositivesolution.
Proof　Similartotheproofoftheorem1.Choosen2≥n0sufficientlylargesuchthat

∑
+∞

sd-1=n2
∑
+∞

sd-2=sd-1

...∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)( ) <

1+p
4L .

DefineasubsetB2inBas

B2= x∈B
(1+p)α

4 ≤x(t+nτ)≤α{ },

andthenitiseasytoseethatB2isabounded,closedandconvexsubsetofB.WedefineanoperatorT:
B2→Basthefollowing

(Tx)(t+nτ)=

1+p
2 α-b(t+nτ)x(t+nτ-τ)+ ∑

+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)fj(x(t+sτ-σj(t+sτ)))( ) 　　n ≥n2,

(Tx)(t+n2τ)　　n ≤n2.

ì

î

í (3)
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Clearly,Tiscontinuous.For∀x∈B2andn≥n2,wehave

(Tx)(t+nτ)≤
1+p

2 α-pα+Lα·1+p
4L ≤α,

and

(Tx)(t+nτ)≥
1+p

2 α-Lα·1+p
4L =

1+p
4 α.

Hence,1+p
4 α≤(Tx)(t+nτ)≤α.ThuswehaveprovedthatTB2⊆B2.

Bysimilarargument,for∀x(1),x(2)∈B2andn≥n2,wehave
|(Tx(1))(t+nτ)-(Tx(2))(t+nτ)|≤-p‖x(1)-x(2)‖+

L·1+p
4L ‖x(1)-x(2)‖=

1-3p
4 ‖x(1)-x(2)‖.

Itfollowsthat

‖Tx(1)-Tx(2)‖≤
1-3p

4 ‖x(1)-x(2)‖.

Since0<
1-3p

4 <1,itisnotdifficulttoseethatTisacontractionmappingonB2.Thus,bytheBanach

contractionprinciple,Thasanuniquefixedpointx∈B2,thatisTx=x.Fromeq.(3),forsufficiently
largen,thisfixedpointxsatisfies:

x(t+nτ)+b(t+nτ)x(t+nτ-τ)=
1+p

2 α+ ∑
+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)fj(x(t+sτ-σj(t+sτ)))( ) .

Furthermore,wecanobtain,forsufficientlylargen,

Δd
τ x(t+nτ)+b(t+nτ)x(t+nτ-τ)( ) =(-1)d∑

m

j=1
qj(t+nτ)fj(x(t+nτ-σj(t+nτ)));

hence,x(t)isaboundedeventuallypositivesolutionofeq.(1).Theproofofthetheoremiscompleted.
Theorem3　Assumethatconditions(H1)and(H2)hold,ifthereexistconstantsp1andp2such

that-∞<p1≤b(t)≤p2<-1.Then,theeq.(1)hasaboundedeventuallypositivesolution.
Proof　Similartotheproofoftheorem1.Choosen3≥n0sufficientlylargesuchthat

∑
+∞

sd-1=n3
∑
+∞

sd-2=sd-1

...∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)( ) <

-(1+p2)
16L .

DefineasubsetB3inBasB3={x∈B
(p1-1)α

2p2
≤x(t+nτ)≤α},andthenitiseasytoseethatB3isa

bounded,closedandconvexsubsetofB.WedefineanoperatorT:B3→Basfollowing:

(Tx)(t+nτ-τ)=

(1+p2)α
8b(t+nτ)-

1
b(t+nτ)x(t+nτ)- ∑

+∞

sd-1=n
∑
+∞

sd-2=sd-1

...(

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)fj(x(t+sτ-σj(t+sτ)))( ) ) 　　n≥n3,

(Tx)(t+n3τ-τ)　　n≤n3.

ì

î

í (4)

Obviously,Tiscontinuous.For∀x∈B3andn≥n3,wehave

(Tx)(t+nτ-τ)≤
(1+p2)α
8b(t+nτ)-

α
p2

≤
(1+p2)α

8p2
-

α
p2

<α,

and

(Tx)(t+nτ-τ)≥
(1+p2)α
8b(t+nτ)+

1
b(t+nτ)·

-(1+p2)
16L

·Lα=
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(1+p2)α
16b(t+nτ)≥

(1+p2)α
16p1

.

Hence,
(1+p2)α
16p1

≤(Tx)(t+nτ-τ)≤α.ThuswehaveprovedthatTB3⊆B3.

Bysimilarargument,for∀x(1),x(2)∈B3andn≥n5,wehave‖Tx(1)-Tx(2)‖≤
p2-15
16p2

‖x(1)-

x(2)‖.Since0<
p2-15
16p2

<1,itisnotdifficulttoseethatTisacontractionmappingonB3.Thus,bythe

Banachcontractionprinciple,Thasanuniquefixedpointx∈B3,thatisTx=x.Fromeq.(4),forsuffi-
cientlylargen,thisfixedpointxsatisfies:

x(t+nτ)+b(t+nτ)x(t+nτ-τ)=
(1+p2)α

8 + ∑
+∞

sd-1=n
∑
+∞

sd-2=sd-1

...

∑
+∞

s1=s2
∑
+∞

s=s1
∑
m

j=1
qj(t+sτ)fj(x(t+sτ-σj(t+sτ)))( ) .

Furthermore,wecanobtain,forsufficientlylargen,

Δd
τ x(t+nτ)+b(t+nτ)x(t+nτ-τ)( ) =(-1)d∑

m

j=1
qj(t+nτ)fj(x(t+nτ-σj(t+nτ)));

hence,x(t)isaboundedeventuallypositivesolutionforeq.(1).Thiscompletestheproof.
Example1　Considerthefollowingsecond-orderneutraldifferenceequationwithcontinuousargu-

ments:

Δ2
τ x(t)+p(t)x(t-τ)( ) -q(t)f(x(t-2))=0　　7≤t<+∞.

(1)Iftake

τ=1,p(t)=-
1
t

,q(t)=
2(t-7)(t-2)

t2(t-1)2(t+2),f(x)=x.

Then,onecanseethattheconditionsoftheorem1andtheorem2aresatisfied.Hence,bytheorem1or
theorem2,thisequationexistsaboundedeventuallypositivesolution.Infact,itiseasytoverifythatx

(t)=
1
2+

1
tissuchasolution.

(2)Iftake

τ=
3
2

,p(t)=-2+
1
t

,q(t)=
9

t(t+3)(2t+3),f(x)=x.

Then,onecanseethattheconditionsoftheorem3aresatisfied.So,bytheorem3,thisequationexistsa
boundedeventuallypositivesolution.Infact,itiseasytoverifythatx(t)=1issuchasolution.

References:
[1]　WANGDong-hua,ZHONGXiao-zhu,LIANGJing-cui,etal.ExistenceofPositiveSolutionsforaClassofHigher-Or-

derNeutralDelayDifferenceEquations[J].JournalofWuhanUniversityofTechnology,2006,28(12):145 147.
[2]　YANGJia-shan,SUN Wen-bing.BoundedOscillationforSecond-OrderNonlinearDifferenceEquationwithVariable

Delay[J].ChineseQuarterlyJournalofMathematics,2011,26(4):516 520.
[3]　YANGJia-shan,LIJi-meng.OscillationTheoremsofSecondOrderNonlinearDifferenceEquationswithMaxima[J].

JournalofAnhuiUniversity:NaturalScienceEdition,2012,36(3):19 22.
[4]　YANGJia-Shan,LIU Xing-yuan.OscillationofaClassofSecondOrderNonlinearNeutralDifferenceEquations[J].

JournalofKunmingUniversityofScienceandTechnology:NaturalScienceEdition,2012,37(5):88 94.
[5]　HUANG Mei,SHENJian-hua.OntheSecondOrderNeutralDifferenceEquationswithContinuousArguments[J].

JournalofNaturalScienceofHunanNormalUniversity,2005,28(3):4 6.
[6]　WANGPei-guang,WU Meng.OscillationCriteriaofSecondOrderDampedDifferenceEquationwithContinuousVari-

5第3期　　　　　　　　　　　　　　杨甲山:具连续变量的高阶非线性变时滞差分方程的正解



able[J].AppliedMathematicsJournalofChineseUniversities(Ser.A),2006,21(1):44 48.
[7]　HUANG Mei,SHENJian-hua.AClassofEvenOrderNeutralDifferenceEquationswithContinuousArguments[J].

JournalofSouthwestUniversity:NaturalScienceEdition,2007,29(10):29 34.
[8]　YANGJia-shan.OscillationandNonoscillationCriteriaforaClassoftheSecondOrderNonlinearDifferenceEquations

withContinuousArguments[J].JournalofSystemsScienceandMathematicalSciences,2010,30(12):1651 1660.
[9]　YANGJia-shan,FANGBin.OscillationandNonoscillationCriteriaforHigherOrderDifferenceEquationswithContin-

uousArguments[J].JournalofAnhuiUniversity:NaturalScienceEdition,2011,35(3):14 18.
[10]　YANGJia-shan,LIJi-meng.OscillationandNonoscillationCriteriafortheHigherOrderNonlinearDifferenceEqua-

tionwithContinuousVariable[J].JournalofHefeiUniversityofTechnology:NaturalScience,2010,33(6):934
938.

[11]　YANGJia-shan,WANGYu.ExistenceofPositiveSolutionsandOscillationforaClassofHigherOrderNonlinearDe-
layDifferenceEquationswithContinuousArguments[J].JournalofShaoyangUniversity:NaturalScienceEdition,

2012,9(1):4 8.
[12]　YANGJia-shan,LIJi-meng.TheOscillationofaClassofHigherOrderNonlinearVariableDelayDifferenceEquations

withContinuousArguments[J].JournalofMinzuUniversityofChina:NaturalSciencesEdition,2011,20(1):31 36.
[13]　LIGuo-qin,ZHONGXiao-zhu,LIUNa,etal.OscillationoftheSecondOrderNeutralDelayDifferenceEquationswith

ContinuousArguments[J].MathematicsinPracticeandTheory,2012,42(17):258 262.
[14]　ZHONG Wen-yong.NonlinearBoundaryValueProblemforSecondOrderDynamicEquationsonTimeScales[J].

JournalofJishouUniversity:NaturalSciencesEdition,2012,33(4):6 10.
[15]　YANGJia-shan.ForcedOscillationofSecond-OrderNonlinearDynamicEquationwithVariableDelayonTimeScales

[J].JournalofShanxiUniversity:NaturalSciencesEdition,2011,34(4):543 547.

具连续变量的高阶非线性变时滞差分方程的正解

杨甲山,刘兴元
(邵阳学院理学与信息科学系,湖南 邵阳　422004)

摘　要:研究了一类具有连续变量的高阶非线性变时滞中立型差分方程,利用 Banach空间的不动点原理和一些分析

技巧,得到了这类方程存在最终正解的几个新的充分条件,同时给出实例验证其有效性.
关键词:最终正解;连续变量;非线性;中立型时滞差分方程;不动点原理
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