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Existence of positive periodic solution for a
kind of predator-prey systems

LIU Xing-bo, HE Liu-rong

(Department of Mathematics, East China Normal University, Shanghai 200241, China)

Abstract: A non-autonomous predator—prey diffusive system of three species with delay
was analyzed. By using Gaines and Mawhin’s continuation theorem of coincidence degree
theory, some sufficient conditions for the existence of positive periodic solution were estab-
lished for the system.
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0 Introduction

The dynamic relationship between predators and their preys is an interesting mathematical
problem and has attracted a great attention among mathematicians and biologists. Many
good results have been obtained(see [1-4] and the references therein). Recently, the method of
coincidence degree has been applied to study the existence of periodic solutions in predator-prey

models (see [5-8]and the references therein).

ek H B 2009-12
HETH: EHFEARRFEREESTTHERETH (10801051); LT E AR I H (B 407)
AR XD, 5, T, BIEER, BEFUT 1R A E VRS Y 0 SRR R
E-mail: xbliu@math.ecnu.edu.cn.
AR NS, L, Wk, BSOS R A E MR A SRR
E-mail: 51060601065@student.ecnu.edu.cn.



% 6 3 PP, 55 — Il - B R GE I A ek 179

In this paper, we consider the following periodic predator-prey system with Michaelis-

Menten type functional response

iy = 21 (1) :a1(t) —an(t)zi(t) - -

—a ka(t)z(t — 1) _ ks(®)ma(t)2s(D) (0.1)
T3 = x3(t) 3(t) + ni(t)x3(t —7) +ai(t —m)  na(t)i(t) +x§(t)}7
_ ka(t)z3(t — 72)
T4 _x4(t)_ a4(t) ng(t)xZ(t—T2)+x§(t_72)

where z;(t) (i = 1, 2) represents the prey population in the ith patch; x;(¢) (i = 3,4) represents
the predator population; 7; > 0 (i = 1,2) is a constant delay due to gestation; D;(t) > 0 (i =
1,2) is the dispersal rate of the prey in the ith path. The detailed biological meaning, we may
refer to [8] and the references therein.

Suppose system (0.1) satisfies the following initial conditions:
J’JZ(S) = QDZ(S) > 07 s € [77_7 0]7 901(0) > 07 i = 17273743 T = maX{T177—2}7 (02)

and a;(t), ki(t) (i = 1,2,3,4), ni(t), Di(t) (¢ = 1,2), a11(t), age(t) are positive continuous w-
periodic function. ¢;, (i = 1,2,3,4) are continuous functions. In what follows we will use the

notations

F= ljwf(t)dt, M= max f(t), f¥= min f(t),

w Jo te[0,w] te[0,w]

where f(t) is a positive continuous w-periodic function.

1 Existence of positive periodic solutions

Our purpose in this paper is, by using the continuation theorem of coincidence degree
theory [9], to establish the existence conditions of at least one positive w-periodic solution of
model (0.1). Based on the coincidence degree theory, the case of existence of constant solution
can not be excluded. But notice that in this case a very special relation must be satisfied for
the periodic coefficient functions, then the coefficient functions can be taken to exclude this
case. So we don’t consider this case in our paper. For convenience, we introduce this theorem
as follows

Let X and Y be two real Banach spaces, L: Dom L C X — Y be a Fredholm mapping
of index zero, and P: X — X, Q : Y — Y be continuous projects such that Im P= Ker L,
Ker @ =Im L, and X=Ker L® Ker P, Y=Im L@&Im . Denote by L, the restriction of L to
Dom LN Ker P, by Kp: Im L — Ker PN Dom L the inverse of L,, and by J: Im L —Ker
P an isomorphism of Im @ onto Ker L.

Lemma 1.1°/(Gaines and Mawhin’s theorem) Let € C X be an open bounded set and
let N : X — Y a continuous operator which is L-compact on Q (i.e., QN : Q@ — Y and
K,(I — Q)N :Q — X are compact). Assume

(a) for each A € (0,1), x € 002N Dom L, Lz # ANuz;



180 HEIRITE RS 224 (B AR AR) 2010 4F

(b) for each z € 99N Ker L, QNz # 0;
(c) deg[JQN, QN Ker L,0] # 0.
Then Lz = Nz has at least one solution in QN Dom L.
Next, we give the main result in this paper.
Theorem 1.1 AssLume the following conditions are satisfied.
k1
() <T> >0,
a1l
(N2) ks —as>0,

_ ks
N3) ko —a3 — ——— >0,
(Na) ke = = 50
then system (0.1) has at least one positive w-periodic solution.

By making the change of variables; x;(t) = e%(!) (i = 1,2,3,4), the system (0.1) becomes
ot (£)eta (O ()
ny(t)e2us(t) 4 e2ui(t)

Ty = ag(t) — age(t)e®2®) 4 Dy(t)(emr—u2(t) _ 1),
ko (t)e?u(t=1) Jos (£) e () +ua (®) (1.1)
np(t)e2us(t="1) 4 e2u(t=m1)  py(t)e2ua(t) 4 e2us(®)’

Ey(t)e?us(t=72)
N9 (t)eQuzl(thz) + 62“3(’57"'2) °

i1 = a1 (t) — apy(t)er® — + Dy (t)(er2—ual®) 1),

U3 = —(lg(t) =+

Uy = —a4(t) —+

It is easy to see that if system (1.1) has an w-periodic solution (u1(t), uz(t), us(t),us(t))T, then
(21(t), 22(t), w3(t), 24(t))T is a positive w-periodic solution of system (0.1).
Lemma 1.2 Suppose A € (0, 1) is a parameter, (uy(t), uz(t), us(t), us(t))" is a w-periodic

solution of the system

) k (t)eus(t)-i-ul(t)
_ _ w _ R
u1(t) = A a1(t) — anr(t)e™ (1) + e2ud)

U2 (t) = Nag(t) — aga(t)e"2®) + Dy(t) (et —u2(t) — 1)),

. [ b (t)e? -7 k(e )+ ua() (12)
us (t) =A| - as (t) + 2uz(t—r 2up (t—11) 2ug(t 2us(t) |’
nl(t)e 3( 1) +e 1( 1) n2(t)e 4(t) + e 3(t)

+ Dy (t)(er 00 - 1)] ,

) B i k4(t)QQU3(t—T2)
U4(t) =A| - a4(t) + ng(t)e2“4(t*72) + e2us(t—72) |’

then |uq (¢)| + |uz(t)| + |us(t)] + Jua(t)] < R, where R = 2R; + Ry + Rs, and

k}l L
M M L al_in
leax{un(‘”) L (S2) 7 m (22 |,|1n<‘m> |},
ai1 a22 a22 ai1

M

1 k' —a - 1 kMg _
Ry = —max ln{i;ti% + Ri 4+ wko, R3 = — max 111477;4 + Ro + wky.
2 asni 2 asny

Proof Since u;(t) (¢ = 1,2,3,4) are w-periodic functions, we only need to prove the
result in [0,w]. Choose t; € [0,w](i = 1,2) such that u;(t;) = n%ax] u;(t), (¢ = 1,2), then it is
te0,w
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clear that @;(t;) = 0, (¢ = 1,2). In view of this and the first two equations of system (1.2),

we have

k1 (tl)eus(t1)+u1(t1)
Dy (1) (ev2(t1)—ui(t) _ 1) =
ny(t1)e?us(t) 4 e2ur(ty) + Diia)le )=0 (1.3)

(Lg(tz) — 022(t2)6u2(t2) + Dg(tz)(eul(h)iuz(tz) — 1) =0.

a1 (tl) — all(tl)eul(tl) —

If Ul(tl) > ’U,Q(tg), then ul(tl) > Ug(tl). It follows from (13) that an(tl)eul(tl) < al(tl), which

implies

ap (tl)
aii(ty)

<ln (%)M (1.4)

Ug(tg) < Ul(tl) <In

Similarly, if u1(t1) < ua(tz), then ui(t2) < ua(tz). By the second equation of (1.3), we have

as(t2)

t ty) <1
ul( 1) < UQ( 2) n a22(t2)

<ln (%)M (1.5)

Now choose s; € [0,w] (i = 1,2), such that u;(s;) = min wu,(¢), (i = 1,2), then u,(s;) = 0.

te[0,w]
Similar to the discussion above, We can obtain
ay; — le L
uz(s2) > ui(s1) = In (J) L iF u(s1) < ug(sa); (1.6)
az(s2) ag\L .
u1(s1) > ua(s2) = In > In (—) , if wg(s1) > ua(se). (1.7)
a22(82) a22

Take

ky L
M M L ay — 5 e
Rlzmax{‘ln(al) Hln(a—2> Hln(a—z) In <m> }
aiq a22 a22 ai1
In view of (1.4)-(1.7), we have |ui(t)| < R1, |u2(t)| < Ri. On the other hand, by integrating

the third and fourth equations of (1.2) over the interval [0,w], we obtain

)

w ko(t + 11 )e?ur(®) df = w
o na(t+7)eus(®t) 4 e2ua(t) "

ko (t)ews(t)+ua(t)
as (t) + 3( 2)6 5 t,
0 ng(t)e2ua(t) 4 e2us(t)

(1.8)

w ka(t 2u3(t) w
J 4(t +1o)e dt :J as(t)dt.

0 M2 (t + 7-2)62u4(t) + e2us(t) 0

Using the mean value theorem for (1.8), it is clear that there exist two points ¢} € [0,w],i = 1,2
such that

ko (tt + 11 )e?ur (1) y(th + mp)e2us(t2)

(] + ) ) T Y o o) | Eem)

Hence, due to (N3) and (N3), we can get

. 1 kY —ag . 1 kY —ay .
lug(t7)] < 5 max In ———— |+ Ry, |ug(t3)|] < ;max|In ———|+ |uz(t])|. (1.9)
asnj 2 ayny
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Since for any ¢ € [0,w],

w

us ()] < |us(t7)] +J iz (s)lds,  [ua()] < [ua(tz)] + J: |4 (s)|ds.

0

Based on the third and fourth equation of (1.2), we obtain

1 ké\/f —as 7. A

lu (t)] < §t§g>§] IHW + Ri +wko = Ry,
1 EM —ag _

‘U4(t)| < 5 trer%(?i(;] 1114647”% + Ry + wky = Rs.

Thus if we choose R = 2R + Ra + Rs, then |uq(t)] + |ua(t)] + |us(t)| + |ua(t)| < R.
Lemma 1.3 Suppose i € [0,1] is a parameter and (uy, u2, u3, us)T is a constant solution

of the system

1 r ky(t)evstu

— _w
a1 —aijie 2 < 5. 5.
o ni(t)e?us 4 e2u

dt + El(euz_ul — 1)> = 0,
w

Qo — aog9e"? + MEQ(ein—uz — 1) =0,

w 2uy w . w3 +uy (110)
L w)edt_u(lj wedt>:0,

w Jo nl(t)Qng +82u1 w Jo 'flg(t)62u4 +e2U3

1 r ()2

YW )y na(t)eus + e2us

then |uq| + |uz| + |us| + |ug| < Ro, where

as
In —=

Q22

ay

kq
a; — 54—
Ro = 2Ry + Rs + Rs, R4:max{ln In — 2V

a11

) )

a11

(]{32 —as — 2\’;%)31

1
Rs = max{|Rsol, |R51|}, Rso = 5111 ’
(25?7’72—’_%)"{%
1. (ks —a3)B
Rs; = 71n%7 B, = e2u1’
2 asny
1. (ky—as)B
Re = max{ [Reo|,[Re1] }, Reo = 5111%
a4y
1. (ky—a4)B
Rg1 = In %7 By = e,
2 agny

Proof If u; > ug, then from the first two equations of (1.10), we have

_ _ 1 « kl (t)e“3+“1 —_— P _
e me M(w L (e p e T Dy(e™™™ —1) | <ay,

Gooe"? = ay + ,U/Eg(eulilm — 1) > ao,
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which implies that In a% <us <up <In % Similarly, if u; < ug, it follows from (N7) that

k1
ayp —
2./n az
In ——— <u; <up <ln—.
a1y a2
Thus, if we choose
ky
_ _ ay —
ay a2 1 2\/n
R4 = max hl el Y hl —_— | ln 771 5
a1y a22 aiy

then, |u1| 4 |uz| < 2R4. On the other hand, under the conditions (Nz) and (N3), the third and
fourth equation of (1.10) imply Rso < ug < Rs1, Rgo < u4 < Rg1, where

k2—a3—2lc3>31 _
1 ( vr 1. (ky—as)B
Rso = 7 Rm:,]nw

In — ,
- _ " 2 asny
2\/’;72 +as |ny
(E4 —54)B2 1 (E4 —54)32 2 2
Reo==-In—+ =, Ry ==-In——= By =e¥, By=e",
60 2 n 647134 61 2 " 64715’ ! 2

Tt follows that |us| < max{ |Rsol, |Rs1| }, |ua] < max{|Reol,|Re1| }-

If we choose Ry = 2R4 + R5 + Rg, where Ry, Rs5, Rg, B1, By are defined as above, then
|ur| + |ug| + |ug| + |usa| < Rg, This completes the proof of this lemma.

Proof of theorem 1.1 From previous discussion, we know that it suffices to show that

the system (1.1) has at least one w-periodic solution. To this end, we take
X =Y = {(u1(t),uz(t),us(t), us(t))" € C*R, R |u;(t + w) = ui(t),i = 1,2,3,4},
and || (u1(t), ua(t),us(t), us(t))T ||= Z?Zl tlgf&)f;] |u;(t)]. With this norm, X and Y are Banach
space. Let
L:Dom LNX — Y, L(uy(t), ua(t), us(t), ua(t))” = (i (¢), tia(t), i3(t), a(t)) ",

where Dom L = {(u1(t),ua(t),us(t),us(t))T € C}(R,R*)}, and N : X — X,

r ky (t)eus(t)-i-m(t) B .
wy (t w2 (t)—u(t
a(t) —an(t)e - ny(t)e2us(t) 4 e2ui(t) +Di(t)(e 2070 — 1)

as(t) — aga(t)e"2® 4 Dy(t)(emr 2t — 1)

)
)| _ _
— k‘g(t)e2u1(t 71) kg(t)eua(t)+“4(t)
) —as(t) + 2usz(t—71) 2ur(t—71) 2u4 (t) 2us(t)
) nl(t)e uz(t=71) 4 e2u1(t—71 n2(t)e uall) + esu3

k‘4 (t)62u3 (t—72)

—a4(t) + n2(t)62u4(t77—2) + e2u3(t*7’2)

Then system (1.1) can be written in the form Lu = Nu, u € Dom LN X. Clearly,

Im L = {(uy(t),uz(t), us(t), us(t))’ € X : J: w;(t)dt = 0,1 =1,2,3,4}
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is closed in X, Ker L = R*, dim Ker L=codim Im L = 4. Therefore, L is Fredholm mapping
of index zero. Define two projects P,@Q : X — X as

Ul (t) (5% (t) ﬂl
U9 (t) . (5 (t) _ ﬂz

" us(t)| N us(t) |
Uy (t) Uy (t) Uy

then Im P=Ker L, Ker Q=Im L, and X=Ker L& Ker P=Im L® Im Q. The isomorphism J
from Im @ into Ker L can be the identity mapping since Im Q=Ker L. The inverse K, of L,
is given by K,: Im L — Dom LN Ker P,

rrt 1 rw S I
up(s)ds — — uq(s)dtds
Jo w Jo Jo
uq (t t 1 w s
ulit; uz(s)ds — " uz(s)dtds
2 _ |Jo 0
Kp U3(t) - ot 1 [« s
uz(s)ds — — uz(s)dtds
uy(t) Jo w Jo
t 1 rw rs
ug(s)ds — — uq(s)dtds
LJo wJo Jo -

By the Lebesgue convergence theorem, it is easy to see that QN and K,(I —Q)N are continuous
and furthermore, by the Arzera-Ascoli theorem, QN (Q) and K,(I — Q)N (Q)are compact for
any open bounded set  C X. Hence, N is L-compact on € for any open bounded set Q C X.

Particularly we take

Q= {(ur(t), ua(t), us(t), ua(t))™ € X :f| (ur (t), uz(t), us(t),ua(t))" [|< R+ Ro},

where R and Ry are defined by Lemma 1.2 and 1.3. Obviously, N is L-compact on Q.

Next we show that the three conditions of Lemma 1.1 hold.

(1) Due to Lemma 1.2, we conclude that for each A € (0,1), v € 9QNDom L, Lu # ANu.

(2) When (uy (t), u2(t), us(t), us(t))* € QN Ker L, (uq(t), ua(t), us(t), us(t))" is a constant
vector in R* with the norm R+ Ry. If QN (uy, ug, u3,us) = 0, then (u1, uz, uz, us)’ is a constant
solution of system (1.10) with z = 1. From Lemma 1.3, we have || (u1, ua,u3,us)? ||< Ro, this
contradiction implies that for each € 90N Ker L, QN(z) # 0.

(3) By the definition of QN (u), we know that there exists & (i = 1,2,3,4) € [0,w], such

that _
r k16u3 +u1 ]

@ ane® - n1(§1)62u3 + e2u1 + Dl(eu27m - 1)

Qo — Gooe™? +E2(eu1—u2 — 1)

QN(U) = B E2e2u1 E36"3+“4
—as + n1(€3)e?us + 2w - na(&3)e2ua + e2us
kye2us
—Gq + 1

L N9 (54)627‘4 + e2us J
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In order to verify the condition (c¢) in Lemma 1.1, we define ¢ : Dom L x [0,1] — X.

[ ap —aje*t i r — ko etatu o -
1 11 15 5 + Dl(euz—u1 _ 1)
Qo — age™? ny(&r)e?us + e?u
= 52((3“17“2 _ 1)
¢(u17u27u3)u47,u> - —Ga + kge w1 +/_}/ B ’
3 ny (62)62713 + e2u1 —kqevatua
kye?us no(&z)e?us + e?us
—a4 + 5 5 0
L nz(§a)eus + e?us | L |

where p € [0,1] is a parameter. When (uy,us,us,us)t € 90N Ker L = QN R4,
(u1,ug,u3,uq)T is a constant vector with |(uy,us,us,u4)*|| = R+ Ro. From Lemma 1.3,

we know ¢(u1, ug, us, ug, i) 7 (0,0,0,0)T on 902N Ker L. Because the algebra equations

a; —a;e™t =0,

ay — ag0e"? =0,

E262’U41
_= -0
as + n (62)6271“3 + e2ul )
E 2U3
_64 + 4¢€ = 07

Ny (54)62714 + eZ’U.g

have a unique solution (uj,us,u3,u;) € QN Ker L. Hence, according to topological degree

theory, we have
deg(JQN(ulv Uz, us, u4)T7 Q N Ker Lv (07 Oa 07 O)T)
= deg(¢(u17 U2, U3, Uq, 1)) QN Ker L7 (07 Oa 0) O)T)
= deg(¢p(u1,uz, us, ug,0), 2 N Ker L, (0,0,0,0)T)

. (4511522E2E4n1 (&2)ne (54)e3u1‘+u3+4u§+2u1
S1 _ 2 _ )
(n1(2)e%5 + 247)2 (na(€4)eP 5 + 2432

Now we have verified all the conditions of Lemma 1.1, then system (1.1) has at least one w-

);éo.

periodic solution. Therefore system (0.1) has at least one positive w-periodic solution. This

completes the proof of our main results.
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