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Abstract: Under the assumption that the underlying asset prices obey jump diffusion

processes and the market interest satisfies Vasicek model, and when the interest is

correlated with the asset prices, by the way of change of measure, a closed solution of

pricing of power option was given. Moreover, some special situations were considered.
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|�uÐ, �
#.�@	�y£½Ï�¤ØäZyÑ5, Ï��M#«aØ�qÞ, §�

�ÑáuÛÉÏ�(Exotic Options), ~Xz6�Ï�(Bermudan Options)!æªÏ�(Asian

Options)!£"Ï�(Lookback Options)ÚæNÏ�(Barrier Options), ��[9]. ,
, �8c

��, k'�ªÏ��ïÄ��~�, Blenman Ú Clark[10] �Ä
 Black-Scholes �.e�ª

��Ï��d�. �©�ÄI�]�d�÷va*ÑL§¿�½||Ç÷v Vasicek�.�

��ªÏ��½d¯K, ¿�Ñ
°(�d�úª.

1 �ªÏ�

�Ä��Ã�Þ�7K½|, ½|¥�¤kØ(½5dVÇ�m (Ω,F , P )5£ã,

{Ft}t>0 ´�¹
 t���c�½|¥¤k&E� σ-�6. - {St}t>0 L«I�ºx]�d

�L§, {rt}t>0 L«½|¥Ãºx|ÇL§, {Bt}t>0 L«Õ1�±âr, §�©O÷vXe

�Å�©�§

dSt

St−

= µtdt + σtdW̃1t − λβdt + d

N(t)∑

i=1

Ui,

drt = (ã − b̃rt)dt + σrdW̃2t, dBt = rtBtdt, B0 = 1,

Ù¥ β = E[Ui] , ã, b̃, σr ��~ê, σt ´'u�m t �(½5¼ê, W̃1t, W̃2t ´½Â3VÇ�

m (Ω,F , P )þ�ü�IOÙK$Ä, � Cov(dW̃1t, dW̃2t) = ρdt, Ui ´��ÕáÓ©Ù��Å

Cþ, Ui > −1 �y
 St ��K�, f(y) � ln(1 + Ui) �VÇ�Ý¼ê, N(t) ´rÝ� λ �

ÑtL§, N(t), Ui �ÙK$Ä W̃1t, W̃2t �pÕá.

�ªwÞÏ���ÏÂÃ� CT = (Sα
T − Kα)+ , Ù¥ ST ´�ÏF�I�]�d�,

K ´Á�d�, 0 < α 6 1 ´ëê.

2 �ªÏ�½d

�½|¥I�]�d�÷va*ÑL§�, ½|´����, �d�ÿÝØ��. d

ºx¥5½d��, Ï��d�´by��G¼ê3ºx¥5ÿÝe�^�Ï"��. Ï

d, À���Ün��ÿÝ´���½|¥]�½d�'�. �©òæ^ Merton (1976)[1] �

b�, =rÙK$ÄÜ©8uXÚºx,�±@Ï��; aÜ©8u�XÚºx, ´,�º

x]�Ak�, �Ø�½d, Ø�©Ñ. ·�|^ Jaimungal, S. Ú Wang, T. (2006)[11]¥�·

K2.15�Ñ���d�ÿÝ, (JXe.

ÚÚÚnnn 2.1 - ηt L« Radon-Nikodym�êL§

ηt =
dQ

dP

∣∣∣
Ft

= exp
{ ∫ t

0

ϑ1(u, ru)√
1 − ρ2

dW̃1u +

∫ t

0

(
ϑ2(u, ru) − ρϑ1(u, ru)√

1 − ρ2

)
dW̃2u+

− 1

2

∫ t

0

ϑ2
1(u, ru)du − 1

2

∫ t

0

ϑ2
2(u, ru)du

}
, (1)

Ù¥

ϑ1(u, ru) =
ru − µu

σu

√
1 − ρ2

− ρϑ2(u, ru)√
1 − ρ2

, ϑ2(u, ru) =
a − ã + (̃b − b)ru

σr

,
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Kd�§(1)¤½Â�ÿÝ Q´���d�ÿÝ, =by�]�d�L§3VÇÿÝ Qe ´

�. u´, d Girsanov½n��

W1t = W̃1t −
∫ t

0

ru − µu

σu

du,

W2t = W̃2t −
∫ t

0

a − ã + (̃b − b)ru

σr

du

´ü�IO� Q ÙK$Ä, � Cov(dW1t, dW2t) = ρdt, K�� W1t = ρW2t +
√

1 − ρ2W3t Ù

¥ W3t ´� W2t �pÕá�IOÙK$Ä.

duEÜÑtL§
N(t)∑
i=1

ln(1 + Ui) ´�ÙK$Ä W̃1t, W̃2t �pÕá�, �lÿÝ P �º

x¥5ÿÝ Q �ÿÝC�Ø¬UCEÜÑtL§�rÝÚ ln(1 + Ui) �VÇ©Ù. l
, º

x]��d�L§ St Ú|Ç rt 3ºx¥5ÿÝ QekXeL«.

dSt

St−

= rtdt + σtdW1t − λβdt + d

N(t)∑

i=1

Ui, (2)

drt = (a − brt)dt + σrdW2t. (3)

- C(t, T ) L« t ���ªwÞÏ��d�, dºx¥5½d��

C(t, T ) = E
Q

[
Bt

BT

(Sα
T − Kα)+

∣∣Ft

]
.

�Bå�,P

I1 = E
Q

[
Sα

T Bt

BT

I{Sα
T

>Kα}

∣∣Ft

]
, I2 = Kα

E
Q

[
Bt

BT

I{Sα
T

>Kα}

∣∣Ft

]
.

Ïd��

C(t, T ) = I1 − I2. (4)

�
O� C(t, T ), I�e¡ü�Ún.

ÚÚÚnnn 2.2

I2 = Kαe−rtD(t,T )−A(t,T )

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!

∫∞

−∞

N (d2(t, T, y)) fn(y)dy

+e−λ(T−t)
N (d2(t, T, 0))

]
,

Ù¥

d2(t, T, y) =
ln St

K
+ Λ(t, T ) − λβ(T − t) −

∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T ) +
σ2

s

2

)
ds + y

√∫T

t
∆2(s)ds

,

σ∗(t, T ) =
σr(1 − e−b(T−t))

b
, ∆2(s) = σ∗2(s, T ) + 2ρσsσ

∗(s, T ) + σ2
s ,
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Λ(t, T ) =
(
rt −

a

b

) σ∗(t, T )

σr

+
a(T − t)

b
,

D(t, T ) =
1 − e−b(T−t)

b
, A

′

(t, T ) = −aD(t, T ) +
1

2
σ2

rD2(t, T ),

fn(y) � ln(1+Ui) ��Ý¼ê f(y)� n ­òÈ, N(·) L«IO���ÅCþ�\È©Ù¼ê.

yyy ²²² du|Ç´�Å�, ·�Ú\�Ï�ÿÝ QT , =±"EÅ P (t, T ) ��Od

ü , QT 'u Q � Radon-Nikodym�êXe.

dQT

dQ
=

P (T, T )

P (0, T )BT

=
1

P (0, T )BT

. (5)

Ï � ½ | | Ç ÷ v Vasicek� ., ¤ ± T � � � Ï, ¡ � � 1� " E Å 3 t� � � d

� P (t, T )kXe��/ª[12].

P (t, T ) = e−rtD(t,T )−A(t,T ),

¿� P (t, T )÷v dP (t, T ) = rtP (t, T ) − σ∗(t, T )P (t, T )dW2t. l
, d�§(5)��

dQT

dQ
= exp

{
−

∫T

0

σ∗(u, T )dW2u − 1

2

∫T

0

σ∗2(u, T )du

}
.

�â Gisranov½n,W 2t = W2t +
∫t

0
σ∗(u, T )du ´ QT IOÙK$Ä.

u´, dItôúªÚ�§(2), k

ST = St exp





∫T

t

rsds +

∫T

t

σsdW1s −
1

2

∫T

t

σ2
sds − λβ(T − t) +

N(T )∑

i=N(t)+1

ln(1 + Ui)



 . (6)

d�§(3), ¦�rs = eb(t−s)rt + a
b
(1 − eb(t−s)) + σre

−bs
∫s

t
ebudW2u, Ïd

∫T

t

rsds = Λ(t, T ) +

∫T

t

σ∗(s, T )dW2s. (7)

2ÏL�§(6)Ú�§(7), U
��

ST = St exp
{
Λ(t, T ) +

∫T

t

σ∗(s, T )dW2s +

∫T

t

σsdW1s −
1

2

∫T

t

σ2
sds

−λβ(T − t) +

N(T )∑

i=N(t)+1

ln(1 + Ui)
}

= St exp
{
Λ(t, T ) +

∫T

t

∆(s)dW s −
∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T )

+
σ2

s

2

)
ds − λβ(T − t) +

N(T )∑

i=N(t)+1

ln(1 + Ui)
}

, (8)

ùp

∆(s)dW s = [σ∗(s, T ) + ρσs]dW 2s +
√

1 − ρ2σ(s)dW3s.
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�âBayes{KÚ�§(5)��

I2 = KαP (t, T )EQT [
I{Sα

T
>Kα}

∣∣Ft

]

= KαP (t, T )EQT

[
E

QT

[
I(Sα

T
>Kα)|Ft ∨ σ

( N(T )∑

i=N(t)+1

ln(1 + Ui)

)]∣∣Ft

]
.

d	, d�§(8)��¯� {Sα
T > Kα}�du

{ ∫T

t

∆(s)dW s +

N(T )∑

i=N(t)+1

ln(1 + Ui) > ln
K

St

− Λ(t, T ) + λβ(T − t)

+

∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T ) +
σ2

s

2

)
ds
}
.

2ÏL��O���

I2 = KαP (t, T )EQT

[
N

(
d2

(
t, T,

N(T )∑

i=N(t)+1

ln(1 + Ui)

))∣∣Ft

]

= Kαe−rtD(t,T )−A(t,T )
E

QT

[
N

(
d2

(
t, T,

N(T )∑

i=N(t)+1

ln(1 + Ui)

))]

= Kαe−rtD(t,T )−A(t,T )

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!

∫∞

−∞

N (d2(t, T, y)) fn(y)dy

+e−λ(T−t)
N (d2(t, T, 0))

]
,

K�¤
Ún 2.1�y².

�
O� I1, -

dQα

dQ
=

Sα
T

BT

EQ[
Sα

T

BT
]
.

� â Girsanov½ n, 3 V Ç ÿ Ý Qα e,
N(T )∑
i=1

UiE,´ E Ü Ñ t L §, Ù r Ý � λ̃ =

λE
Qeα ln(1+Uj), ln(1 + Uj) ��Ý¼ê�f̃(y) = eαyf(y)

EQ[eα ln(1+Uj )]
.

�e5, òO�I1, Ù(JXe.

ÚÚÚnnn 2.3

I1 = Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!

∫∞

−∞

N (d1(t, T, y)) f̃n(y)dy + e−
eλ(T−t)

N (d1(t, T, 0))

]
,

Ù¥

d1(t, T, y) = d2(t, T, y) + α

√∫T

t

∆2(s)ds.
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yyy ²²² d�§(6)Ú
N(t)∑
j=1

ln(1 + Uj) � W1t, W2t �pÕá��

dQα

dQ
=

Sα
T

BT

EQ[
Sα

T

BT
]

= exp
{ ∫T

0

ασsdW1s +

∫T

0

(α − 1)σ∗(s, T )dW2s −
(α − 1)2

2

∫T

0

σ∗(s, T )ds

−α2

2

∫T

0

σ2
sds − ρα(α − 1)

∫T

0

σsσ
∗(s, T )ds

} exp

{
α

N(T )∑
j=1

ln(1 + Uj)

}

EQ

[
exp

{
α

N(T )∑
j=1

ln(1 + Uj)

}] , (9)

,	, ÏLBayes{K��

I1 = BtE
Q
[ Sα

T

BT

I{Sα
T

>Kα}

∣∣Ft

]
= Sα

t E
Qα

[I(Sα
T

>Kα)|Ft]

= Sα
t E

Qα

[
E

Qα

[
I(Sα

T
>Kα)

∣∣Ft ∨ σ

( N(T )∑

i=N(t)+1

ln(1 + Ui)

)]
|Ft

]
.

qd�§(9)ÚGirsanov½n��, 3 Qα e,

Ŵ1t = W1t −
∫ t

0

ασsds − ρ

∫ t

0

(α − 1)σ∗(s, T )ds,

Ŵ2t = W2t −
∫ t

0

(α − 1)σ∗(s, T )ds − ρ

∫ t

0

ασsds,

�ü�IOÙK$Ä. Ïd

ST = St exp

{
Λ(t, T ) +

∫T

t

∆(s)dŴs + α

∫T

t

∆2(s)ds (10)

−
∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T ) +
1

2
σ2

s

)
ds − λβ(T − t) +

N(T )∑

i=N(t)+1

ln(1 + Ui)

}
,

ùp ∆(s)dŴs = σ∗(s, T )dŴ2s + σsdŴ1s. ÏL�§(10)��¯� {Sα
T > Kα}�du

{ ∫T

t

∆(s)dŴs +

N(T )∑

i=N(t)+1

ln(1 + Ui)

> ln
K

St

− Λ(t, T ) + λβ(T − t) − α

∫T

t

∆2(s)ds +

∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T ) +
1

2
σ2

s

)
ds
}

.

u´, ÏL
N(T )∑

i=N(t)+1

ln(1 + Ui) 'u σ

(
N(T )∑

i=N(t)+1

ln(1 + Ui)

)
�ÿ9ÙK$Ä�ÕáOþ5�
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±��

I1 = Sα
t E

Qα

[
N

(
d1(t, T,

N(T )∑

i=N(t)+1

ln(1 + Ui))

)∣∣Ft

]

= Sα
t E

Qα

[
N

(
d1(t, T,

N(T )∑

i=N(t)+1

ln(1 + Ui))

)]

= Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!

∫∞

−∞

N (d1(t, T, y)) f̃n(y)dy + e−
eλ(T−t)

N (d1(t, T, 0))

]
.

dÚn 2.2!Ún 2.49�§(4)���ªÏ�3 t���d�, (JXe.

½½½nnn 2.1 �ªwÞÏ�3 t���d��

C(t, T ) = Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!

∫∞

−∞

N (d1(t, T, y)) f̃n(y)dy + e−
eλ(T−t)

N (d1(t, T, 0))

]

−Kαe−rtD(t,T )−A(t,T )

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!

∫∞

−∞

N (d2(t, T, y)) fn(y)dy

+e−λ(T−t)
N (d2(t, T, 0))

]
,

Ù¥

d1(t, T, y) = d2(t, T, y) + α

√∫T

t

∆2(s)ds,

d2(t, T, y) =
ln St

K
+ Λ(t, T ) − λβ(T − t) −

∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T ) +
σ2

s

2

)
ds + y

√∫T

t
∆2(s)ds

.

555 2.1 �ªwOÏ���ÏÂÃ� (Kα − Sα
T )+ , KÙ t ���d��

P (t, T ) = Kαe−rtD(t,T )−A(t,T )

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!

∫∞

−∞

N (−d2(t, T, y)) fn(y)dy

+e−λ(T−t)
N (−d2(t, T, 0))

]

−Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!

∫∞

−∞

N (−d1(t, T, y)) f̃n(y)dy

+e−
eλ(T−t)

N (−d1(t, T, 0))

]
.

e¡ò�Ñ�
AÏ�¹, =�|ÇØ´�Å�±9I�]�d�ÑlAÛÙK$Ä

��ªÏ��d�.
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555 2.2 �|Ç��~ê r �, �ªwÞÏ� t���d��

C(t, T ) = Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!

∫∞

−∞

N(d̃1(t, T, y))f̃n(y)dy + e−
eλ(T−t)

N(d̃1(t, T, 0))

]

−Kαe−r(T−t)

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!

∫∞

−∞

N(d̃2(t, T, y))fn(y)dy

+e−λ(T−t)
N(d̃2(t, T, 0))

]
,

Ù¥

d̃1(t, T, y) = d̃2(t, T, y) + α

√∫T

t

σ2
sds,

d̃2(t, T, y) =
− ln K

St
+ r(T − t) − 1

2

∫T

t
σ2

sds − λβ(T − t) + y
√∫T

t
σ2

sds

.

�A��ªwOÏ� t���d��

P (t, T ) = Kαe−r(T−t)

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!

∫∞

−∞

N(−d̃2(t, T, y))fn(y)dy

+e−λ(T−t)
N(−d̃2(t, T, 0))

]

−Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!

∫∞

−∞

N(−d̃1(t, T, y))f̃n(y)dy

+e−
eλ(T−t)

N(−d̃1(t, T, 0))

]
.

555 2.3 �|Ç��~ê r , I�]�d�ÑlAÛÙK$Ä�, �ªwÞÏ� t���

d��

C(t, T ) = Sα
t N(d1(t, T )) − Kαe−r(T−t)

N(d2(t, T )), (11)

Ù¥

d1(t, T ) = d2(t, T ) + α

√∫T

t

σ2
sds, d2(t, T ) =

− ln K
St

+ r(T − t) − 1
2

∫T

t
σ2

sds
√∫T

t
σ2

sds

.

�A��ªwOÏ� t���d��

P (t, T ) = Kαe−r(T−t)
N(−d2(t, T )) − Sα

t N(−d1(t, T )). (12)

éëê α�ØÓ���±��ØÓ��ªÏ��d�, AO�, � α = 1 ��§(11)Ú(12)©

O�IO�îªwÞÚwOÏ�d�úª.
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½½½nnn 2.2 � ln(1 + Ui) Ñl��©ÙN(µ, σ2) �, �ªwÞÏ�3 t���d��

C(t, T ) = Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!
N (d∗

1(t, T, n)) + e−
eλ(T−t)

N (d∗
1(t, T, 0))

]

−Kαe−rtD(t,T )−A(t,T )

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!
N (d∗

2(t, T, n))

+e−λ(T−t)
N (d∗

2(t, T, 0))

]
,

Ù¥

d∗
1(t, T, n) = d∗

2(t, T, n) + α

√∫T

t

∆2(s)ds + nσ2,

d∗
2(t, T, n) =

ln St

K
+ Λ(t, T )− λβ(T − t) −

∫T

t

(
σ∗2(s, T ) + ρσsσ

∗(s, T ) +
σ2

s

2

)
ds + nµ

√∫T

t
∆2(s)ds + nσ2

.

yyy ²²² ÄkO� I2 . ÏLÿÝC�k

I2 = Kα
E

Q
[ Bt

BT

I{Sα
T

>Kα}

∣∣Ft

]

= KαP (t, T )EQT [
I{Sα

T
>Kα}

∣∣Ft

]

= Kαe−rtD(t,T )−A(t,T )

[ ∞∑

n=1

e−λ(T−t)λn(T − t)n

n!
N (d∗

2(t, T, n))

+e−λ(T−t)
N (d∗

2(t, T, 0))

]
.

2 � â Girsanov½ n, 3 V Ç ÿ Ý Qα e,
N(T )∑
i=1

UiE,´ E Ü Ñ t L §, Ù r Ý � λ̃ =

λE
Qeα ln(1+Uj), ln(1 + Uj) ��Ý¼ê�

f̃(y) =
eαyf(y)

EQ[eα ln(1+Uj)]
=

1

2
√

πσ
e−

(y−µ−ασ2)2

2σ2 ,

= ln(1 + Uj) Ñl��©Ù N(µ + ασ, σ2) . l
��

I1 = BtE
Q

[
Sα

T

BT

I{Sα
T

>Kα}

∣∣Ft

]
= Sα

t E
Qα

[I(Sα
T

>Kα)|Ft]

= Sα
t

[ ∞∑

n=1

e−
eλ(T−t)λ̃n(T − t)n

n!
N (d∗

1(t, T, n)) + e−
eλ(T−t)

N (d∗
1(t, T, 0))

]
.

��2d(4)ª C(t, T ) = I1 − I2 �±��(J.

3 ( Ø

·��Ä
�Å|Ç�I�]�d��'�a*Ñ�.e��ªÏ�d�, ÏLÿÝ

C���{�±{zO�, ��(J. 3ò5�ïÄ¥, ��±�Ä�ÅÅÄÇ�., V�ê

a*Ñ�.e��ªÏ��d�.

(e=1 53 �)
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As before, when Bi(a) = 0, i = 1, 2, · · · , 9, one has F (α(x)) = F (x). The conclusion follows for

n = 5 by taking

a0 =

(
0, 0,

3

2g−2
a−
3 ,

3

2g−2
a−
3 ,

g+
2

g−2
a−
3 , a−

3 , 0, 0, 0, 0

)
.

This ends the proof.
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