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Abstract: Firstly, some necessarily basic concepts and an important lemma were
given. Secondly, some important properties of generalized higher-order tangent sets were
discussed. Finally, by virtue of those properties and the Gerstewitz’s nonconvex separation
functional, necessary and sufficient optimality conditions were obtained for weakly Benson
proper efficient solutions of set-valued optimization problems without any convexity
assumption on objective and constraint mappings. Moreover, two examples were given to
show that the result obtained is a generalization to the corresponding results in literatures.
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Fis5 TR GO 10 Clarke Y1580, €857 T 95 Benson LU 205 S F 2405 i i 4 01 AL
LK)l Fritz-John 5. &S MO = BH AR FYAR(E BRGTI D) S 018 T BB 0040 1m0
i Fritz-John B ALTESAF. fellr, £ HAREIF T SCHR (6] oo TN B DA AN T AR 20 1
SE B, EHERUN R T, SRAT T SO SR A R ARAE DU AL 17 8 Benson BCA 25 1) e By
Fritz-John AW SEF1 78 53 s Mk A1, 2% A AN SETTRIF I T SR [6] H s SCIK e DI AR R s o
By SEIANE T, IFAE B T w3 HRAT T AR AL 1R U R e R T ) LR A
EHMANAEFERBGIN T HAEBS 1w ) SRR3R, JFR RS T 2R
BAE DAL 0] AT Henig B0AT 2408 0N 1B Kuhn-Tucker R0 ZRIFE 0 ARG AF. A2
SEOIHR T Gerstewitz JF ™23 B RRBUN SR E . EESEVESE VR, R e R3] T AR M AR R
GARF=TibE SR SO

AL SCHR[3-5, 8, 10]FT A A, 20 il AE it SR B s, 80 7 mib) SCRTK
AR LE VLT, AU B S (484%) B LI Gerstewitz 4™ 70 25 pREL, 3RAT 17
] SCANEE AR AR MY AR DAL 17 R v e R 78 7 fe A 25 F
1 fu&sain

B X, Y, Z B RERIELEEN, 0 cY, DC ZaRhY, Z FAsaEas 1l A
HE, Y* O Y MR, HE C XS X CF = {f e Y*|f(c) = 0,Vc e C}.

BEM Y WA=, A M IEHEE X ohcone (M) = {ty|t > 0,y € M}. & E & X
MAEZETEE, F: E — 2V, G : E — 22 Wy Ar S S M, Wb F K SO -5 73 ) e
M Adom(F) = {z € E|F(z) # ¢}, Graph(F) = {(z,y) € Ex Y|z € E,y € F(z)}. fE{HWYf
F,:E—2Y ¥ Fy(x) = F(x) + C,Vz €dom(F). 45€ e € int C Ja € Y, NGerstewitzE
MY BZ R Lea 0 Y — RIEXH

éeo(y) =min{t e Rly€ca+te—C},Vy €Y.

I 1.1910 ¥keintC,acY,yeY, reR. NI
() &a(y) >reydat+rk—C;
(i) fFEET C CF = {f € Y*|f(c) = 0,Ye € O, f(k) = 1}, 1§15

C={yeY|f(y) 20,VfeT}, &ualy) = ilellg{f(y) — f(a)}.
KT Gerstewitz 51N 73 B2 BT PFEN1T18, vl 2 WCHER[9-11).
EX 118 W MY, ye M WMEES M )55 Benson BUA RS, 405 2
(—int C) N clcone(M + C — yg) = ¢.

84T M [IPTA1 55 Benson AT RUA A ISR 5L Py min[M, C].
ARSI I SRR DAL ) AL

min F(x),

(GSVOP) { st.G(x)N(=D) # ¢,z € E.

YA K = {z € B|G(x)N (-D) # ¢}. ®ao € K,yo € F(xo), B (x0,y0) Hy 1) &
(GSVOP) 1155 Benson HA % fE, W yo € F(z0) N P, min[F(K), C).
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2 &k
Bem A IR, X OIRLAEE @ MIRVEZE]), K € X O X 746, WAl o 4R G K

inf {d(z,y)}. Kb, 4 d(z, ¢) = +oc.
yeK

R e XA d(x, K) =
EX 218 WKcXzeKuveX(@i=1,2-,m-1), 1
, cone(K —x) —hvy —---— h™ 1o,
(1) RE G- Tlgm)(‘ruvla e+ Up—1) = limsup ( ) ! 1
h—0t hm
. cone(K —x) —hvy — - — h™ Lo,
= X1 fd —0
{y € X|limiy (y e
BBt K AR 0 T or, v 9 m B U SR,
Y A b(m  cone(K —x) —hvy — - — W™ o,
(11) EQG _Tk( )(x,’Ulj- .. ,Um—l) — l}LIEéIif hm
—hvup — - — hmlvml) B }

cone(K —x
(p conc€ )

= c X| I d
{y | i,

FRAES K AR o BT vy, -+ vy B m B SCREERAER.
Wl 21 HKCXAMWE HreK vieK(i=1,2,---,m—1),

G — Tlf(m)(x,vl -z, Up—1 —2) =G — Tém)(:v,vl — X, U1 — )
— ( g cone(K —x) —h(vy —x) — - — h™ Y vy,_1 — :C)> .
h>0 hm
W BR o BT SO SR AR AR I i i
G — Tlf(m)(x,vl -2, Um—1 —2) CG— Tém)(:v,vl — X, U1 — )
cone(K —x) —h(vy —x) — - — "™ Yvpm_1 — @)
h>0
K—2)—h(v; —x) — - — h™ Y v, 1 —
TR R o € ol ( U cone( x) (v1 —x) (Um—1 a:)>, ”
h>0 hm
up € G — T,f(m)(x,vl — L, ,Up—1 — ).
K—2)—h(w; —2) = — h™ Y (om_y — ‘
H uo € cl hL>JO cone( 7)o UC}zm (o x)> AL SHEBUE e > 0,
B B A RALER WIAEAE y € cone(K — x) K 8> 0, {13
— — _— e e — mi]‘ —
up — Y ﬁ(vl I) 6 (Umfl x) c eB. (21)
ﬁm
_ _ ... pm—1 _
Gu=" Ao Bm o x), he (0,p), o 0 < p< B WA
h(vy —x)+ -+ " Ny — ) + h™u
_ _ ... A3m-—1 _
 h(or— ) B g — 2) 4 YA D) T g7 m ~ @)

=h <1 — <%>m_l> (v1 —a) 4+ R <1 — %) (V-1 — ) + Z—Zy
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K ™A, 51K — o AR, NI cone(K — x) g™k, Hofy

h (1 - (%)m_l> (v —x) 4+ At (1 — %) (Um—1 — ) + Z—:y € cone(K — x).

MIAH h(vy —x) + -+ h™ vt — 2) + h™u € cone(K — x). A

we cone(K —x) — h(vy — 327; = T (om — @) (2.2)

W38 (2.1), (2.2) B m BT SRR BEAER 5 S AT
up € G — T}i’(m)(%vl — @, Umet — ). (IEHE)

W 22 HKcCXWNE HeeK veX(i=1,2---,m-1), WESL G-
TP (01, ) HIEE.

WE BB (1) #G - T,f(m)(:zr, V1, Umet) = ¢, ATRLEE IR AR AT

(2) # G — T,f(m)(:zr,vl, e Ume1) # ¢ Wug,uz € G — T,f(m)(:zr,vl, o Um—1), WH m
BT SCABRE AR I 2 Uil 43, ST R TS {hn}, W2 by — 01 (n — oo), ELEJTH {wl} Fl
{w2}, [T w) — ui,w) — ug, HAY

hpvi - 4+R" o, AWk € cone(K —x), hpvi 4 +h™ o, 1+ T w? € cone(K —x).

M K mAE, v 5 K — o AR, T cone(K — ) i™HE. SO YA € (0,1), B hyor +
A o+ R Awk + (1= Nw?) € cone(K — ). NITTH

cone(K —x) — hpvy — -+ — hm o, 4
hm '

w4+ (1 — Mw? €

T, dom W) AR AR I ST, My + (1 — Nug € G — TP ™ (@01, om1).
G =T} (@01, o) NI, (IFHE)
it 21 WRKcX HNE HeeK, vie Ki=1,2,---,m—1), IBLEH

G — T,gm)(x,m — X, U1 — @) Al cl(hg0 COM(K—JC)—h(vl—wh);vvv—hmfl(vmfl—w)) 1y

W2 W 2 o A
W 2.3 EKCX%J&EK,EQEEK,UZ-EK(i:LQ,...7m_1)7;j|3/4\

cone(K —x) C G — T,f(m)(:v,vl — X, Up—1 — ).

WE B v 2.1 S

K—2)—h(v; —2)— - — A" Yv, 1 —
O PN Y gV L5 B T ESSE R
>

Woh >0, MXERM y € cone(K — ), A%

h(vy —x) + -+ A" v —2) + h™y € cone(K — ).
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. cone(K —x) —h(vy —2) — -+ — A" Y vpm_1 — x)
M y € T
el U cone(K —x) —h(vy —x) — -+ — A" Yvpm_1 — x))
h>0 hm
= G—T,f(m)(:t,vl — X, U1 — )

iy WAL, 7113 cone(K —x) C G — Tlf(m)(x,vl — 1, Uy — ). (IEER)
it 22 WRKcXAMWE HereK, vieK(i=1,2,---,m—1), Il

cone(K —x) C G — T,Em)(:zr,vl — T, U1 — ).

iE R R 2.1 FIATE 2.3 ) EEAHIE.
TS H R SCRAR (4154 ) 4 (10 L .
W 2.4 Wao€FE, yo€ F(xo), 20 € G(wo), (vi,w;) €C x D =1,2,--- ,m~—1). N

(F —yo0,G — 20)(z) CG — T((g)7G+)(E)(yO,ZQ,’Ul,(ﬂl, Ce U1, Wm—1), Yx € E.
HE B Mo € E, yo € F(zo), 20 € G(wg), WX Vo € B,y € F(x),z € G(z), H
(¥ — 0,2 — 20) € (F} — w0, G4 — 20)(E).
FEBUFH {hn}, WAL By — 0F (0 — 00), AI1F
By = o, 2 — 20) € conel(Fy — yo, G — 20)(E)).
N (i, w) € Cx D(i=1,2,--- ,m—1), U C. D B4k, nlf5
hn (U1, w1) + hit (U2, w2) + -+ - + B (Upp—1, wm—1) € C x D.
TRA
(Yns 2n) = hp(V1,01)+ - +RI " (Vm—1, Wm—1)+hI (Y=Y0, 2—20) € cone((Fy—yo, G+—20)(E))
frbif,

mny~n _hn ) _"'_hm_l m—1s%“m—
(0 = o,z = 20) = W Zn) Znuyen) o P Omoymen)

W m BT SCRARER IR 5E S, T4
(¥ —yo,2—20) €G — T((£)7G+)(E)(y07 20, U1, W1, 5 Um—1,Wm—1). (LEEE)

it 2.4 FUEWIRERESRABL, ATAS R T A 4518
W 2.5 W€ E,y € F(xo), 20 € G(xp), (viyw;) €C x D(i=1,2,--- ,m—1). N

(F - y07G - ZO)(:I;) cCG-— T(bp('i)GJr)(E)(ymZOuUlawla T 7Um—17wm—1)7vx € FE.

o200 (EAE 2.4 FIATE 2.5, S F RGBT AT .
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3 & O At

WanglPI7E H AR B LA 249 R 3 4 HEAL M U TR 41 T, 4 i Tt USSR
(K9 A D4 17 B (GSVOP) Benson ZLA5 20 11 B B Fritz-John 00 SR 78 43 5 1 4 1. A
ANTTAE H BRI LA 29 RS B A AR AT M PR B A A T, IR AR AL 1) 59 Benson EL
EE R A A S B S a2

TEARTTH, B (20,90) € Graph (F), zo € G(z0) N (—=D), (e, k) € (int C,int D), (F —yo, G —
20)(x) = (F(2), G(2)) = (yo, 20), (F' = 50, G — 20)(E) = U _(F —yo,G — 20)().

EI 3.1 RGNS AL

(i) (vi,w;) € (=C) x (=D),i=1,2,--- ,m—1;

(i) (20, y0) A M (GSVOP) [1]—~55 Benson HAT 3.

W 3(L,T) € (Ct x D)\ (By~,0z-),s.t.f(e) +g(k) =1,Y(f,g) € (L,T).

U
zeE

C:={zeY|f(z) >20,VfeL},D:={xeZglx)>0,Vg e T}

H
(f);g&j){f(y) +9(2)} > 0,Y(y,2) € G = TRy 1 (0,20, V1,01, U1, Win1).
ME AR HAAF (i) PLASS Benson B RUARNE S, W50
(—int C) N cleone(F(K) + C —yo) = ¢. (3.1)
JE G =T (5 (0s 20,01, @1, , Um1,Wm—1) N (~int C, —int D) = ¢. (3.2)
R (3.2) R, WAETE (5, 2), 5.5, 2) € =T o) (Uor 200 U1, @1, ++ » Uty @ 1),
H
(g,2) € (—int C, —int D). (3.3)

1 BT SURRBE A2 SURL, AR AU (R, 52 o — 0+ (1 — 00), RS {(yn, 20)},
JE(Yn, 2n) € cone((F —yo, G — 2)(E)), 13

(Yn, 2n) — hn(v1,w1) —hm — B (U1, wim—1) — (7,2). (3.4)
X (3.3), (3.4) WAL FFEARD KN, Xn> N,
s Zn) = im0, 1) o Ay Omt,wmt) (~int C, —int D).
M, M n>NE,H
Yn — hpvr — - — h™ Yo, 1 € —int C, 2z, — hpwy — - — K™ Yw,, 1 € —int D. (3.5)

Xj‘j h'n, > 07U17" * 5y Um—1 S —O,Wl," C L, Wm—1 S _D, )\)\ﬁ!ﬁﬁ‘

hpvr 4+ B g, € =Cohpwr + -+ AP w1 € —D.
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T, thal (3.5) WA, Mn > NI, A

Yn € —int C, 2z, € —int D. (3.6)
MIHH (Y, 20) € cone((F — yo, G — 20)(E)), HAFHE T € E, e, > 0, 1813

(Un>Zn) € (F = 50,G = 20)(Zn),  &n(Uns Zn) = (Yn, 2n)-

2l (3.6) ATSN, Mn> NI, e, >0, &

o € —int C, %, € —int D. (3.7)
N (Gns 2n) € (F = yo, G — 20)(Tn), WEIELE (9, 2,) € (F,G)(zn), fH1F

Un =1Tn = Yo, Zn=Z, — 20,

M 3.7) AN 20 € =D, W51 2, = Z, + 20 € —int D — D = —int D. \ii%n > NI, A
7l € G(Z,) N (=D), W z, € K. \ifij

Un =Y — Yo € F(T) — yo C clcone(F(K) + C — o).

M (3.7) H, §n = ¥l — yo € —int C, M

Un € (—int C) N clcone(F(K) + C — ).

Et 50 (3.1) i, #aC (3.2) or. T #1150, 3(L,T) C (CF x DY)\(Oy+,0z2+), s.t.
fle)+g(k) =1,Y(f,9) € (L, T),
C:={zeY|f(z)>20,VfeL},D:={xeZlglx)>0,Vg €T}

H

sup {f()+9(2)} 2 0,¥(y,2) € G =T 5 (40,20, v1,01, U1, wn1). (IEHE)
(f,9)€(L,T)
3.0 fEEEBTH, f TR F, G BT IR, D, e 3 T S
Wk (3] P RRSE B 4.1, SCHR [4] FPROEFE 1 RISCIR (5] THEER 4.0, RIS T, RARREZ.
Bl 31 MEX=Y=Z=R E=Q,C=D=Ry, e=35 k=4 WF@a) ={ye
Rly> a3}, Vo € B, G(z) = {z € R|z > 25 — 2}, Vo € E. %ISR i 5:

min  F(x),

(GSVOP) { st. Gx)N(=D)# ¢,z € E.

X (20,%0) = (0,0) € Graph (F), zo = —2 € G(z¢) N (—=D). HY5 Benson EA RN € X, 5
H (w0, y0) 7& LB SEAEVLAL M LT — A 55 Benson LA Z#. L (v, w) = (0,0), N

G — T((;?G)(E)(yo,zo,v,w) ={(y,2)|ly =0,z > 0}.
W f(z) =3, g(x) =%, HA L={f} COC"\{6y-}, T = {g} C D*\{0z-}, WA

C=R"={zeY|f(x)>0,VfeL}, D=R"={xec Z|g(x) >0,Yg € T}.
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G, fe) + (k) = f(5) +9(3) =1, Y(f.9) € (L, T)\(Oy, 0z-). Hf

sup {f(W) +9(2)} 20, ¥(y,2) € G—T 7 1) (0, 20,0, w).
(f.9)€(L,T)
M2 BE 3.1 25 H ) i b SR AU 45 AR B
W S B AR A, WA P G B FASZHEMY, T2 30k [4] e H
1A AN AL, PRIEE, SRR [4] rhog BE 16T A JE ANad T .
Bl 32 R X=Y=Z=R,C=D=R2e=(31)k=(,1), E={(z1,22) €
R%21 >0, 29 > 0,23 + 23 = 1}. W F(21,22) = {(21,22), (352, 1)}, V(21,22) € E. G(z1,72) =

2
{(0,0)}, V(x1,22) € B. 5 RARAEIAL R 78

min  F(x),

(GSVOP) { st. Gx)N(-D)+# ¢,z € E.

% (w0,y0) = {(0,1),(0,1)} € Graph (F), 20 = (0,0) € G(z0) N (—D). 59 Benson FHA
BRI 8 LN, (0, y0) AT (GSVOP) I1—/~59 Benson B 34 fif.
EX (va) = ((070)7 (070))7 m\Uﬁ

G =Ty ) W0, 20,0,@) = {((@1,22), (0,0))]a1 > 0,2 > —1}.
KH, WL fi (21, 22) = 21, folwr, ) = 22, g1(21, T2) = 2o, go(x1, 22) = x1. HA
L={fi,fo} CC\{0y-}, T ={g1,92} C D"\{0z-}.
i
C =R} = {(z1,22) € Y|f(z1,22) > 0,Vf € L}, D = RY = {(y1,42) € Z|g(y1,y2) > 0,Vg € T}.
SR, F(e) +9(k) = £(3,3) +9(3,5) = 1L.Y(f,0) € (L T)\(Oy-,0z-). BAT

sup  {f(w1,w2) +9y1,92)} 2 0, V(w1 22), (01,32)) € G = TP ) (W0, 20,0, ).
(f.9)€(L,T)

M 52 2 3.1 45 H (1) R B AR P B A A lT

HF F(B)+int R2 A& M4, I F AN RZ AN ). BRI SRR (3] b #E 4.1 RISCHER
(5] e B 4.1 BISAEANT AL, BT LB T AR 91 2 A3 FH ).

EE 3.2 T HEMSAT G

(i) (vi,wi))eCx D, i=1,2,--- , m—1;

(i) I(L,T) C (CF x D\ (Oy~,0z-), s.t.f(e) + g(k) = 1,¥(f, g) € (L, T);
C:={xeY|f(x) >20,VfeL}, D:={ze€Zlg(x)>0,YgeT}
g

sup  {f(Oy)+9(—20)} =0,  sup {f(y)+9g(z)} >0,
(f,9)€(L,T) (f,9)€(L,T)
V(y,2) € G—T' (Y0, 20, U1, W1, s U1, wm—1)- W (o, yo) & W1 (GSVOP) [y

‘(f+,G+)(E)
—~55 Benson E A7 iR

iE BRI (wo,yo) AN NE (GSVOP) 19—AN59 Benson ELA %, WIAEAE o+ € K,
ffi#3 (—int C)N clcone (F(z*) + C — yo) # ¢.



5 3 TIPSR, S AR AE AL 5 Benson JUA R K b e AL 21 67

WAFAE y* € F(z*), c€ O, Ll e >0, ffifd e(y* +c—yo) € —int C, NI y* +c—yo €
—int C. X 2* € K 0[5, f£1E 2* € G(z*) N (= D), 1§15

fW" —wo) +9(z") <0, ¥(f.9) € (L,T). (3.8)

HH (3.8) AR sup {f(By) +g(—z0)} =0, HIT

(f,9)€(L,T)

sup {f(y" —vo) +9(z" —20)} < sup  {f(y" —vo) +g(z")}+

(f:9)e(L,T) (f.9)e(L,T)
sup  {f(0y) +g(—20)} <0. (3.9)
(f.9)e(L,T)
Hﬂﬁﬁ!ﬁ!" 24 il:]’ (y*_y07 Z*_ZO) € G_T((g)7G+)(E)(y07 20, U1, W1, ", Um—luwm—l)' )H\IJEH(H)?EJ‘

sup  {f(y" —yo) +9(z" — 20)} > 0.
(f,g)e(L,T)

X5 (3.9) I, MM (20, y0) &M (GSVOP) []—~55 Benson HA . (UESE)

EI 3.3 ik NHAAT AL

(i) (vi,w;)) eCx D, i=1,2,--- ,m—1;

(ii) 3(L,T)  (CF x DN\ (By-,07.), s.t.

fle)+g(k) =1,Y(f,9) € (L,T);

C:={zeY|f(z) >20,Vfe L}, D:={z€Zlg(x)>0,VgeT}

csup {f(fy) +9(=20)} =0,  sup {f(y)+9(2)} >0,

(f,9)€(L,T) (f,9)€(L,T)

Y(y,2) € G — Tip e )y W0s 20, U1, w1, U1, W 1)- W (20, o) R (GSVOP) [y
—~54 Benson EA7 &4

WE - BR b 2.5 AIE R 3.2 W EHEEHE. (IEER)

B % X #
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