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Abstract: Firstly, some necessarily basic concepts and an important lemma were

given. Secondly, some important properties of generalized higher-order tangent sets were

discussed. Finally, by virtue of those properties and the Gerstewitz’s nonconvex separation

functional, necessary and sufficient optimality conditions were obtained for weakly Benson

proper efficient solutions of set-valued optimization problems without any convexity

assumption on objective and constraint mappings. Moreover, two examples were given to

show that the result obtained is a generalization to the corresponding results in literatures.
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«'u8�N�� Clarke ��ê, ïá
f Benson ýk�¿Âe�å�þ8�`z�`

5��« Fritz-John ^�. ��~Ú4n�[4]|^8�N����ê?Ø
8�`z¯K�

�� Fritz-John .�`5^�. �C, �Ù�[5]|^©z [6] ¥Ú\�p��8Úà8©l

½n, 3Iqàb�e, ¼�
�2ÂØ�ª�å�8�`z¯K Benson ýk�)�p�

Fritz-John .7�Ú¿©�`5^�. o(#�[7]ïÄ
©z [6] ¥½Â�p��8Úp��

ê��
Ä�5�, ¿/Ïup��ê¼�
8�`z¯K�p�7�Ú¿©�`5^�.

�Ù�Úo(#[8]Ú\
8�N��p�2Â��Ú���ê�Vg, ¿|^Ùïá
�å

8�`z¯K3 Henig ýk�¿Âe�p� Kuhn-Tucker .7�Ú¿©�`5^�. o(#

�[9]?Ø
 Gerstewitz �à©l¼ê�üN5!ëY5�5�, ¿|^§��
�à8�`

z¯K��`5^�.

�©Äu©z[3–5, 8, 10]¤��ó�, ©O3à��à�b�e, &?
p�2Â��

Ú��8��
5�, |^p�2Â��(��)8±9 Gerstewitz �à©l¼ê, ¼�
�

2ÂØ�ª�å��à8�`z¯K�p�7�Ú¿©�`5^�.

1 ý��£

b� X , Y , Z þ�¢D��5�m, C ⊂ Y , D ⊂ Z ©O� Y , Z ¥SÜ���:4à

I, Y ∗ � Y �ÿÀéó�m. I C �éóI½Â� C+ = {f ∈ Y ∗|f(c) > 0, ∀c ∈ C}.

� M ⊂ Y ���, 8Ü M �)¤I½Â�cone (M) = {ty|t > 0, y ∈ M}. � E ´ X

���f8, F : E → 2Y , G : E → 2Z þ���8�N�, N� F �½Â�Úã�©O½

Â�dom(F ) = {x ∈ E|F (x) 6= φ}, Graph(F ) = {(x, y) ∈ E × Y |x ∈ E, y ∈ F (x)}. 8�N�

F+ : E → 2Y ½Â� F+(x) = F (x) + C, ∀x ∈dom(F ). �½ e ∈ int C 9a ∈ Y , KGerstewitz�

à©l�¼ ξea : Y → R ½Â�

ξea(y) = min{t ∈ R|y ∈ a + te − C}, ∀y ∈ Y.

ÚÚÚnnn 1.1
[9,10] �k ∈ int C, a ∈ Y, y ∈ Y, r ∈ R. K

(i) ξka(y) > r ⇔ y /∈ a + rk − C¶

(ii) �3 Γ ⊂ C+
k = {f ∈ Y ∗|f(c) > 0, ∀c ∈ C, f(k) = 1}, ¦�

C = {y ∈ Y |f(y) > 0, ∀f ∈ Γ}, ξka(y) = sup
f∈Γ

{f(y)− f(a)}.

'u Gerstewitz �à©l�¼5���[?Ø, �ë�©z[9-11].

½½½ÂÂÂ 1.1
[3] � M ⊂ Y, y ∈ M ��8Ü M �f Benson ýk�:, XJ÷v

(−int C) ∩ clcone(M + C − y0) = φ.

8Ü M �¤kf Benson ýk�:|¤�8ÜP� Pw min[M, C].

�©?ØXe�8�`z¯K:

(GSVOP)

{

min F (x),

s.t.G(x) ∩ (−D) 6= φ, x ∈ E.

-8Ü K := {x ∈ E|G(x) ∩ (−D) 6= φ}. � x0 ∈ K, y0 ∈ F (x0), ¡ (x0, y0) �¯K

(GSVOP) �f Benson ýk�), XJ y0 ∈ F (x0) ∩ Pw min[F (K), C].
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2 p��8

� m ����ê, X �D±ål d �D��m, K ⊂ X � X �f8, K: x �8Ü K

�ål½Â�: d(x, K) = inf
y∈K

{d(x, y)}. AO/, - d(x, φ) = +∞.

½½½ÂÂÂ 2.1
[8] � K ⊂ X, x ∈ K, υi ∈ X(i = 1, 2, · · · , m − 1), K

(i) 8Ü G − T
(m)
k (x, υ1, · · · , υm−1) = lim sup

h→0+

cone(K − x) − hυ1 − · · · − hm−1υm−1

hm

=

{

y ∈ X | lim inf
h→0+

d

(

y,
cone(K − x) − hυ1 − · · · − hm−1υm−1

hm

)

= 0

}

¡�8Ü K 3: x ?'u υ1, · · · , υm−1 � m �2Â��8.

(ii) 8Ü G − T
b(m)
k (x, υ1, · · · , υm−1) = lim inf

h→0+

cone(K − x) − hυ1 − · · · − hm−1υm−1

hm

=

{

y ∈ X | lim
h→0+

d

(

y,
cone(K − x) − hυ1 − · · · − hm−1υm−1

hm

)

= 0

}

¡�8Ü K 3: x ?'u υ1, · · · , υm−1 � m �2Â��8.

···KKK 2.1 e K ⊂ X �à8, � x ∈ K, υi ∈ K(i = 1, 2, · · · , m − 1), K

G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x) = G − T

(m)
k (x, υ1 − x, · · · , υm−1 − x)

= cl

(

∪
h>0

cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm

)

.

yyy ²²² d m �2Â��89��8�½Â´�

G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x) ⊆ G − T

(m)
k (x, υ1 − x, · · · , υm−1 − x)

⊆ cl

(

⋃

h>0

cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm

)

u´�Iyé?¿� u0 ∈ cl

(

∪
h>0

cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm

)

, k

u0 ∈ G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x).

d u0 ∈ cl

(

∪
h>0

cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm

)

��, é?��½� ε > 0,

� B �ü ¥,K�3 y ∈ cone(K − x) 9 β > 0, ¦�

u0 −
y − β(υ1 − x) − · · · − βm−1(υm−1 − x)

βm
∈ εB. (2.1)

- u =
y − β(υ1 − x) − · · · − βm−1(υm−1 − x)

βm
, h ∈ (0, µ), Ù¥ 0 < µ 6 β. Kk

h(υ1 − x)+ · · · + hm−1(υm−1 − x) + hmu

= h(υ1 − x) + · · · + hm−1(υm−1 − x) + hm y − β(υ1 − x) − · · · − βm−1(υm−1 − x)

βm

= h

(

1 −

(

h

β

)m−1
)

(υ1 − x) + · · · + hm−1

(

1 −
h

β

)

(υm−1 − x) +
hm

βm
y.
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d K �à8, � K − x �à8, l
 cone(K − x) �àI. �k

h

(

1 −

(

h

β

)m−1
)

(υ1 − x) + · · · + hm−1

(

1 −
h

β

)

(υm−1 − x) +
hm

βm
y ∈ cone(K − x).

l
k h(υ1 − x) + · · · + hm−1(υm−1 − x) + hmu ∈ cone(K − x). �k

u ∈
cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm
(2.2)

l
dª (2.1), (2.2) ±9 m �2Â��8�½Â,��

u0 ∈ G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x). (y.)

···KKK 2.2 e K ⊂ X �à8, � x ∈ K, υi ∈ X(i = 1, 2, · · · , m − 1), K8Ü G −

T
b(m)
k (x, υ1, · · · , υm−1) �à8.

yyy ²²² (1) eG − T
b(m)
k (x, υ1, · · · , υm−1) = φ, ·K(Øw,¤á.

(2) e G − T
b(m)
k (x, υ1, · · · , υm−1) 6= φ. � u1, u2 ∈ G − T

b(m)
k (x, υ1, · · · , υm−1), Kd m

�2Â��8�½Â��, é?¿�S� {hn}, ÷v hn → 0+(n → ∞), �3S� {w1
n} Ú

{w2
n}, ¦� w1

n → u1, w
2
n → u2, �k

hnυ1 + · · ·+hm−1
n υm−1 +hm

n w1
n ∈ cone(K−x), hnυ1 + · · ·+hm−1

n υm−1 +hm
n w2

n ∈ cone(K−x).

qd K �à8, �� K − x �à8, l
 cone(K − x) �àI. �é ∀λ ∈ (0, 1), k hnυ1 +

· · · + hm−1
n υm−1 + hm

n (λw1
n + (1 − λ)w2

n) ∈ cone(K − x). l
k

λw1
n + (1 − λ)w2

n ∈
cone(K − x) − hnυ1 − · · · − hm−1

n υm−1

hm
n

.

u´, d m �2Â��8�½Â��, λu1 + (1 − λ)u2 ∈ G − T
b(m)
k (x, υ1, · · · , υm−1). �

G − T
b(m)
k (x, υ1, · · · , υm−1) �à8. (y.)

íííØØØ 2.1 XJ K ⊂ X �à8, � x ∈ K, υi ∈ K(i = 1, 2, · · · , m − 1), @o8Ü

G − T
(m)
k (x, υ1 − x, · · · , υm−1 − x) Ú cl( ∪

h>0

cone(K−x)−h(υ1−x)−···−hm−1(υm−1−x)
hm

) �þ�à8.

yyy ²²² d·K 2.1 Ú·K 2.2 ����y.

···KKK 2.3 e K ⊂ X �à8, � x ∈ K, υi ∈ K(i = 1, 2, · · · , m − 1), @o

cone(K − x) ⊂ G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x).

yyy ²²² d·K 2.1 ´�

G−T
b(m)
k (x, υ1−x, · · · , υm−1−x) = cl

(

∪
h>0

cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm

)

.

� h > 0, Ké?¿� y ∈ cone(K − x), ��

h(υ1 − x) + · · · + hm−1(υm−1 − x) + hmy ∈ cone(K − x).
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l
k y ∈
cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm

⊂ cl( ∪
h>0

cone(K − x) − h(υ1 − x) − · · · − hm−1(υm−1 − x)

hm
)

= G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x)

d y �?¿5, �� cone(K − x) ⊂ G − T
b(m)
k (x, υ1 − x, · · · , υm−1 − x). (y.)

íííØØØ 2.2 XJ K ⊂ X �à8, � x ∈ K, υi ∈ K(i = 1, 2, · · · , m − 1), K

cone(K − x) ⊂ G − T
(m)
k (x, υ1 − x, · · · , υm−1 − x).

yyy ²²² d·K 2.1 Ú·K 2.3 ����y.

e¡�Ñp�2Â��(��)8�­�5�.

···KKK 2.4 � x0 ∈ E, y0 ∈ F (x0), z0 ∈ G(x0), (υi, ωi) ∈ C × D(i = 1, 2, · · · , m − 1). K

(F − y0, G − z0)(x) ⊂ G − T
(m)
(F+,G+)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1), ∀x ∈ E.

yyy ²²² d x0 ∈ E, y0 ∈ F (x0), z0 ∈ G(x0), �é ∀x ∈ E, y ∈ F (x), z ∈ G(x), k

(y − y0, z − z0) ∈ (F+ − y0, G+ − z0)(E).

?�S� {hn}, ÷v hn → 0+(n → ∞), ��

hm
n (y − y0, z − z0) ∈ cone((F+ − y0, G+ − z0)(E)).

qd (υi, ωi) ∈ C × D(i = 1, 2, · · · , m − 1), ±9 C!D þ�àI, ��

hn(υ1, ω1) + h2
n(υ2, ω2) + · · · + hm−1

n (υm−1, ωm−1) ∈ C × D.

u´k

(yn, zn) := hn(υ1, ω1)+· · ·+hm−1
n (υm−1, ωm−1)+hm

n (y−y0, z−z0) ∈ cone((F+−y0, G+−z0)(E))

¤±k,

(y − y0, z − z0) =
(yn, zn) − hn(υ1, ω1) − · · · − hm−1

n (υm−1, ωm−1)

hm
n

.

�d m �2Â��8�½Â, ��

(y − y0, z − z0) ∈ G − T
(m)
(F+,G+)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1). (y.)

�·K 2.4 �y²L§aq, ��e¡�(Ø.

···KKK 2.5 � x0 ∈ E, y0 ∈ F (x0), z0 ∈ G(x0), (υi, ωi) ∈ C × D(i = 1, 2, · · · , m − 1). K

(F − y0, G − z0)(x) ⊂ G − T
b(m)
(F+,G+)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1), ∀x ∈ E.

555 2.1 3·K 2.4 Ú·K 2.5 ¥, 8�N� F Ú G vk?Ûà5b�.
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3 p��`5^�

Wang[5]38IN�±9�åN�þ�IqàN��^�e, �Ñ
�2ÂØ�ª�å

�8�`z¯K (GSVOP)Benson ýk�)�p� Fritz-John .7�Ú¿©�`5^�. �

�!38IN�±9�åN�vk?Ûà5b��^�e, ?Ø8�`z¯Kf Benson ý

k�)�p�7�Ú¿©�`5^�.

3�!¥, � (x0, y0) ∈ Graph (F ), z0 ∈ G(x0)∩ (−D), (e, k) ∈ (int C, int D), (F − y0, G−

z0)(x) = (F (x), G(x)) − (y0, z0), (F − y0, G − z0)(E) = ∪
x∈E

(F − y0, G − z0)(x).

½½½nnn 3.1 b�e¡�^�¤á:

(i) (υi, ωi) ∈ (−C) × (−D), i = 1, 2, · · · , m − 1;

(ii) (x0, y0) ´¯K (GSVOP) ���f Benson ýk�).

K ∃(L, T ) ⊂ (C+ × D+)\(θY ∗ , θZ∗), s.t.f(e) + g(k) = 1, ∀(f, g) ∈ (L, T ).

C := {x ∈ Y |f(x) > 0, ∀f ∈ L}, D := {x ∈ Z|g(x) > 0, ∀g ∈ T }.

�

sup
(f,g)∈(L,T )

{f(y) + g(z)} > 0, ∀(y, z) ∈ G − T
(m)
(F,G)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1).

yyy ²²² d^� (ii) ±9f Benson ýk�)�½Â, ��

(−int C) ∩ clcone(F (K) + C − y0) = φ. (3.1)

ky G−T
(m)
(F,G)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1)∩ (−int C,−int D) = φ. (3.2)

b�ª (3.2) Ø¤á, K�3 (ȳ, z̄), s.t.(ȳ, z̄) ∈ G−T
(m)
(F,G)(E) (y0, z0, υ1, ω1, · · · , υm−1, ωm−1),

�

(ȳ, z̄) ∈ (−int C, −int D). (3.3)

d m �2Â��8�½Â�, �3S� {hn}, ÷v hn → 0+(n → ∞), ÚS� {(yn, zn)}, ÷

v(yn, zn) ∈ cone((F − y0, G − z0)(E)), ¦�

(yn, zn) − hn(υ1, ω1) − · · · − hm−1
n (υm−1, ωm−1)

hm
n

→ (ȳ, z̄). (3.4)

dª (3.3), (3.4) ��, �3¿©�� N , � n > N �, k

(yn, zn) − hn(υ1, ω1) − · · · − hm−1
n (υm−1, ωm−1)

hm
n

∈ (−int C,−int D).

l
, � n > N �, k

yn − hnυ1 − · · · − hm−1
n υm−1 ∈ −int C, zn − hnω1 − · · · − hm−1

n ωm−1 ∈ −int D. (3.5)

qÏ� hn > 0, υ1, · · · , υm−1 ∈ −C, ω1, · · · , ωm−1 ∈ −D, l
k

hnυ1 + · · · + hm−1
n υm−1 ∈ −C, hnω1 + · · · + hm−1

n ωm−1 ∈ −D.
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u´, dª (3.5) ��, � n > N �, k

yn ∈ −int C, zn ∈ −int D. (3.6)

qÏ� (yn, zn) ∈ cone((F − y0, G − z0)(E)), ��3 x̄n ∈ E, εn > 0, ¦�

(ȳn, z̄n) ∈ (F − y0, G − z0)(x̄n), εn(ȳn, z̄n) = (yn, zn).

dª (3.6) ��, � n > N �, k εn > 0, 9

ȳn ∈ −int C, z̄n ∈ −int D. (3.7)

qd (ȳn, z̄n) ∈ (F − y0, G − z0)(x̄n), ���3 (ȳ′
n, z̄′n) ∈ (F, G)(x̄n), ¦�

ȳn = ȳ′
n − y0, z̄n = z̄′n − z0,

dª (3.7) ±9 z0 ∈ −D, �� z̄′n = z̄n + z0 ∈ −int D − D = −int D. l
� n > N �, k

z̄′n ∈ G(x̄n) ∩ (−D), � x̄n ∈ K. l


ȳn = ȳ′
n − y0 ∈ F (x̄n) − y0 ⊂ clcone(F (K) + C − y0).

qdª (3.7) �, ȳn = ȳ′
n − y0 ∈ −int C, l
k

ȳn ∈ (−int C) ∩ clcone(F (K) + C − y0).

ùÒ�ª (3.1) gñ, �ª (3.2) ¤á. u´dÚn1.1�, ∃(L, T ) ⊂ (C+ × D+)\(θY ∗ , θZ∗), s.t.

f(e) + g(k) = 1, ∀(f, g) ∈ (L, T ),

C := {x ∈ Y |f(x) > 0, ∀f ∈ L}, D := {x ∈ Z|g(x) > 0, ∀g ∈ T }.

�

sup
(f,g)∈(L,T )

{f(y) + g(z)} > 0, ∀(y, z) ∈ G− T
(m)
(F,G)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1). (y.)

555 3.1 3½n3.1¥, du8�N� F , G vk?Ûà5�¦, Ïd, ½n 3.1 í2
©

z [3] ¥�½n 4.1, ©z [4] ¥�½n 1 Ú©z [5] ¥�½n 4.1. e¡�Ñ~f, 5)º�.

~~~ 3.1 b� X = Y = Z = R, E = Q, C = D = R+, e = 1
2 , k = 1

2 . � F (x) = {y ∈

R|y > x
4
3 }, ∀x ∈ E, G(x) = {z ∈ R|z > x

6
5 − 2}, ∀x ∈ E. �Ä8�`z¯K:

(GSVOP)

{

min F (x),

s.t. G(x) ∩ (−D) 6= φ, x ∈ E.

� (x0, y0) = (0, 0) ∈ Graph (F ), z0 = −2 ∈ G(x0) ∩ (−D). df Benson ýk�)�½Â, ´

� (x0, y0) ´þã8�`z¯K���fBensonýk�). � (υ, ω) = (0, 0), K

G − T
(2)
(F,G)(E)(y0, z0, υ, ω) = {(y, z)|y > 0, z > 0}.

� f(x) = 2x
3 , g(x) = 4x

3 , �- L = {f} ⊂ C+\{θY ∗}, T = {g} ⊂ D+\{θZ∗}, Kk

C = R+ = {x ∈ Y |f(x) > 0, ∀f ∈ L}, D = R+ = {x ∈ Z|g(x) > 0, ∀g ∈ T }.
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´�, f(e) + g(k) = f(1
2 ) + g(1

2 ) = 1, ∀(f, g) ∈ (L, T )\(θY ∗ , θZ∗). �k

sup
(f,g)∈(L,T )

{f(y) + g(z)} > 0, ∀(y, z) ∈ G − T
(2)
(F,G)(E)(y0, z0, υ, ω).

l
½n 3.1 �Ñ���7��`5^�¤á.

du½Â� E Ø´à8, l
8�N� F!G 3 E þØ´Ià�, u´©z [4] ¥½n

1 �^�Ø÷v, Ïd, ©z [4] ¥½n 1 éu�~´Ø·^�.

~~~ 3.2 b� X = Y = Z = R2, C = D = R2
+, e = (1

2 , 1
2 ), k = (1

2 , 1
2 ), E = {(x1, x2) ∈

R2|x1 > 0, x2 > 0, x2
1 + x2

2 = 1}. � F (x1, x2) = {(x1, x2), (
√

3
2 , 1

2 )}, ∀(x1, x2) ∈ E. G(x1, x2) =

{(0, 0)}, ∀(x1, x2) ∈ E. �Ä8�`z¯K:

(GSVOP)

{

min F (x),

s.t. G(x) ∩ (−D) 6= φ, x ∈ E.

- (x0, y0) = {(0, 1), (0, 1)} ∈ Graph (F ), z0 = (0, 0) ∈ G(x0) ∩ (−D). df Benson ýk

�)�½Â�, (x0, y0) ´¯K (GSV OP ) ���f Benson ýk�).

� (υ, ω) = ((0, 0), (0, 0)), Kk

G − T
(2)
(F,G)(E)(y0, z0, υ, ω) = {((x1, x2), (0, 0))|x1 > 0, x2 > −x1}.

ùp, �� f1(x1, x2) = x1, f2(x1, x2) = x2, g1(x1, x2) = x2, g2(x1, x2) = x1. �-

L = {f1, f2} ⊂ C+\{θY ∗}, T = {g1, g2} ⊂ D+\{θZ∗}.

Kk

C = R2
+ = {(x1, x2) ∈ Y |f(x1, x2) > 0, ∀f ∈ L}, D = R2

+ = {(y1, y2) ∈ Z|g(y1, y2) > 0, ∀g ∈ T }.

´�, f(e) + g(k) = f(1
2 , 1

2 ) + g(1
2 , 1

2 ) = 1, ∀(f, g) ∈ (L, T )\(θY ∗ , θZ∗). �k

sup
(f,g)∈(L,T )

{f(x1, x2) + g(y1, y2)} > 0, ∀((x1, x2), (y1, y2)) ∈ G − T
(2)
(F,G)(E)(y0, z0, υ, ω).

l
½n 3.1 �Ñ����`57�^�¤á.

du F (E)+int R2
+ Ø´à8, l
 F Ø´ R2

+ -qà�. Ïd©z [3] ¥½n 4.1 Ú©z

[5] ¥½n 4.1 �^�Ø÷v, ¤±§�éu�~´Ø·^�.

½½½nnn 3.2 b�e¡�^�¤á.

(i) (υi, ωi) ∈ C × D, i = 1, 2, · · · , m − 1;

(ii) ∃(L, T ) ⊂ (C+ × D+)\(θY ∗ , θZ∗), s.t.f(e) + g(k) = 1, ∀(f, g) ∈ (L, T );

C := {x ∈ Y |f(x) > 0, ∀f ∈ L}, D := {x ∈ Z|g(x) > 0, ∀g ∈ T };

sup
(f,g)∈(L,T )

{f(θY ) + g(−z0)} = 0, sup
(f,g)∈(L,T )

{f(y) + g(z)} > 0,

∀(y, z) ∈ G−T
(m)
(F+,G+)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1). K (x0, y0) ´¯K (GSVOP) �

��f Benson ýk�).

yyy ²²² b� (x0, y0) Ø´¯K (GSVOP) ���f Benson ýk�), K�3 x∗ ∈ K,

¦� (−int C)∩ clcone (F (x∗) + C − y0) 6= φ.
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��3 y∗ ∈ F (x∗), c ∈ C, ±9 ε > 0, ¦� ε(y∗ + c− y0) ∈ −int C, l
k y∗ + c− y0 ∈

−int C. qd x∗ ∈ K ��, �3 z∗ ∈ G(x∗) ∩ (−D), ¦�

f(y∗ − y0) + g(z∗) 6 0, ∀(f, g) ∈ (L, T ). (3.8)

�dª (3.8) ±9 sup
(f,g)∈(L,T )

{f(θY ) + g(−z0)} = 0, ��

sup
(f,g)∈(L,T )

{f(y∗ − y0) + g(z∗ − z0)} 6 sup
(f,g)∈(L,T )

{f(y∗ − y0) + g(z∗)}+

sup
(f,g)∈(L,T )

{f(θY ) + g(−z0)} 6 0. (3.9)

d·K 2.4 �, (y∗−y0, z∗−z0) ∈ G−T
(m)
(F+,G+)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1). Kd(ii)�

sup
(f,g)∈(L,T )

{f(y∗ − y0) + g(z∗ − z0)} > 0.

ù�ª (3.9) gñ, l
 (x0, y0) ´¯K (GSVOP) ���f Benson ýk�). (y.)

½½½nnn 3.3 b�e¡�^�¤á.

(i) (υi, ωi) ∈ C × D, i = 1, 2, · · · , m − 1;

(ii) ∃(L, T ) ⊂ (C+ × D+)\(θY ∗ , θZ∗), s.t.

f(e) + g(k) = 1, ∀(f, g) ∈ (L, T );

C := {x ∈ Y |f(x) > 0, ∀f ∈ L}, D := {x ∈ Z|g(x) > 0, ∀g ∈ T };

sup
(f,g)∈(L,T )

{f(θY ) + g(−z0)} = 0, sup
(f,g)∈(L,T )

{f(y) + g(z)} > 0,

∀(y, z) ∈ G − T
b(m)
(F+,G+)(E)(y0, z0, υ1, ω1, · · · , υm−1, ωm−1). K (x0, y0) ´¯K (GSVOP) �

��f Benson ýk�).

yyy ²²² d·K 2.5 Ú½n 3.2 ����y. (y.)
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