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Abstract : Positive solution for a class of nonlinear higher-order neutral variable delay difference equations
with continuous arguments is studied. Using the fixed point theorem in Banach space and a lot of inequal-
ity techniques,some sufficient conditions for the existence of eventually positive solution for the equa-
tions are obtained. The examples are presented to illustrate the effects of our theorems.
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1 Introduction

Recently, with the development of the natural science and the interdisciplinary subjects such as eco-
nomic and financial, aerospace, bio-engineering, numerical calculation,computer science,and automation-
control theory, many mathematical models need to be described by differential and difference equations,
thus,it is of great theoretical significance and practical value to research the oscillatory and nonoscillatory

properties,and there has been an increasing interest in studying the oscillatory and nonoscillatory behav-

[1-15]

ior of differential and difference equations . In recent years,some mathematical models of difference e-

quations with continuous arguments appeared in the computer science research. Therefore, people pay

much attention to this type of equations”’ ', However, there are a few results for the existence of posi-

tive solution for nonlinear higher-order neutral variable delay difference equations with continuous argu-

[9-12]

ments . In this article,we consider the following nonlinear higher-order variable delay neutral differ-

ence equations with continuous arguments
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Ai(x(t>+b(t)x(t—r))—<—1)"Eq,(z‘)f,(x(t—aj(t>)):O 0<<it, <t <<too, (D
i=1

where d —=2,m =1 are integer;A, is the usual forward difference operator,A.x (1) =z (t+7)—x2 (1),
Atz (1)=A.(A"'2()) ;7 is positive constant;o; () :[t,, +2)—>(0,+2) are delay functions with o,
(1)<t and lim (t—0; (t))=+0;0(t),q;, (1)EC([ty,+),R);5f,; (u)ECR,R) (j=1,2,....,m

t—>+oo

The following is the same,so we omit it).

Obviously,eq. (1) includes a lot of neutral delay difference equations, which have a very wide range
of applications in scientific research and practice. So any research results about oscillation and asymptotic
are very important. Our purpose in this article is to obtain new criteria for the nonoscillation of eq. (1).
With the fixed point theorem in Banach space and a lot of inequality techniques,some new sufficient con-
ditions for the existence of eventually positive solutions of the equations are obtained. In this article,our
attention is restricted to those solutions x () for eq. (1) where x () is not eventually identically zero.
As is customary,we recall that a solution x (¢) for eq. (1) is said to be an eventually positive solution if
2 (t)>>0 for sufficiently large ¢ (1 =t¢,).

We consider the following assumptions:

(H,) f;(0)=0,and there exist constants a >0 and L; >0 for YV 0<<x <{a,0<y<|a,such that
\f,(x)—f,(y)\éL, \.r—y ‘ 5

Foo m

foo foo foo
(H,) q; (¢)>>0,and for t =t, ,we have 2 Z E Z(Eq1(1+sr))<+oo (where 7,==0

Sd—17"0%—2 " Ya—1 ST YTy

is an integer).

2 Main Results

Theorem 1 Assume that conditions (H,) and (H,) hold,if there exists a constant p, such that
1 .. .
b () | <po<§. Then,eq. (1) has a bounded eventually positive solution.

Proof From condition (H,),choose n,=n, sufficiently large such that

£ o +oo oo m 1— Zpo
28 DR G )y
where L = max{Lj} Let B be the set of all bounded real sequences x ={x (¢t +nr)}+°°,_, with the
1< <m
norm || x || =sup |x(t+nz)|. Then B is a Banach space. Define a subset B, in B as B, ={x € B

n=0

(?—p())agx(t+nr)<a} ,and then it is easy to see that B, is a bounded, closed and convex subset of

B. We define an operator T :B,—>B as the following

oo e
[a — b +n)x(t +nc—1) + Z 2

Sa—1 "M a—2 T a1

vof 2

(Tz) (¢ )={&8 _ 2 (2)
" e 4Z}Z}(Z:qj(ter)-f,-(JC(tJrs'z'*aj(z‘Jrs‘r)))) n=mns
s =sy5=s, j=I
(Tx) (& +no) n<n,.
Clearly, T is continuous. For every x € B, and n=n, ,we have
4oo oo o foo m
<Tx><t+nf)<%+poa+ > E 2 E(Ez,jqj<t+sf>\x<t+sf—a,.(t+sr)>\)<

oo

S
St poatLa 2 Z 2

Sg1TNS gy =Sy S S

m

(Zq](tJrsr))

fo
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1—2p,
<a,
6L ¢

%—Q—poa—f—lla .

1 1
and (TI)(t+nf)> —poa=(— 5 —po)a. Hence,(g*])o)ag('f.r)(t+nz‘)<a. Thus we have proved

that TBlgBl.

Now we show that T is a contraction mapping on B,. In fact,for V@

yxP €B, and n=n, , we
have
boo }oo

| (T2 ™)+ nt) — (Te?) @+ n0) [< [6G+n0) | |20 G +nr) —2PG+n0 [+ D) D)

Sd—1""a—2 " Fa—1

m

4oo oo
2 Z(Zq,(1+sf) [P G+st—o,t+s0)))— f; (2P U +st—o0, (t+sr)))‘)<

+oo +oo

pollxa® —2® || + 2 E

Sa—1 T g—2 T Sa—

2 2(21,]q](f+sr)\x“>(t+sr—a (t+st) =P Fst—o,(t+st) )<

sys=s; o i=1

—2p 4p, +1 .
Do |z —2® | +L - T o | 2@ — 2@ | = 06 | z® — 2@ .
4po+1 4p,+1

| 2@ —2® | . Since 0<<

<1,it is easy to see that T is

It follows that || Tx® —Tz2® || < 6

a contraction mapping on B;. Thus,by the Banach contraction principle, T has an unique fixed point x €

B, ,that is Tx =x. From eq. (2),for sufficiently large n ,this fixed point x satisfies:
[ +oo oo

?*b(t—knr)f(z‘—#nz'*r)#— E 2

2t +nt) ={&" &,
22(Zq,(l+sz')f,(1r(t+sr—aj(zJrsr)))) n=n,
=sys=s;  j=1

(Tt +n,o) n<n.

Furthermore,we can obtain, for sufficiently large n,

Al (x(t +n) + 62 +nr)x(t+nr*f))=(*l)dqu(ter')fj(x(ler'*o'j(t+nf)));
=1

hence,x () is a bounded eventually positive solution for eq. (1). This completes the proof.
Theorem 2 Assume that conditions (H,;) and (H,) hold,if there exists a constant p such that —1
< p<<bh(t)<<0. Then,the eq. (1) has a bounded eventually positive solution.

Proof Similar to the proof of theorem 1. Choose n,=>n, sufficiently large such that
—

2 E \22(2%(714—“)) 1+p'

Yd—1 " "2%d—2 T Yd—1
Define a subset B, in B as
(1+P)a
4

and then it is easy to see that B, is a bounded,closed and convex subset of B. We define an operator T :

87:{1‘68 <x(t+nf)<a}a

B,—>B as the following

=

=4 +CA:
a*b(t—O—nr)x(z‘—Fnrfr)—’— E 2

1508 g9 =54

e
(L)t o) = EZ(Zq](t+sz')fj(x(tJrsr—a_,v(tvLsr)))) n=mn,, &

(1+p
2

(Tt +n,0) n < n,.
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Clearly, T is continuous. For Y x € B, and n=n,,we have

1 14
(Tx)(t +nt) < Jrpa*poz—l—Loz- Z/p<a,
and
1+p 1+» 1+p
> — . —
(Ta)(t +nt) = 5 a— La 1L 1 a.
Hence, pag(Tl')(t +nr)<<a. Thus we have proved that TB,<B,.

4
By similar argument,for V" ,2” € B, and n=n,,we have
| (T V)t +nt) — (TG +no) |<—p |2V —2@ || +

I+p | z® — 2@ | :1—3p | 2@ @ .

L . : —x
aL 't 1 *

It follows that

- X

| Tx® — 1—3p oY @

1—3p . .
Since O<T<1 ,it is not difficult to see that T is a contraction mapping on B,. Thus.by the Banach

contraction principle, T has an unique fixed point x € B, ,that is Tx =x. From eq. (3),for sufficiently

large n ,this fixed point x satisfies:

1+ p SRS
2t ne) + b e e — o) = at >, 2

Sd—1 7" a—2 T a1

»

Foo too n
2 2 (200,450 f (e +st—a,t+5))).
= j=1

S=5

Furthermore,we can obtain,for suff1c1ent1y large n,

Al (x(t+nt)+bG +n)x (2 +nr*r))=(*1)“2qj(z‘+m')fj(x(ter'*d,-(t+m')));
ji=1

hence,x (¢) is a bounded eventually positive solution of eq. (1). The proof of the theorem is completed.
Theorem 3 Assume that conditions (H,) and (H,) hold,if there exist constants p, and p, such
that —oo<lp,;<<h(1)<<p,< —1. Then,the eq. (1) has a bounded eventually positive solution.
Proof Similar to the proof of theorem 1. Choose ny=>n, sufficiently large such that

e 4 foo 4o m _ )
2 E _EE(Z;qj(t+sr))<(llgElM.

Bl S =Sy 5=8)

(p,—1)
Define a subset B; in B as By={x € B %<1‘(Z’+nf)<a} ,and then it is easy to see that Bj is a
2

bounded, closed and convex subset of B. We define an operator T :B;—>B as following:

[ a + pz )(1 1 +oo Joo
86 (t +nt) Ot + nr) (x<t+m') E E

Sd—1 7" a2 " Sa—1

T o _ Joo  doo m 4
Lottt =o <Z Z(qu(L+sr)f_,(1'(L+sr—o‘,(/,+sz’))))) n=ny, W

(T2)(t +nsc—1) n < n,.
Obviously, T is continuous. For Y x € B; and n=n,,we have

1+ p)a a 1+ p)a a
» R LI T
(Tx)(t +nt — 1) TICERS 55, ’ < a

and

(1+p)a 1 — 1+ p)
oy > . : -
(Tx) (¢t + nt T>/8b(t+nf)+b(t+m‘> 16L La
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ol

1+ p2)a - 1+ 73)a
166(t +nr) ~  16p,

<1+p2 )a
Hence,vé('[‘zf)(t +nt—1)< a. Thus we have proved that TB;<B,.
1
L @ D @ p,—15 m
By similar argument,for Y@ ,2® € B, and n=n;,we have | Tz —Tx® | év | 2V —
Lo b:—
@ || . Since 0<<——— 16p <1 ,it is not difficult to see that T is a contraction mapping on Bj. Thus.by the

Banach contraction principle, T has an unique fixed point x € B ,that is Tx =x. From eq. (4),for suffi-
ciently large n,this fixed point x satisfies:

(1 ) foo o
2t +n0) + b +n0)a(t +nr —1) ,& SE

Sd—1 " Ma—2 " Ya—1

m

+oo  Hoo
2020 ( 20 st st —a, (5.

sps=s, =1
Furthermore,we can obtain,for sufficiently large n,
Al (@t +nt)+bG +ndx(t +nt—1))=(— D qu (t+nt) f;(x +nt—0;(t +n7)));

i=1
hence,x (¢) is a bounded eventually positive solution for eq. (1). This completes the proof.

Example 1 Consider the following second-order neutral difference equation with continuous argu-
ments:
Az F+pDx@ —))—q@) fa(t—2)) =0 7T <t <+ oo,
(1) If take

26— 1) —2)
tPa—D*+2)

Then,one can see that the conditions of theorem 1 and theorem 2 are satisfied. Hence, by theorem 1 or

1

theorem 2,this equation exists a bounded eventually positive solution. In fact,it is easy to verify that =

(t):?+7 is such a solution.

(2) If take

3 1
TZE,p(t)=—2+7,q(Z)= ,f(x)=x

9
t(t+3)2t+3)
Then,one can see that the conditions of theorem 3 are satisfied. So, by theorem 3, this equation exists a

bounded eventually positive solution. In fact,it is easy to verify that x (¢) =1 is such a solution.
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