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Abstract: This paper explicitly computed the variance-optimal hedging strategy in

discrete time for binary options and European call option on Dividend-paying Stock. An
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0 Ú ó

Ïé�`üÑ, ¦éÀºx���¯K, ®²kNõnØþ�¤J, X�35!5�!
ìCØ�Úê�%C�[1−6]. ,, 3¢S¥´uO���`üÑäNO�L�ª¿Øõ�.
�©�Ä
^���`{Ýþºx��¹e, ü�Ï�ÚîªwÞÏ���`éÀüÑ, �
ÑÙwªL�ª.

1 ½Â9ëY©ù�.

� Ä ü « a . � ü � Ï � µ y 7 ½ Ã � w Þ Ï �(cash-or-nothing call)({ �
�CONC)Ú]�½Ã�wÞÏ�(asset-or-nothing call)({��AONC).

½½½ÂÂÂ 1[7] y7½Ã�wÞÏ�(CONC): 3�ÏF t = T , e�¦d�$uv½d�,
KÜ��©Ø�; e�Lv½d�, KUÜ�|Gy7 1 �.
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½½½ÂÂÂ 2[7] ]�½Ã�wÞÏ�(AONC): 3�ÏF t = T , e�¦d�$uv½d�,
KÜ��©Ø�; e�Lv½d�, KUÜ�|G�d.

b�vk�´¤^Ú<s[. ¿�b�
(H1) I�]�d� St ·Ü�Å�©�§ dSt = (µ − q)St dt + σSt dWt, µ, q, σ ©O´

Ï"£�Ç, ù|ÇÚÅÄÇ. {Wt,Ft; t > 0}´ÙK$Ä, Ù¥ Ft = σ(Ws, 0 6 s 6 t), t ∈
[0,∞).

(H2) Ãºx|Ç´ r.
|^ ∆-éÀ{, ïá�A�Ý]|Ü Π = V − ∆S, ¦� Π Ãºx, �±O�Ñ[7]

∆ = ∂V
∂S . dd�Ñ�©ü�Ï���.�[7]

∂

∂t
V (t, y) +

1
2
σ2y2 ∂2

∂y2
V (t, y) + (r − q)y

∂

∂y
V (t, y) − rV (t, y) = 0,

(t, y) ∈ [0, T ) × (0,∞);

V (T, y) = f(y), y ∈ (0,∞).

(1)

Ù¥f(y)´ÂÃ¼ê, f(y) =

{
H(y − K), (CONC);

SH(y − K), (AONC).
H(x)´Heviside¼ê, �x > 0�,

H(x) = 1, �x < 0�, H(x) = 0. 3ºx¥5ÿÝ P e, I�]��.C�

dSt = (r − q)St dt + σSt dWt, (2)

= St = S0e(r−q−σ2
2 )t+σWt . P S̃t = e−(r−q)tSt, K S̃t 3 P e'u Ft ´�. dª(1)Ú Ito úª

�[8]

e−rT f(ST ) = V (0, S0) +
∫T

0

e−qtϕt dS̃t, (3)

Ù¥ e−qtϕt ´ëY���éÀüÑ, ϕt = ∂Vt

∂St
. y¢¥�éÀo´lÑ�, I�¦Ñ�`�l

ÑéÀüÑ. � 0 = t1 6 · · · 6 tN+1 = T r [0, T ] ©¤ N ã, [ti, ti+1) þ=k3 ti ����g
éÀ, ÙéÀüÑP� ϕti . �`�lÑéÀüÑAT¦oÂÃ V (0, S0) +

∑N
i=1

∫ti+1

ti
ϕti dS̃t

3,«¿Âe¦�U%C e−rT f(ST ), Ù¥ V (0, S0) ´Ï�u1d�,
∑N

i=1

∫ti+1

ti
ϕti dS̃t ´\

OÂÃL§, f(ST ) ´Ï�3 T ���d�. dª(3)�

e−rT f(ST ) −
(
V (0, S0) +

N∑
i=1

∫ ti+1

ti

ϕti dS̃t

)
=

∫T

0

e−qtϕt dS̃t −
N∑

i=1

∫ ti+1

ti

ϕti dS̃t =
N∑

i=1

∫ ti+1

ti

(
e−qtϕt − ϕti

)
dS̃t.

�©�Ä[0, T ]þ�Xe/ª�oéÀØ�

RT = ES0

∣∣∣ N∑
i=1

∫ ti+1

ti

(e−qtϕt − ϕti) dS̃t

∣∣∣2,
Ù¥ E ´ P éA�êÆÏ""d S̃t 3 P e´�, ��

RT =
N∑

i=1

ES0

∣∣∣ ∫ ti+1

ti

(e−qtϕt − ϕti) dS̃t

∣∣∣2 =
N∑

i=1

ES0

∣∣∣ ∫ ti+1

ti

(e−qtϕt − ϕti)
2σ2S̃t

2
dt

∣∣∣, (4)
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¦ª(4)���{ϕti}N
i=1¡����`éÀüÑ.

2 ëY©ù����`éÀüÑ

�Ä [a, b) = [ti, ti+1), 0 6 a 6 b 6 T, i = 1, 2, · · · , N . 3[a, b)þ, Ý]ö�3 a ��?1
�géÀ, ���`éÀüÑP� υa. [a, b) �±´ü�m�Fm�Â��m, !bF±9m
��m�?�ã�´�m. dª(4)´�

υa =
E(

∫b

a
e−qtϕtS̃

2
t dt|Fa)

E(
∫b

a
S̃2

t dt|Fa)
, (5)

Ù¥ ϕt = ∂V (t,St)
∂St

, � ϕt ∈ Ft. e¡�Ñ υa �äNO�ª. dª(3)ü>�^�Ï"�

E[e−rT f(ST )|Ft] = V (0, S0) +
∫ t

0

e−quϕu dS̃u.

- Mt = E[e−rT f(ST )|Ft] = V (0, S0) +
∫t

0
e−quϕu dS̃u, Nt = S̃t = S0 +

∫t

0
dS̃u. K Mt, Nt

´�. ����g�C�L§

< M,N >t = σ2

∫ t

0

e−quϕuS̃2
u du + S0V (0, S0),

< M,N >b − < M,N >a = σ2

∫ b

a

e−quϕuS̃2
u du.

�k σ2E
[ ∫b

a
e−quϕuS̃2

u du|Fa

]
= E[< M,N >b − < M,N >a |Fa]. d���g�C�L§�

5��, MtNt− < M,N >t∈ M0, Ù¥M0 ´"Ð����8Ü. �k

σ2E[
∫ b

a

e−quϕuS̃2
u du|Fa] = E[MbNb − MaNa|Fa]

= E[f(ST )e−rT S̃b|Fa] − E[f(ST )e−rT S̃a|Fa]. (6)

e¡�Ñ�`éÀüÑ�äNL�ª.
½½½nnn 1 CONC3[a, b)þ��`éÀüÑ

υCONC
a =

e−rT [N(d1 + σ(b−a)√
T−a

) − N(d1)]

e−(r−q)aSa(eσ2(b−a) − 1)
,

Ù¥ d1 = ln Sa
K +(r−q−σ2

2 )(T−a)

σ
√

T−a
, N(·)´IO��©Ù¼ê.

yyy ²²²

E
( ∫ b

a

S̃2
t dt|Fa

)
= ESa

[ ∫ b

a

S̃2
t dt

]
= S̃2

a

∫ b

a

∫∞

−∞
e2σx−σ2(t−a) 1√

2π(t − a)
e−

x2
2(t−a) dxdt

= S̃2
a

∫ b

a

∫∞

−∞

1√
2π(t − a)

eσ2(t−a)e−
(x−2σ(t−a))2

2(t−a) dxdt

= S̃2
a

∫ b

a

eσ2(t−a) dt = S̃2
a[eσ2(b−a) − 1]/σ2. (7)
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dª(6)�

σ2E
[ ∫ b

a

e−qtϕtS̃
2
t dt|Fa

]
= E[H(ST − K)e−rT S̃b|Fa] − E[H(ST − K)e−rT S̃a|Fa].

e¡©OO�þª¥�ü�, PΘ = {z : Saeσz+(r−q−σ2
2 )(T−a) > K}.-z′ = z−(b−a)σ√

T−a
, KΘ =

{z′ : z′ > −d1 − σ(b−a)√
T−a

}. u´k

E[H(ST − K)e−rT S̃b|Fa]

= e−rT S̃a

∫∞

−∞

∫∞

−∞
IΘ(z) exp

{
σy − σ2

2
(b − a)

}
× 1√

2π(T − b)
exp

{
− (z − y)2

2(T − b)

} 1√
2π(b − a)

exp
{
− y2

2(b − a)

}
dz dy

= e−rT S̃a

∫∞

−∞

∫∞

−∞
IΘ(z)

1√
2π(T − b)

1√
2π(b − a)

× exp

{
−

[y − (b − a)(T − b)σ + (b − a)z
T − a

]2

2(T − b)(b − a)/(T − a)

}
exp

{
− [z − (b − a)σ]2

2(T − a)

}
dy dz

= e−rT S̃a

∫∞

−∞
IΘ(z′)

1√
2π

e−
z′2
2 dz′

= e−rT S̃aN
(
d1 +

σ(b − a)√
T − a

)
. (8)

- z′′ = z√
T−a

, KΘ = {z′′ : z′′ > −d1}.

E[H(ST − K)e−rT S̃a|Fa] = e−rT S̃a

∫∞

−∞
IΘ(z)

1√
2π(T − a)

e−
z2

2(T−a) dz

= e−rT S̃a

∫∞

−∞
IΘ(z′′)

1√
2π

e−
z′′2
2 dz′′

= e−rT S̃aN(d1). (9)

dª(7)–(9)9 S̃a = e−(r−q)aSa. ½n 1 �y.

½½½nnn 2 AONC 3 [a, b) þ��`éÀüÑ

υAONC
a =

eσ2(b−a)N
(
d2 +

σ(b − a)√
T − a

)
− N(d2)

eqT (eσ2(b−a) − 1)
,

Ù¥ d2 = ln Sa
K +(r−q+ σ2

2 )(T−a)

σ
√

T−a
, N(·)´IO��©Ù¼ê.
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yyy ²²²

E[ST H(ST − K)e−rT S̃b|Fa]

= e−q(T−a)e−rT SaS̃a

∫∞

−∞

∫∞

−∞
IΘ(z) exp

{
σz +

(
r − σ2

2

)
(T − a)

}

× exp
{

σy − σ2

2
(b − a)

}exp
{
− (z − y)2

2(T − b)

}
√

2π(T − b)

exp
{
− y2

2(b − a)

}
√

2π(b − a)
dz dy

= e−qT eσ2(b−a)S̃2
a

∫∞

−∞

∫∞

−∞
IΘ(z) exp

{
−

[
y − (b − a)(T − b)σ + (b − a)z

T − a

]2

2(T − b)(b − a)/(T − a)

}

× 1√
2π(T − b)

1√
2π(b − a)

exp
{
− [z − (b + T − 2a)σ]2

2(T − a)

}
dy dz

- z̄ = z−(b+T−2a)σ√
T−a

, K Θ = {z̄ : z̄ > −d2 − σ(b−a)√
T−a

}. �þª

= e−qT eσ2(b−a)S̃2
a

∫∞

−∞
IΘ(z̄)

1√
2π

e−
z̄2
2 dz̄ = e−qT eσ2(b−a)S̃2

aN
(
d2 +

σ(b − a)√
T − a

)
. (10)

²LaqO���E[ST H(ST − K)e−rT S̃a|Fa] = e−qT S̃2
aN(d2). 2dª(7),(10), ½n 2 �y.

½½½nnn 3 îªwÞÏ�3[a, b)þ��`éÀüÑ

υEur
a =

eσ2(b−a)N
(
d2 +

σ(b − a)√
T − a

)
− N(d2)

eqT (eσ2(b−a) − 1)
+

Ke−rT
[
N(d1) − N

(
d1 +

σ(b − a)√
T − a

)]
e−(r−q)aSa(eσ2(b−a) − 1)

. (11)

yyy ²²² îªwÞÏ��ÂÃ¼ê f(St) = (ST − K)+ = fAONC(ST ) − KfCONC(ST ) =
SH(y −K)−KH(y −K), l½n�y²L§�±wÑîªwÞÏ���`éÀüÑ υEur

a =
υAONC

a − KυCONC
a , ½n 3 �y.

555 �ÅÄÇ σ = σ(t), � [tk, tk+1) þ�ÅÄÇ σk �

σk =
1

tk+1 − tk

∫ tk+1

tk

σ2(u) du.

� a = tk, k = 1, · · · , n, ½n 1–3 ¥��� σ = σk, (Ø�,¤á.

3 lÑ©ù����`éÀüÑ9ù|�ýÿ

y¢¥éõúi�©ù´lÑ�, kÙS.5�u��m. ¿��âz�ÂÃ, ²EU
å, þÏ©ù, 6Ï��'~�Ï�û½©ù´Äu�. lÑ©ù�¹e�Ï�d�®kä
NO�úª, �©z[9,10]. �lÑ©ù�D(S, t), 3td��u�, Kù|

D(s, t) = Dδ(S)δ(t − td), 0 6 td 6 T,

Ù¥ δ(t − td) ´).� δ ¼ê, � t − td 6= 0 �, δ(t − td) = 0. d� Black-Scholes Ï��.�
8

<

:

∂

∂t
V (t, y) +

1

2
σ2y2 ∂2

∂y2
V (t, y) + (ry − D(y, t))

∂

∂y
V (t, y) − rV (t, y) = 0, (t, y) ∈ [0, T ) × (0,∞);

V (T, y) = f(y), y ∈ (0,∞).
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�!¥b�Ø©ù�ºx]�½d�.� dSt = µSt dt + σSt dWt. ©ù Dδ(S) = AS,
K Std

= St−d
− Dδ(S). ?ØîªwÞÏ���`éÀüÑ, K f(ST ) = (ST − K)+.

- d+ = ln Sa
K +(r+ σ2

2 )(T−a)

σ
√

T−a
, d− = ln Sa

K +(r−σ2
2 )(T−a)

σ
√

T−a
, KØ©ù� Black-Schole Ï�d�

� VBS(S, t) = StN(d+) − Ke−r(T−t)N(d−), lÑ©ù�¹e�Ï�d��[10]

V (S, t) =

{
VBS(Se−A, t), 0 6 t < td;

VBS(S, t), td < t < T.

��3 0 6 t < td �, V (S, t) ��ulÐ©d� S0e−A Ñu�Ø©ù� Black-Scholes Ï�
½d��. 3 td < t < T �, �uØ©ù� Black-Scholes Ï�½d��, �d½n 3 �aqí�
��3 [a, b) ⊂ [0, td) þ���`�lÑéÀüÑ�

υEur
a =

eσ2(b−a)N
(
d′+ +

σ(b − a)√
T − a

)
− N(d′+)

eA(eσ2(b−a) − 1)
+

Ke−rT
[
N(d′−) − N

(
d′− +

σ(b − a)√
T − a

)]
e−raSa(eσ2(b−a) − 1)

,

Ù ¥ d′+ = ln e−ASa
K +(r+ σ2

2 )(T−a)

σ
√

T−a
, d′− = ln e−ASa

K +(r−σ2
2 )(T−a)

σ
√

T−a
. 3 ª(12)¥ - q = 0, � �

3 [a, b) ⊂ (td, T ) þ���`�lÑéÀüÑ.
~~~fff é{I�½�A«�I����2009c11�16Fc� n g©ùêâ?1©Û(êâ

5u http://finance.yahoo.com). P n g©ù� D1, D2, · · · , Dn, �A©ùFc�F�Â�d

� S1, S2, · · · , Sn, P B =
n∑

i=1

Di/
n∑

i=1

Si, D′
i = Di − BSi, i = 1, 2, · · · , n. P5goN D̃(�Ù

©Ù�F (x))��� D′
1, D

′
2, · · · , D′

n U,SüS�C� D̃1, D̃2, · · · , D̃n, KÙ²�©Ù¼ê�
Fn(D̃k) = k∗

n , k = 1, 2, · · · , n. Ù¥ k∗ = max{i : D̃i = D̃k}, =�Ó� D̃k �üSê�����.
P [D̃1, D̃n] þ�þ!©Ù�©Ù¼ê� F ∗(x). b� H0 : F (x) = F ∗(x). �ÚOþ

Gn = sup
x∈(−∞,+∞)

|Fn(x) − F ∗(x)| = max
16k6n

|Fn(D̃k) − F ∗(D̃k)|.

L 1 � Ñ 
 A « { � � I � �
√

nGn�. � ½ α = 0.05, P (
√

nGn > λ0.05) = 0.05,
d Q(λ) L� Q(λ0.05) = 0.95, λ0.05 = 1.36. �±wÑ, éuA«�I�Ú�½n,

√
nGn < 1.36.

LLL 1 α = 0.05 éééAAA���������###{{{âââÅÅÅuuu���
Tab. 1 Kolmogorov test with α = 0.05

�¦ IBM(n=30) BAC(n=30) AIG(n=20) AA(n=70) DD(n=20) AEP(n=20)√
nGn 1.12 1.00 1.35 1.31 1.16 0.95

�â��#{âÅu�{, �É�b� H0, = D̃ 3 [D̃1, D̃n] þÑlþ!©Ù. dd, ��Ñ
ù| Dδ(S) ��O� Dδ(S) = BS + ξ, Ù¥ B ´{¤©ù�²þù|Ç, S ´©ùFcF�Â
�d, ξ Ñlþ!©Ù.
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[10] BALLESTER C, COMPANY R, JÓDAR L. An efficient method for option pricing with discrete dividend payment

[J]. Computers and Mathematics with Applications, 2008, 56: 822-835.

(þ�1 32 �)

Ù¥ª(12)–(14)

G1 = E−1
1


F11 − R F12 − F15∆̄−1Ω̄ F13 X14

∆−1F51 ∆−1F52 ∆−1F53 X24

F61 F62 F63 X34

X41 X42 X43 X44

 E−H
4 ,

G2 = E−1
2


R F15∆̄−1 F16 Y14

F21 − Ω∆−1F51 F25∆̄−1 F26 Y24

F31 F35∆̄−1 F36 Y34

Y41 Y42 Y43 Y44

 E−H
3 ,

Ý
 R ∈ Ci×i′ ,Xi4,X4i,Yi4,Y4i, i = 1, 2, 3, 4 �?¿Ý
. y..

3 ( Ø

�©Äk?Ø
�g�Ý
�_A��¯K9Ù�Z%C, ,�ïÄ
fÝ
�åe�g
�Ý
�_A��¯K, ��
þã¯Kk)�^�Ú)���L�ª.

,	, �â½n 2.3 ¦¯K I ��Z%C�, du Frobenius �ê'u�ÛÉÝ
Ø�±Ø
C5, �éu¯KI��Z%C¯Kvk��éÐ�)û.
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