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Oscillation theorems of second order neutral differential equations

with positive and negative coefficients
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(Department of Science and Information, Shaoyang University, Shaoyang Hunan
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Abstract: Using the fixed point theorem in Banach space, and by introducing parameter

function and the generalized Riccati transformation, a new nonoscillation criteria for the

equation was obtained. In addition, a sufficient condition for oscillation of the equation

was proposed. These criteria can improve the restriction of the conditions for the equation.

Some existed results in the literatures have been further improved and extended.
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0 Úó9¯K�JÑ

'u¥á.�¢�©�§��Ä5ÚìC5�ïÄ, 3nØþÚ¢SA^¥ÑkX�

~­��¿Â. Ïd, 3ù�+�Ñy
NõïÄ¤J[1−11]. Cc5, 3O�Å�ÆïÄ¥

Ñy
�
Ó�äk�KXê�¥á.�¢�©�§�êÆ�., ¦�ùa�§�ïÄF

ÃÉ�­À[1−10]. �·�5¿�äk�KXê���¥á.�§�Ä5�ïÄ¤J�õ, 


äk�KXê�p��¥á.�§��ÄÚ��Ä½nÿØõ�. �©�Ääk�KXê

�����5¥á.�¢�¼�©�§

[x(t) + P (t)x(t − τ)]′′ +

m
∑

i=1

Qi(t)fi (x(t − σi)) −

l
∑

j=1

Rj(t)gj (x(t − δj)) = 0(t > t0), (1)
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Ù¥ τ > 0, σi > 0, δj > 0, t0 > 0�~ê(i = 1, 2, · · · , m, j = 1, 2, · · · , l,eÓ, Ñ); m >

1, l > 1���ê; P ∈ C([t0, +∞),R) � P (t) 6= 0, Qi, Rj ∈ C([t0, +∞),R+); fi, gj ∈

C(R,R) � xfi(x) > 0(x 6= 0), xgj(x) > 0(x 6= 0).

'u�§(1)�AÏ�/, Nõ©z�LïÄ. X©z[2-9]©OïÄ
Xeäk�KXê

��5�§
[x(t) + px(t − τ)]′′ + Q(t)x(t − σ) − R(t)x(t − δ) = 0, (2)

9��5�§

[x(t) + P (t)x(t − τ)]′′ + Q(t)f(x(t − σ)) − R(t)g(x(t − δ)) = 0, (3)

[r(t)(x(t) + P (t)x(t − τ))′]′ + Q(t)f(x(t − σ)) − R(t)g(x(t − δ)) = 0 (4)

� � Ä 5, 3
∫+∞

t0
tQ(t)dt < +∞,

∫+∞

t0
tR(t)dt < +∞9“é t > t09 ? ¿ ~ ê α > 0þ

k αQ(t) − R(t) > 0”¤á�^�e��
�§�3��Ä)�(Ø; ©z[6]3“R(t)�ª

�K”�^�e�Ñ
�§(4)�Ä���¿©^�. �©�8�´�Uõé�§�ù
^�

��, |^Banach�m�ØÄ:�n, ÏLÚ\ëê¼êÚ RiccatiC�, ¿(Ü�
©ÛE

|, ïá�§(1)�ÄÚ��Ä�eZ#�OK, ¤�½ní2¿U?
yk©z¥��X�

(Ø.

x(t) ¡��§(1)�), XJ§÷v�§(1)�

x(t) ∈ C ([t−1, +∞],R) , x(t) + P (t)x(t − τ) ∈ C2 ([t0, +∞],R) ,

ùp t−1 = min

{

t0 − τ, t0 − max
16i6m

{σi} , t0 − max
16j6l

{δj}

}

; �§(1)�)¡�´�ª�)(½

�ªK)), XJ�3~ê µ > t0, ¦�� t > µ�, x(t) > 0(½ x(t) < 0); �§(1)����"

) x(t) ¡�´�Ä�, XJ§QØ�ª���Ø�ª�K, ÄK¡§´��Ä�; �§(1)¡

�´�Ä�, XJ§�¤k�")Ñ´�Ä�. �
�B, 3�©¥b�'ut�Ø�ª(X

�`²�)´é��¿©��¢ê t¤á�. ¿�ÄXeb�:

(H1) fi(0) = 0, gj(0) = 0; � fi, gj þ÷vÛÜ Lipchitz^�, =éu,«� D, �3

~ê Lfi
(D) > 0, Lgj

(D) > 0, ¦�é ∀x > 0, y > 0, k

|fi(x) − fi(y)| 6 Lfi
(D) |x − y|Ú |gj(x) − gj(y)| 6 Lgj

(D) |x − y| ;

(H2)
∫+∞

t0
t

[

m
∑

i=1

Qi(t)

]

dt < +∞,
∫+∞

t0
t

[

l
∑

j=1

Rj(t)

]

dt < +∞;

(H3) �3�êαi > 0, βj > 0, ¦�
fi(t)

t
> αi,

gj(t)
t

6 βj ;

(H4) σi ≡ σ > δj,
m
∑

i=1

αiQi(t) −
l

∑

j=1

βjRj(t − σ + δj) > 0.

1 �§���ÄOK

½½½nnn 1 ��§(1)÷v^�(H1)Ú(H2), 0 < p̄ < 1¿��ªkP (t) > 0, K�§(1)�½

�3���ª�), ùp p̄ = lim sup
t→+∞

{P (t)}.

yyy ²²² �Ä Banach�m B = {x = x(t)|x(t) ∈ C([t0, +∞),R) �k. },B þ��ê

½Â� ||x|| = sup
t>t0

|x|. ½Â B �f8 B1 = {x ∈ B : a1 6 x(t) 6 A1, t > t0}, K B1 ´ B�k

.à4f8, ùp~ê A1 > a1 > 0, ¿¦� 1 − p̄ < A1 <
10(1−a1−p̄)

1+9p̄
¤á[6]. d^�(H2) 9
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þª�, �ÀJ��¿©�� t1 > t0, ¦� t1 > t0 + µ(µ = max
16i6m,16j6l

{τ, σi, δj}), ¿�

� t > t1 �k

0 6 P (t) 6
1 + 9p̄

10
< 1, (5)

∫+∞

t1

u





m
∑

i=1

Qi(u) +
l

∑

j=1

Rj(u)



du <
4(1 − p̄)

5L1
, (6)

∫+∞

t1

u

m
∑

i=1

Qi(u)du 6
p̄ − (1 − A1)

L1A1
, (7)

∫+∞

t1

u

l
∑

j=1

Rj(u)du 6
10(1 − a1 − p̄) − (1 + 9p̄)A1

10L1A1
, (8)

ùp L1 = max

{

max
16i6m

{Lfi
(B1)} , max

16j6l

{

Lgj
(B1)

}

}

. ½Â�f T1 : B1 → B Xe.

(T1x)(t) =































1 − p̄ − P (t)x(t − τ) + t

∫+∞

t

[

m
∑

i=1

Qi(s)fi(x(s − σi)) −
l

∑

j=1

Rj(s)gj(x(s − δj))

]

ds

+

∫ t

t1

s

[

m
∑

i=1

Qi(s)fi(x(s − σi)) −
l

∑

j=1

Rj(s)gj(x(s − δj))

]

ds, t > t1,

(T1x)(t1), t0 6 t 6 t1.

Kw,T1´ëY�. 5¿^�(H1)Ú(7)ª, é ∀x ∈ B19 t > t1, ·�k

(T1x)(t) 6 1 − p̄ + t

∫+∞

t

m
∑

i=1

Qi(s)fi(x(s − σi))ds +

∫ t

t1

s

l
∑

j=1

Qj(s)fj(x(s − σj))ds

6 1 − p̄ +

∫+∞

t1

s

m
∑

i=1

Qi(s)fi(x(s − σi))ds 6 1 − p̄ + L1

∫+∞

t1

s

m
∑

i=1

Qi(s)x(s − σi)ds

6 1 − p̄ + L1A1

∫+∞

t1

s

m
∑

i=1

Qi(s)ds 6 1 − p̄ + L1A1 ·
p̄ − (1 − A1)

L1A1
= A1.

,��¡, d½n�^�9(5), (8)ª, ��

(T1x)(t) > 1 − p̄ −
1 + 9p̄

10
A1 − t

∫+∞

t

l
∑

j=1

Rj(s)gj(x(s − δj))ds −

∫ t

t1

s

l
∑

j=1

Rj(s)gj(x(s − δj))ds

> 1 − p̄ −
1 + 9p̄

10
A1 −

∫+∞

t1

s

l
∑

j=1

Rj(s)gj(x(s − δj))ds

> 1 − p̄ −
1 + 9p̄

10
A1 − L1

∫+∞

t1

s

l
∑

j=1

Rj(s)x(s − δj)ds

> 1 − p̄ −
1 + 9p̄

10
A1 − L1A1

∫+∞

t1

s

l
∑

j=1

Rj(s)ds

> 1 − p̄ −
1 + 9p̄

10
A1 − L1A1

10(1 − a1 − p̄) − (1 + 9p̄)A1

10L1A1
= a1,
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l
 a1 6 T1x 6 A1, Ïd, T1B1 ⊆ B1. qé ∀x1, x2 ∈ B1 Ú t > t1, 5¿�^�(H1)9(5),

(6)ª, �

|(T1x1)(t) − (T1x2)(t)| 6
1 + 9p̄

10

∣

∣

∣

∣

x1(t − τ) − x2(t − τ)

∣

∣

∣

∣

+t

[∫+∞

t

m
∑

i=1

Qi(s) |fi(x1(s − σi)) − fi(x2(s − σi))|ds

+

∫+∞

t

l
∑

j=1

Rj(s) |gj(x1(s − δj)) − gj(x2(s − δj))|



ds

+

∫ t

t1

s

m
∑

i=1

Qi(s) |fi(x1(s − σi)) − fi(x2(s − σi))|ds

+

∫ t

t1

s

l
∑

j=1

Rj(s) |gj(x1(s − δj)) − gj(x2(s − δj))|ds

6
1 + 9p̄

10
‖x1 − x2‖ + L1

∫+∞

t

s





m
∑

i=1

Qi(s) +

l
∑

j=1

Rj(s)



 · ‖x1 − x2‖ds

+L1

∫ t

t1

s





m
∑

i=1

Qi(s) +
l

∑

j=1

Rj(s)



 · ‖x1 − x2‖ ds

6
1 + 9p̄

10
‖x1 − x2‖ + L1 ‖x1 − x2‖

∫+∞

t1

s





m
∑

i=1

Qi(s) +

l
∑

j=1

Rj(s)



 ds

<
1 + 9p̄

10
‖x1 − x2‖ + L1 ‖x1 − x2‖ ·

4(1 − p̄)

5L1
=

9 + p̄

10
‖x1 − x2‖ .

du0 < 9+p̄
10 < 1, Ïd T1 ´ B1 þ�Ø N�.

u´, d Banach Ø N��n�, T1 3 B1 þk���ØÄ: x∗ = x∗(t), w,dØÄ

: x∗(t) Ò´�§(1)����ª�).½ny..

~~~ 1 �Ääk�KXê���¥á.�¢�©�§

[x(t) + P (t)x(t − τ)]′′ + Q(t)f(x(t − σ)) − R(t)g(x(t − δ)) = 0, t > t0.

e� τ = 2, σ = δ = 2, t0 = 3, P (t) = 1
2 − 1

t
, Q(t) = 4(t−2)

t4(t−1) , R(t) = 4(t−2)
t3(t−1) , f(x) = x, g(x) = x,

K´�d��§÷v½n1�^�, �¤��§�½�3���ª�). ¯¢þ, ØJ�y,

x(t) = 1
2 + 1

t
Ò´��ù��).

555 1 ©z [2-7]3“é?¿ t > t0 9?¿~ê α > 0 þkαQ(t) − R(t) > 0”^�e, �Ñ

äk�KXê��§(2)-(4)�3��Ä)��OOK, ��©½n1%þØI�ù�^�,

~ 1 ¤���§w,�Ø÷vù�^�. d	, l½n 1 �y²L§��, �§(1)´Ä�3�

�Ä)� αQ(t)− R(t) > 0 ´Ä¤á¿Ã7,éX.
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2 �§�Ä�¿©^�

e¡�Ñ�§(1)��ÄOK. P

y(t) = x(t) + P (t)x(t − τ), (9)

z(t) = y(t) +

l
∑

j=1

∫+∞

t

[∫ s

s−σ+δj

Rj(u)gj (x(u − δj)) du

]

ds. (10)

ÚÚÚnnn 1 b�^� (H3) Ú (H4) ¤á, P (t) > 0, x(t) ��§(1)����ª�),K

z(t) > 0, z′(t) > 0, z′′(t) 6 0.

yyy ²²² du x(t) ��§(1)����ª�), =�3t1 > t0, � t > t1 �, k

x(t) > 0, x(t − τ) > 0, x(t − σi) > 0, x(t − δj) > 0,

l
 y(t) > 0, ?
 z(t) > 0(t > t1).

d(9), (10)ª9�§(1)��

z′(t) = y′(t) −

l
∑

j=1

∫ t

t−σ+δj

Rj(u)gj (x(u − δj))du,

z′′(t) = y′′(t) −

l
∑

j=1

Rj(t)gj (x(t − δj)) +

l
∑

j=1

Rj(t − σ + δj)gj (x(t − σ))

= −

m
∑

i=1

Qi(t)fi (x(t − σi)) +

l
∑

j=1

Rj(t − σ + δj)gj (x(t − σ)), (11)

d(H3) Ú (H4), =�

z′′(t) 6 −





m
∑

i=1

αiQi(t) −

l
∑

j=1

βjRj(t − σ + δj)



x(t − σ) 6 0. (12)

ey z′(t) > 0 (t > t1). ¯¢þ, e�3 t2 > t1, ¦� z′(t2) < 0, K� t > t2�, k z′(t) 6

z′(t2) < 0(t > t2). �½ T > t2, ¿éþãØ�ªl T � t È©(t > T ), �

z(t) 6 z(T ) +

∫ t

T

z′(t2)ds = z(T ) + z′(t2)(t − T ).

-t → +∞, Kk lim
t→+∞

z(t) = −∞, ù�z(t) > 0gñ! �z′(t) > 0. Úny..

½½½nnn 2 b�^�(H3) Ú (H4) ¤á, P D = {(t, s)|t > s > t0}, e0 < P (t) 6 1, ��3

¼ê H(t, s) ∈ C1(D,R), h(t, s) ∈ C(D,R) 9 ϕ(t) ∈ C1 ([t0, +∞), (0, +∞)), ¦�

(i) �t > t0�H(t, t) = 0; �t > s > t0�H(t, s) > 0;

(ii) �(t, s) ∈ D�,
∂H(t, s)

∂s
6 0, �H(t, s)

ϕ′(s)

ϕ(s)
+

∂H(t, s)

∂s
= −h(t, s)

√

H(t, s);

(iii) lim
t→+∞

sup 1
H(t,t0)

∫ t

t0

ϕ(s)

{

H(t, s)

[

m
∑

i=1

αiQi(s) −
l

∑

j=1

βjRj(s − σ + δj)

]

[

1 − P (s − σ)

]

−
1

4
h2(t, s)

}

ds = +∞, K�§(1)´�Ä�.
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yyy ²²² Ø�� x(t) ��§(1)����ª�)(�ªK)��/aq�y), =�

3 t1 > t0, � t > t1 �, k x(t) > 0, x(t − τ) > 0, x(t − σi) > 0, x(t − δj) > 0. u´d

Ún 1 9(11)ª�, y′(t) > 0(t > t1), = y(t) �üN4O¼ê.

d 0 < P (t) 6 1 9(9)ª�, y(t) > x(t)(t > t1), u´ y(t) 6 x(t) + P (t)y(t − τ) 6

x(t) + P (t)y(t), l
k x(t) > [1 − P (t)] y(t) > 0, òÙ�\(12)ª, �

z′′(t) 6 −





m
∑

i=1

αiQi(t) −

l
∑

j=1

βjRj(t − σ + δj)



 [1 − P (t − σ)] y(t − σ) 6 0. (13)

- V (t) = ϕ(t) z′(t)
y(t−σ) , K V (t) > 0(t > t1),

V ′(t) = ϕ′(t)
z′(t)

y(t − σ)
+ ϕ(t)

z′′(t)

y(t − σ)
− ϕ(t)

z′(t)y′(t − σ)

y2(t − σ)
, (14)

d(11)ª�,y′(t) > z′(t) > 0, z′′(t) 6 0, u´d (14), (13) ª��

V ′(t) 6
ϕ′(t)

ϕ(t)
V (t) − ϕ(t)





m
∑

i=1

αiQi(t) −

l
∑

j=1

βjRj(t − σ + δj)



 [1 − P (t − σ)] −
1

ϕ(t)
V 2(t),

þªü>Ó¦± H(t, s)¿l t1 � t È©, 5¿�½n�^�(i), (ii), k

∫ t

t1

H(t, s)ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)] ds

6 −

∫ t

t1

H(t, s)V ′(s)ds +

∫ t

t1

H(t, s)
ϕ′(s)

ϕ(s)
V (s)ds −

∫ t

t1

H(t, s)
V 2(s)

ϕ(s)
ds

= H(t, t1)V (t1) +

∫ t

t1

[

H(t, s)
ϕ′(s)

ϕ(s)
+

∂H(t, s)

∂s

]

V (s)ds −

∫ t

t1

H(t, s)
V 2(s)

ϕ(s)
ds

= H(t, t1)V (t1) −

∫ t

t1

h(t, s)
√

H(t, s)V (s)ds −

∫ t

t1

H(t, s)
V 2(s)

ϕ(s)
ds

= H(t, t1)V (t1) −

∫ t

t1

[
√

H(t, s)

ϕ(s)
V (s) +

h(t, s)
√

ϕ(s)

2

]2

ds +

∫ t

t1

1

4
h2(t, s)ϕ(s)ds,

5¿�½n�^�(ii), ·�k

∫ t

t1







H(t, s)ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)] −
1

4
h2(t, s)ϕ(s)







ds

6 H(t, t1)V (t1) −

∫ t

t1

[
√

H(t, s)

ϕ(s)
V (s) +

h(t, s)
√

ϕ(s)

2

]2

ds 6 H(t, t1)V (t1) 6 H(t, t0)V (t1),

=

1

H(t, t0)

∫ t

t1

{

H(t, s)ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)]

−
1

4
h2(t, s)ϕ(s)

}

ds 6 V (t1),
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l


1

H(t, t0)

∫ t

t0







H(t, s)ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)] −
1

4
h2(t, s)ϕ(s)







ds

=
1

H(t, t0)

∫ t1

t0







H(t, s)ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)] −
1

4
h2(t, s)ϕ(s)







ds

+
1

H(t, t0)

∫ t

t1







H(t, s)ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)] −
1

4
h2(t, s)ϕ(s)







ds

6 V (t1) +

∫ t1

t0

ϕ(s)





m
∑

i=1

αiQi(s) −

l
∑

j=1

βjRj(s − σ + δj)



 [1 − P (s − σ)] ds = C(C�~ê),

éþª�þ4�, =�

lim
t→+∞

sup
1

H(t, t0)

∫ t

t0



H(t, s)ϕ(s)

2

4

m
X

i=1

αiQi(s) −
l

X

j=1

βjRj(s − σ + δj)

3

5 · [1 − P (s − σ)] −
1

4
h2(t, s)ϕ(s)

ff

ds < +∞,

ù�½n�^�(iii)gñ! ½ny..

555 2 ÏLÀJT��ØÓ�ëê¼ê H(t, s), ÒU�ÑNõØÓ�'u�§(1)��

ÄOK.

~~~ 2 - H(t, s) = (t − s)n, (t, s) ∈ D (ùpn > 1´�ê), K h(t, s) = n(t − s)
n
2
−1 − (t −

s)
n
2

ϕ′(s)
ϕ(s) ((t, s) ∈ D). u´·�Òke¡(J:

ííí ØØØ � ^ �(H3) Ú (H4) ¤ á, X J 0 < P (t) 6 1 � � 3 ¼ ê ϕ(t) ∈
C1 ([t0, +∞), (0, +∞)), ¦�

lim
t→+∞

sup
1

(t − t0)n

∫ t

t0

ϕ(s)



(t − s)n

2

4

m
X

i=1

αiQi(s) −
l

X

j=1

βjRj(s − σ + δj)

3

5 · [1 − P (s − σ)] −
1

4
h2(t, s)

ff

ds = +∞,

K�§(1)´�Ä�.

555 3 ©z[6]3“R(t)�ª�K”�^�e, �Ñ
äk�KXê��¼�©�§(4)�

Ä���¿©^�, ��©½n 2 %ØI�ù�^�.

Ïd�©½ní2¿U?
yk©z�(J, 
��äkÊH5.
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