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0 Introduction

Let W be a Coxeter group with S its distinguished generator set. In [1], Kazhdan and

Lusztig introduced the concept of left, right and two-sided cells of W , which provide certain

representations of W and the associated Hecke algebra H. Lusztig conjectured in [2] that any

left cell of an affine Weyl group is left-connected. The left-connectedness should be a good

structural property for a left cell. Though it has been verified in many special cases (see [3-6]),

the conjecture still remains open up to now.

In the present paper, we consider the case where W is the Weyl group of type E6 (we

shall denote W simply by E6). Tong described the left cells of E6 by finding a representative

set for those left cells and by drawing all the left cell graphs in [7]. Then Shi designed some
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algorithms and provided some criteria in his study of left-connectedness of left cells in [6,8].

Based on these results, we shall prove that all the left cells of the group E6 are left-connected.

The contents of the paper are organized as follows. Section 1 is served as preliminaries,

where we collect some concepts, terms and known results. Then we prove the left-connectedness

for all the left cells in E6 in Section 2.

1 Preliminaries

Let W be a Coxeter group with S its distinguished generator set. Let 6 be the Bruhat-

Chevalley order and ℓ the length function on W .

Let A = Z[q] be the polynomial ring in an indeterminate q with integer coefficients. To

any y, w ∈ W , we associate some Py,w ∈ A, called a Kazhdan-Lusztig polynomial, satisfying

that degPy,w 6 1
2 (ℓ(w) − ℓ(y) − 1) if y < w, Py,y = 1 and Py,w = 0 if y 
 w (see [1]).

Write y—–w for y 6= w in W , if either degPy,w or degPw,y reaches its upper bound
1
2 (|ℓ(w) − ℓ(y)| − 1), where |z| denotes the absolute value of z ∈ Q. We have the following

simple and useful fact:

(1.1.1) If y < w and ℓ(w) − ℓ(y) = 1, then y—–w.

The preorders 6
L
, 6

R
, 6

LR
and the associated equivalence relations ∼

L
, ∼

R
, ∼

LR
onW are defined

as in [1]. The equivalence classes of W with respect to ∼
L

(respectively, ∼
R

, ∼
LR

) are called left

cells (respectively, right cells, two-sided cells). The preorder relation 6
L

(respectively, 6
R

, 6
LR

) on

the elements of W induces a partial order relation on the left (respectively, right, two-sided)

cells of W .

Let L(x) = {s ∈ S | sx < x} and R(x) = {s ∈ S | xs < x} for any x ∈ W . If x, y ∈ W

satisfy x 6
L
y (respectively, x 6

R
y), then R(x) ⊇ R(y) (respectively, L(x) ⊇ L(y)). In particular,

if x ∼
L
y (respectively, x ∼

R
y), then R(x) = R(y) (respectively, L(x) = L(y)). So for any left

(respectively, right) cell Γ of W , we may define R(Γ) := R(x) (respectively, L(Γ) := L(x)) for

any x ∈ Γ (see [1, Proposition 2.4]).

In the remaining part of the section, we always assume W to be a Weyl group unless

otherwise specified.

In [9], Lusztig defined a function a : W → N and proved the following results involving

the function a.

(1) For any z ∈ W , a(z) 6
1
2 |Φ|, where Φ is the root system of W .

(2) If x, y ∈ W satisfy x 6
LR

y, then a(x) > a(y). In particular, The condition x ∼
LR

y

implies a(x) = a(y). So we can define a(Γ) := a(x) for any x ∈ Γ, where Γ is a left (respectively,

right, two-sided) cell of W .

(3) If x 6
L
y (respectively, x 6

R
y) and a(x) = a(y), then x ∼

L
y (respectively, x ∼

R
y).

(4) For any I ⊆ S, let wI be the longest element in the subgroup WI of W generated by

I, then a(wI) = ℓ(wI).

(5) For any nonnegative integer i, let W(i) = {w ∈ W |a(w) = i}, then W(i) is either empty

or a union of some two-sided cells of W .
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(6) If W(i) contains an element of the form wI for some I ⊂ S, then {w ∈ W(i)|R(w) = I}

forms a single left cell of W .

(7) For any x, y, z ∈W , we denote z = x · y if z = xy and ℓ(z) = ℓ(x) + ℓ(y). In this case,

we have z 6
R
x and z 6

L
y, hence a(z) > a(x), a(y). In particular, if I = R(z) (respectively,

I = L(z)), then a(z) > ℓ(wI).

Let G be the connected reductive complex algebraic group with type dual to that of W .

Then the following result is due to Barbasch, Vogan and Lusztig.

Lemma 1.1(see [10-13]) There is a bijection u7→c(u) from the set of special unipotent

conjugacy classes in G to the set of two-sided cells in W . This bijection satisfies a(c(u)) =

dimBu, where u is any element in u and dim Bu is the dimension of the variety of all Borel

subgroups of G containing u.

Let K be a non-empty subset of W . Two elements x, y ∈ K are called left-connected in

K, written x—–
K
y, if there exists a sequence x0 = x, x1, · · · , xr = y in K with some r > 0 such

that xi−1x
−1
i ∈ S for 1 6 i 6 r. This defines an equivalence relation on K. Each equivalence

class of K with respect to —–
K

is called a left-connected component of K. The set K is called

left-connected, if K consists of a single left-connected component.

w ∈W is said fully commutative, if w has no expression of the form w = x ·wst · y, where

wst is the longest element in the subgroup of W generated by s, t with ℓ(wst) > 2 (see [5]). We

have the following result involving fully commutative elements.

Lemma 1.2([5, Theorem 2.1]) Any left cell of W containing a fully commutative element

is left-connected.

Now assume the Weyl group (W,S) to be irreducible and of simply-laced type, where, by

simply-laced type, we mean that the order o(st) of the product st, for any s 6= t in S, is not

greater than 3, i.e., W is of type A, D or E. Let s, t ∈ S satisfy o(st) = 3. By a right {s, t}-

string, we mean a set {ys, yst} with y ∈ W satisfying R(y)
⋂
{s, t} = ∅; by a left {s, t}-string,

we mean a set {sy, tsy} with y ∈ W satisfying L(y)
⋂
{s, t} = ∅.

We say that x is obtained from w by a left (respectively, right) {s, t}-star operation, if

{x,w} is a left (respectively, right) {s, t}−string. Note that the resulting element x for a left

(respectively, right) {s, t}-star operation on w is always unique whenever it exists.

Sometimes we call a right {s, t}−string and a right {s, t}-star operation simply by a right

string and a right star operation, respectively. Similarly for the left version of those terms.

We have the following result:

Lemma 1.3([14, Proposition 4.6]) Let s, t ∈ S be with o(st) = 3. Suppose that {x1, x2}

and {y1, y2} be two right (respectively, left) {s, t}-strings. Then

(a) x1—–y1 ⇔ x2—–y2;

(b) x1 ∼
L
y1 ⇔ x2 ∼

L
y2 (respectively, x1 ∼

R
y1 ⇔ x2 ∼

R
y2).

We say that x, y ∈ W form a right primitive pair, if there exist two sequences x0 =

x, x1, · · · , xn and y0 = y, y1, · · · , yn in W satisfying:

(a) For any 1 6 i 6 n, there exist some si, ti ∈ S with o(siti) = 3 such that both {xi−1, xi}

and {yi−1, yi} are right {si, ti}−strings.
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(b) xi—–yi for all 0 6 i 6 n.

(c) Either R(x) * R(y) and R(yn) * R(xn), or R(y) * R(x) and R(xn) * R(yn).

Note that any right string x, y of W form a right primitive pair with n = 0 in the above

definition.

Similarly, we can define a left primitive pair in W .

Lemma 1.4([14, Proposition 4.1]) If x, y is a right (respectively, left) primitive pair,

then x ∼
R
y (respectively, x ∼

L
y).

To each x ∈W , we define by M(x) the set of all y ∈W satisfying the following condition:

there is a sequence x = x0, x1, · · · , xr = y in W with some r > 0 such that x−1
i−1xi ∈ S and that

both R(xi−1) * R(xi) and R(xi−1) + R(xi) hold for every 1 6 i 6 r.

A graph M(x) associated to each x ∈W is defined as follows. Its vertex set is M(x), each

y ∈ M(x) is labeled by the set R(y); its edge set consists of all pairs w, z ∈ M(x) with {w, z}

a right string.

By a path in the graph M(x), we mean a sequence z0, z1, · · · , zr in M(x) such that

{zi−1, zi} is an edge of M(x) for any 1 6 i 6 r. We say that x, x′ ∈ W have the same

right generalized τ-invariants, if for any path z0 = x, z1, · · · , zr in M(x), there is a path z′0 =

x′, z′1, · · · , z
′

r in M(x′) with R(z′i) = R(zi) for any 1 6 i 6 r, and if the same condition holds

when the roles of x and x′ are interchanged.

2 The left-connectedness of left cells in E6

In this section, we concentrate ourselves to the Weyl group E6. We shall prove the main

result of the paper, which can be stated as follows.

Theorem 2.1 Any left cell in E6 is left-connected.

Note that the left-connectedness of a left cell was conjectured by Lusztig for an affine Weyl

group in [2]. Before showing our result, we need some preparation. The labels of the Coxeter

generators si, 1 6 i 6 6, of E6 are coincident with the following Coxeter graph:

For simplifying the notation, we denote si by the boldfaced letter i for any 1 6 i 6 6.

Following Shi in [6,8], we define, for any left cell L, any two-sided cell Ω of E6 and any

i ∈ N, the following sets

E(L) :={w ∈ L | a(sw) < a(w), ∀ s ∈ L(w)},

Emin(L) :={w ∈ L | ℓ(w) 6 ℓ(x), ∀x ∈ L},

E(Ω) :={w ∈ Ω | a(sw) < a(w), ∀ s ∈ L(w)},

F (Ω) :={w ∈ Ω | a(sw), a(wt) < a(w), ∀ s ∈ L(w), t ∈ R(w)},
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E(i) :={w ∈ W(i) | a(sw) < i, ∀ s ∈ L(w)},

F (i) :={w ∈ W(i) | a(sw), a(wt) < i, ∀ s ∈ L(w), t ∈ R(w)}.

Recall the relation —–
K

on a non-empty set K of W defined in the last section. The

following result is crucial in proving the left-connectedness of a left cell of E6.

Lemma 2.2 Let L be a left cell of E6. If x—–
L
y for any x 6= y in E(L) then L is

left-connected.

Proof We need only to show that x 6= y in L satisfy x—–
L
y. Take any x 6= y in L. By

the definition of the set E(L), we can write x = x′ · x′′ and y = y′ · y′′ for some x′, y′ ∈ E6 and

some x′′, y′′ ∈ E(L). We clearly have x—–
L
x′′ and y—–

L
y′′. Since x′′—–

L
y′′ by our assumption,

we get x—–
L
y, as required.

As a consequence of the results in [1,6,8], we have

Lemma 2.3([6, Condition C, Theorem A, Theorem B], [8, Section 4.6] and [1, Section

3.3]) (1) Let w, L, Ω be an element, a left cell and a two-sided cell of E6 respectively with

a(w), a(L), a(Ω) 6 6. Then

(1a) w has an expression of the form w = x · wJ · y for some x, y ∈ W and some J ⊆ S

with ℓ(wJ) = a(w);

(1b) for any w ∈ E(L), write w = wJ · y with J = L(w) for some y ∈ E6. Then

ℓ(wJ ) = a(w);

(1c) if E(L) = Emin(L) then L is left-connected;

(1d) F (Ω) = {wJ ∈ Ω | J ⊆ S};

(2) let w0 be the longest element of E6. Then the map ψ : w 7→ ww0 induces an involutive

order-reversing permutation ψ : Γ 7→ Γw0 on the set of left (respectively, right, two-sided) cells

of E6 with respect to the partial order 6
L

(respectively, 6
R
, 6

LR
). In particular, a left cell L of E6

is left-connected if and only if so is ψ(L) = Lw0.

Let Ω be a two-sided cell of E6. In [8], Shi designed the following algorithm for finding

the set E(Ω) from F (Ω).

Algorithm 2.4

(1) Set Y0 = F (Ω);

Let k > 0. Suppose that the set Yk has been found.

(2) If Yk = ∅, then the algorithm terminates;

(3) If Yk 6= ∅, then find the set Yk+1 = {xs | x ∈ Yk, s ∈ S \ R(x);xs ∈ E(Ω)}.

The most technical part in applying Algorithm 2.5 is to determine whether or not an

element xs is in the set E(Ω), that is, to determine if the inequality a(tws) < a(ws) holds for

any t ∈ L(ws). Consider the following result of Tong in [7].

Lemma 2.5([7, Theorem 7]) Two elements x, y ∈ E6 satisfy x ∼
L
y if and only if x and

y have the same right generalized τ−invariants.

Since all the left cell graphs have been worked out by Tong in [7], it will be no difficulty

to check if two elements of E6 have the same generalized τ -invariants by using the computer

programme MATLAB. Hence by Lemma 2.5, for any t ∈ L(ws), checking the validity of the
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inequality a(tws) < a(ws) is amount to checking that tws and ws have different generalized

τ -invariants.

Let i ∈ N. From the knowledge of special unipotent conjugacy classes of the complex

reductive algebraic group of type E6 (see [15, Chapter 13]), we see by Lemma 1.1 that W(i) 6= ∅

if and only if i ∈ {0, 1, 2, 3, 4, 5, 6, 7, 10, 11, 12, 13, 15, 20, 25, 36} and that W(i) is a single two-

sided cell of E6 unless i = 6, and we also see that W(6) = Ω6,1 ∪ Ω6,2, where Ω6,1 and Ω6,2 are

two two-sided cells containing 81, 24 left cells respectively (see [7]).

Recall the involutive order-reversing permutation ψ : Γ 7→ Γw0 on the set Π(E6)

of all two-sided cells of E6 defined in Lemma 2.3(2). The followings are all the ψ-

orbits in Π(E6): {W(0),W(36)}, {W(1),W(25)}, {W(2),W(20)}, {W(3),W(15)}, {W(4),W(13)},

{W(5),W(11)}, {Ω6,1,W(10)}, {Ω6,2,W(12)}, {W(7)}.

For i ∈ N, let Σ6i (respectively, Σi) be the set of all left cells L of E6 with a(L) 6 i

(respectively, a(L) = i). By Lemma 2.3 (2), to show Theorem 2.1, we need only to deal with

all the left cells in Σ67.

If L ∈ Σ62, then L contains some fully commutative element of E6. Hence L is left-

connected by Lemma 1.2.

Now we prove the left-connectedness of left cells in Σ67 \ Σ62 in the remaining part of

the paper. By Lemma 2.3 (1d), we see that the set F (i) for 3 6 i 6 6 consists of all wJ ∈ W(i)

with some J ⊆ S. So by the results of Tong in [7], we get

F (W(3)) = {w125, w126, w13, w146, w235, w236, w24, w34, w45, w56},

F (W(4)) = {w123, w124, w135, w136, w145, w156, w246, w256, w346, w356},

F (W(5)) = {w1235, w1236, w1246, w1256, w2356},

F (Ω6,1) = {w134, w234, w245, w345, w456},

F (Ω6,2) = {w1356},

where we denote wJ by wijk··· for J = {si, sj , sk, · · · }. We also have

F (W(7)) ={w1346, w4561, w2346, w2451, w13562, w243 · 543, w243 · 542,

w345 · 243,5631 · w345, w245 · 345, w345 · 245, w245 · 342, w345 · 1365}

by a result of Shi in [8, Example 4.10]. So we can perform Algorithm 2.4 to get E(Ω) for all

two-sided cell Ω of E6 with 3 6 a(Ω) 6 7 (see Tables 1, 2, 3, 4, 5, 6 for the results).

In Tables 1, 2, 3, 4, 5, 6, if i ∈ {3, 4, 5, 7}, then we denote all the left cells in W(i) by Li,j ,

1 6 j 6 n(i), where n(i) is the number of left cells in W(i); if i = 6, then we denote all the left

cells in Ω6,k, k = 1, 2, by L6k,j , 1 6 j 6 nk(6), where n1(6) = 81 and n2(6) = 24. For saving

space in the tables, we denote {si, sj , sk, · · · } simply by ijk · · · concerning the set R(L). For

example, {s1, s2, s3, s5} is denoted by 1235.

We observe from Tables 1, 2, 3, 4, 5, 6 that all the elements of E(L) have the same

length for any left cell L with either a(L) 6 5 or L ⊂ Ω6,2. So for those left cells L, we have

E(L) = Emin(L) and hence L is left-connected by Lemma 2.3 (1c). Let Λ be the set of all such
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left cells L of E6 in W(7) ∪ Ω6,1 that the lengths of the elements in E(L) are not all the same.

Thus, to show Theorem 2.1, we need only to deal with all the left cells of E6 in Λ. By Lemma

2.2, we shall prove the left-connectedness of those left cells L by showing that x—–
L
y for any

x 6= y in E(L) by a case-by-case argument.

We proceed our proof by constructing some connected graphs. Those graphs are named

by F1, F2,· · · , F54, respectively. One connected graph (say Fi) for each left cell L in Λ, each

vertex of Fi represents an element (say z) of E6 which is labeled by L(z), all the elements of

E(L) must occur as vertices in the graph Fi. There are two kinds of edges in the graph Fi:

solid edges and dashed edges. Two vertices are joined by a solid edge if they form a left string

and by a dashed edge if they form a left primitive pair but not a left string. The connectedness

of the graph Fi implies that all the elements corresponding to the vertices of Fi belong to L by

Lemma 1.4. Hence L is left-connected by Lemma 2.2.

Example 2.6 We take the graph F30 as an example to explain how we prove the left-

connectedness for the left cell L := L7,23. We have E(L) = {a, b, c} with a = 124562423451,

b = 145645242351 and c = 245234234561345 by Tab. 6. The elements a, b, c all occur as

vertices of the graph F30 with labels 1245 , 1456 , 245 , respectively.

As examples, we see that the vertices labeled by 1456 and 1256 in F30 are joined

by a solid edge, the corresponding elements b and b′ = 2b form a left {2,4}-string, and that

the vertices labeled by 34 and 234 in F30 are joined by a dashed edge, the corresponding

elements g = 43a and h = 2 · g form a left primitive pair but not a left string. The fact

of g, h forming a left primitive pair can be observed directly from the graph F30 as follows.

There are two sequences: g0 = g, g1 = 4g0, g2 = 3g1 = a and h0 = h, h1 = 5h0, h2 = 3h1 = c

satisfying gi—–hi for 0 6 i 6 2 by (1.1.1) and Lemma 1.10; g1, h1 (respectively, g2, h2) can be

obtained from g0, h0 (respectively, g1, h1) by a left {4, 5}- (respectively, {3,4}-) star operation

respectively; L(h) = {2,3,4} * {3,4} = L(g) and L(g2) = {1,2,4,5} * {2,4,5} = L(h2) (see

the last section).

We see from F30 that b=256a can be obtained from a by successively applying left {5,6}-,

{4,5}-, {2,4}-star operations, that the elements g, h can be obtained from a, c by successively

applying left {3,4}-, {4,5}-star operations respectively and that g, h form a left primitive pair.

This implies by Lemma 1.4 that b—–
L
a—–

L
g—–

L
h—–

L
c. Hence L = L7,23 is left-connected by

Lemma 2.2.

Tab. 1 Description of left cells in W(3)

L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L)

L3,1 1463542 2 L3,5 23465 5 L3,9 242 24 L3,13 454 45 L3,17 126 126

L3,2 12543 3 L3,6 131 13 L3,10 343 34 L3,14 2346 46 L3,18 146 146

L3,3 2354 4 L3,7 1254 14 L3,11 14635 35 L3,15 565 56 L3,19 235 235

L3,4 146354 4 L3,8 1465 15 L3,12 1463 36 L3,16 125 125 L3,20 236 236

L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L)

L3,2113412,24231,34231 12 L3,2434563,45643,56543 36 L3,271341,3431 14
L3,30

134561,345631,
16

L3,2224562,45642,56542 26 L3,25 2423,3423 23 L3,283453,4543 35 456431,565431

L3,2313451,34531,45431 15 L3,26 2452,4542 25 L3,294564,5654 46
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Tab. 2 Description of left cells in W(4)

L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L)

L4,1 135142 12 L4,6 2565431 16 L4,11 14543 35 L4,16 1242 124 L4,21 2462 246

L4,2 12341 14 L4,7 12423 23 L4,12 256543 36 L4,17 1351 135 L4,22 2565 256

L4,3 13514 14 L4,8 24625 25 L4,13 35654 46 L4,18 1361 136 L4,23 3463 346

L4,4 123451 15 L4,9 356542 26 L4,14 25654 46 L4,19 1454 145 L4,24 3565 356

L4,5 1234561 16 L4,10 34635 35 L4,15 1231 123 L4,20 1565 156

L E(L) R(L) L E(L) R(L) L E(L) R(L)

L4,25 3462354, 2462354 4 L4,32 135143, 145343 34 L4,39 12452, 14542 125

L4,26 1245234, 1454234 4 L4,33 1234513, 1242345 35 L4,40 13461, 34631 146

L4,27 134615, 346351 15 L4,34 2462543, 2564543 35 L4,41 14564, 15654 146

L4,28 4564, 5654 15 L4,35 145643, 156543 36 L4,42 346235, 246235 235

L4,29 1351423, 1453423 23 L4,36 12345613, 12423456 36 L4,43 124523, 145423 235

L4,30 3463542, 3564542 25 L4,37 346354, 356454 45 L4,44 34623, 24623 236

L4,31 123413, 124234 34 L4,38 246254, 256454 45

L E(L) R(L) L E(L) R(L)

L4,45 134612543, 346235143, 246235143 3 L4,52 12345134, 12452345, 14542345 45

L4,46 124562345, 145642345, 156542345 5 L4,53 12456234, 14564234, 15654234 46

L4,47 13461254, 34623514, 24623514 14 L4,54 123456134, 124523456,145423456 46

L4,48 346235431, 246235431, 256453431 14 L4,55 1346125, 3462351, 2462351 125

L4,49 13514234, 12452342, 14534234 24 L4,56 134612, 346231, 246231 126

L4,50 34623542, 24623542, 35645242 24 L4,57 124562, 145642, 156542 126

L4,51 34623543, 24623543, 25645343 34 L4,58 1245623, 1456423, 1565423 236

L E(L) R(L) L E(L) R(L)

L4,59
3462354231, 2462354231,

12 L4,62
123451342, 135142345,

25
3564524231, 2564534231 124523452, 145342345

L4,60
1346125431, 3462351431,

13 L4,63
1234561342, 1351423456,

26
2462351431, 2564534131 1245234562, 1453423456

L4,61
346235423, 246235423,

23 L4,64
1234561345, 1245623456,

56
356452423, 256453423 1456423456, 1565423456

Tab. 3 Description of left cells in W(5)

L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L)

L5,1 235645423413 3 L5,13 1235143 34 L5,25 123456142 126 L5,37 124623 236

L5,2 12462354 4 L5,14 12345143 35 L5,26 235654231 126 L5,38 23565423 236

L5,3 1234514234 4 L5,15 23564543 35 L5,27 12565431 136 L5,39 1234561423 236

L5,4 2356454234 4 L5,16 1256543 36 L5,28 1234514 145 L5,40 2356542 246

L5,5 123456142345 5 L5,17 123456143 36 L5,29 123461 146 L5,41 2356543 346

L5,6 123514 14 L5,18 2356454 45 L5,30 125654 146 L5,42 12351 1235

L5,7 23564542341 14 L5,19 235654 46 L5,31 12345614 146 L5,43 12361 1236

L5,8 1234615 15 L5,20 12345614234 46 L5,32 23565431 146 L5,44 12462 1246

L5,9 235645431 15 L5,21 1235142 124 L5,33 12345615 156 L5,45 12565 1256

L5,10 12351423 23 L5,22 124625 125 L5,34 1246235 235 L5,46 23565 2356

L5,11 124623542 24 L5,23 12345142 125 L5,35 123451423 235

L5,12 23564542 25 L5,24 2356454231 125 L5,36 235645423 235
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Continue of Tab. 3

L E(L) R(L) L E(L) R(L) L E(L) R(L)

L5,4712462354231, 12564534231 12 L5,52124623543, 125645343 34 L5,57124625431, 125645431135

L5,481246235431, 1256453431 14 L5,5312346135, 12462345 35 L5,581246254, 1256454 145

L5,491246235423, 1256453423 23 L5,5412462543, 12564543 35 L5,591234613, 1246234 346

L5,501234613542, 1246234542 25 L5,55123461354, 124623454 45 L5,60123456135, 124623456356

L5,5112345613542, 12462345642 26 L5,561234561354, 1246234564 46

Tab. 4 Description of left cells in Ω6,1

L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L)

L61,1 2452423413 13 L61,6 234523456 46 L61,11 2342345 235 L61,16 345343 345

L61,2 245242341 14 L61,7 2345623456 56 L61,12 2452423 235 L61,17 456454 456

L61,3 34534234 24 L61,8 24524231 125 L61,13 3453423 235

L61,4 24524234 34 L61,9 134131 134 L61,14 23423456 236

L61,5 23452345 45 L61,10 234234 234 L61,15 245242 245

L E(L) R(L) Figure

L61,18 a=3456342345134, b=13456123451234, c=45645342345134, 4 F1

d=234523456134524, e=245624523451234

L61,19 a=24562423451342, b=456452423451342, c=3456345234513412, 12 F2

d=13456123451234231, e=234562345613452431

L61,20 a=134512341, b=2342345134, c=3453412341 14 F3

L61,21 a=2456242345134, b=45645242345134, c=345634523451341, 14 F2

d=1345612345123431, e=23452345613452431

L61,22 a=13456123451, b=234234561345, c=345634123451, d=4564534123451 15 F4

L61,23 a=24562423451, b=456452423451, c=3456345234531 15 F5

L61,24 a=3453423413, b=13451234123, c=234523451342 23 F6

L61,25 a=45645423451342, b=245624523451342, c=345634523451342, 23 F7

d=1345612345123423, e=23456234561345243

L61,26 a=34563423451342, b=134561234512342, c=456453423451342, 24 F1

d=2345623456134524, e=2456245234512342

L61,27 a=3456342345, b=45645342345, c=245624523452 25 F8

L61,28 a=13456123451342, b=234562345613452, c=345634123451342, 25 F9

d=4564534123451342, e=24562452345123452

L61,29 a=23456234561342, b=134561234561342, c=3456341234561342, 26 F10

d=45645341234561342, e=245624523451234562

L61,30 a=1345123413, b=23452345134, c=34534123413 34 F3

L61,31 a=4564542345134, b=24562452345134, c=34563452345134, 34 F7

d=134561234512343, e=2345234561345243

L61,32 a=2345234513, b=13451234513, c=345341234513 35 F11

L61,33 a=2456242345, b=45645242345, c=345634523453 35 F5

L61,34 a=134561234513, b=2345234561345, c=3456341234513, 35 F9

d=45645341234513, e=245624523412345

L61,35 a=456454234513, b=2456245234513, c=3456345234513, 35 F7

d=13456123451243, e=234234561345243

L61,36 a=23452345613, b=134512345613, c=3453412345613 36 F11

L61,37 a=45645423413, b=245624523413, c=345634523413, d=1345613451243 36 F12

L61,38 a=4564542345, b=24562452345, c=34563452345 45 F13

L61,39 a=1345612345134, b=23456234561345, c=34563412345134, 45 F9

d=456453412345134, e=2456245234512345
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Continue of Tab. 4

L E(L) R(L) Figure

L61,40 a=456454234, b=2456245234, c=3456345234 46 F13

L61,41 a=2345623456134, b=13456123456134, c=345634123456134, 46 F10

d=4564534123456134, e=24562452345123456

L61,42 a=1341231, b=23423413 123 F14

L61,43 a=2342341, b=13412341 124 F15

L61,44 a=345342341, b=1345123412, c=23423451342 124 F6

L61,45 a=23423451, b=134123451 125 F15

L61,46 a=34534231, b=134513412 125 F16

L61,47 a=34563423451, b=134561234512, c=456453423451, 125 F1

d=2342345613452, e=2456245234512

L61,48 a=234234561, b=1341234561 126 F15

L61,49 a=245624231, b=4564524231 126 F17

L61,50 a=345634231, b=1345613412, c=4564534231 126 F18

L61,51 a=1345131, b=34534131 135 F19

L61,52 a=245624234513, b=4564524234513, c=34563452345131, 135 F2

d=134561234512431, e=2342345613452431

L61,53 a=13456131, b=345634131, c=4564534131 136 F20

L61,54 a=24562423413, b=456452423413, c=3456345234131, d=13456134512431 136 F12

L61,55 a=3453431, b=13451341 145 F16

L61,56 a=234523451, b=1345123451, c=34534123451 145 F11

L61,57 a=45645423451, b=245624523451, c=345634523451, 145 F21

d=1345612345124, e=23423456134524

L61,58 a=34563431, b=134561341, c=456453431 146 F18

L61,59 a=1345612341, b=23423456134, c=34563412341, d=456453412341 146 F4

L61,60 a=2345234561, b=13451234561, c=345341234561 146 F11

L61,61 a=2456242341, b=45645242341, c=345634523431 146 F5

L61,62 a=4564542341, b=24562452341, c=34563452341, d=134561345124 146 F12

L61,63 a=45645431, b=345634531, c=1345613451 156 F22

L61,64 a=23456234561, b=134561234561, c=3456341234561, d=45645341234561 156 F23

L61,65 a=345634234513, b=1345612345123, c=4564534234513, d=23452345613452 235 F24

L61,66 a=24562423, b=456452423 236 F17

L61,67 a=34563423, b=456453423 236 F25

L61,68 a=34563423413, b=134561234123, c=456453423413, 236 F1

d=2345234561342, e=2456245234123

L61,69 a=2456242, b=45645242 246 F17

L61,70 a=345634234, b=4564534234, c=24562452342 246 F8

L61,71 a=4564542, b=24562452 256 F26

L61,72 a=3456343, b=45645343 346 F25

L61,73 a=245624234, b=4564524234, c=34563452343 346 F5

L61,74 a=13456123413, b=234523456134, c=345634123413, 346 F9

d=4564534123413, e=24562452341234

L61,75 a=4564543, b=34563453 356 F27

L61,76 a=234562345613, b=1345612345613, c=34563412345613, 356 F10

d=456453412345613, e=2456245234123456

L61,77 a=13451231, b=234234513, c=345341231 1235 F3

L61,78 a=134561231, b=2342345613, c=3456341231, d=45645341231 1236 F4

L61,79 a=3456342341, b=13456123412, c=45645342341, 1246 F1

d=234234561342, e=245624523412

L61,80 a=456454231, b=2456245231, c=3456345231, d=13456134512 1256 F12

L61,81 a=45645423, b=245624523, c=345634523 2356 F13
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Tab. 5 Description of left cells in Ω6,2

L E(L) R(L) L E(L) R(L) L E(L) R(L)

L62,1 13561454234 4 L62,9 13561452423456 35 L62,17 13561454 145

L62,2 1356145242341 14 L62,10 135614542345 36 L62,18 1356154 146

L62,3 13561452423451 15 L62,11 1356145423456 45 L62,19 1356145423 235

L62,4 135614524234561 16 L62,12 1356145242345 46 L62,20 135615423 236

L62,5 13561452423 23 L62,13 135614524231 123 L62,21 1356154234 246

L62,6 13561542345 25 L62,14 1356145242 124 L62,22 135615423456 256

L62,7 135614524234 34 L62,15 135614542 125 L62,23 13561543 346

L62,8 135614543 35 L62,16 13561542 126 L62,24 135615 1356

Tab. 6 Description of left cells in W(7)

L E(L) R(L) L E(L) R(L) L E(L) R(L) L E(L) R(L)

L7,1 123561454234 4 L7,6 13461351 135 L7,11 12452423 235 L7,16 123561542 1246

L7,2 124524234 34 L7,7 123561454 145 L7,12 1235615423 236 L7,17 1346131 1346

L7,3 1235614543 35 L7,8 12356154 146 L7,13 123561543 346 L7,18 1456454 1456

L7,4 234623454 45 L7,9 23462345 235 L7,14 14564543 356 L7,19 2346234 2346

L7,5 1235614542 125 L7,10 12356145423 235 L7,15 1245242 1245 L7,20 1235615 12356

L E(L) R(L) Figure

L7,21 a=1346123514, b=23462345134 14 F28

L7,22 a=1245242341, b=2452342345134 14 F29

L7,23 a=124562423451, b=1456452423451, c=245234234561345 15 F30

L7,24 a=134612351423, b=2346234513423, c=14563453423413 23 F31

L7,25 a=135614534234, b=134613514234, c=145634534234 24 F32

L7,26 a=145645342345, b=1245624523452, c=13456135142345 25 F33

L7,27 a=13461235143, b=234623451343 34 F28

L7,28 a=23462345143, b=134612345143 35 F34

L7,29 a=12456242345, b=145645242345 35 F35

L7,30 a=234623456143, b=1346123456143, c=234562345623413 36 F36

L7,31 a=14564542345, b=124562452345 45 F37

L7,32 a=2346234564, b=2345623456234 46 F38

L7,33 a=1456454234, b=12456245234 46 F37

L7,34 a=34523423413, b=24523423413, c=2345234513412, d=2452423451342 123 F39

L7,35 a=13461235142, b=234623451342, c=1456345342341 124 F40

L7,36 a=3452342341, b=2452342341, c=24523423451342 124 F41

L7,37 a=234623451, b=1346123451 125 F34

L7,38 a=23452345231, b=34523423451, c=24523423451, d=245234123451342 125 F42

L7,39 a=1346135142, b=145634534231 125 F43

L7,40 a=13456135142, b=14564534231, c=345634513412 126 F44

L7,41 a=234523456231, b=345234234561, c=245234234561, 126 F45

d=2345623456234231, e=2452341234561342

L7,42 a=12452423413, b=234523451341, c=345234123413, 134 F46

d=245242345134, e=245234123413

L7,43 a=23452345131, b=24524234513, c=3452341234513, d=2452341234513 135 F47

L7,44 a=234523456131, b=245242345613, c=34523412345613, 136 F48

d=24523412345613, e=2345623456234131

L7,45 a=2345234531, b=2452423451, c=24523412345134 145 F49

L7,46 a=134613514, b=14563453431 145 F43
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Continue of Tab. 6

L E(L) R(L) Figure

L7,47 a=2346234514, b=13461234514 145 F34

L7,48 a=1345613514, b=1456453431, c=34563451341 146 F50

L7,49 a=23462345614, b=134612345614, c=23456234562341 146 F51

L7,50 a=12456242341, b=145645242341, c=24523423456134 146 F52

L7,51 a=23452345631, b=24524234561, c=234562345623431, d=245234123456134 146 F53

L7,52 a=234562345631, b=245624234561, c=23456234562431, 156 F54

d=34563452345631, e=2452341234561345

L7,53 a=345234234, b=245234234 234 F55

L7,54 a=2345234523, b=3452342345, c=2452342345 235 F56

L7,55 a=13561453423, b=13461351423, c=14563453423 235 F57

L7,56 a=124562423, b=1456452423 236 F35

L7,57 a=23452345623, b=34523423456, c=24523423456, d=234562345623423 236 F58

L7,58 a=1456453423, b=134561351423 236 F59

L7,59 a=234523452, b=345342345 245 F60

L7,60 a=2345234562, b=3453423456, c=23456234562342 246 F61

L7,61 a=14564534234, b=124562452342 246 F62

L7,62 a=23456234562, b=34563423456, c=2345623456342, d=2456245234562 256 F63

L7,63 a=234523453, b=245242345 345 F64

L7,64 a=1356145343, b=1346135143, c=1456345343 345 F57

L7,65 a=2345234563, b=2452423456, c=23456234562343 346 F65

L7,66 a=145645343, b=13456135143 346 F59

L7,67 a=1245624234, b=14564524234 346 F35

L7,68 a=23456234563, b=24562423456, c=2345623456243, d=3456345234563 356 F66

L7,69 a=23456234564, b=234562345634, c=234562345624, 456 F67

d=245624523456, e=345634523456

L7,70 a=134612351, b=2346234513 1235 F28

L7,71 a=124524231, b=245234234513 1235 F68

L7,72 a=13461231, b=234623413 1236 F28

L7,73 a=1245624231, b=14564524231, c=2452342345613 1236 F52

L7,74 a=23462341, b=134612341 1246 F34

L7,75 a=12456242, b=145645242 1246 F35

L7,76 a=14564542, b=124562452 1256 F37

L7,77 a=2346234561, b=13461234561, c=2345623456231 1256 F51

L7,78 a=134561351, b=145645431, c=3456345131 1356 F50

L7,79 a=234623456, b=234562345623 2356 F69

L7,80 a=145645423, b=1245624523 2356 F62
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356 346 345 145 135 12354 6 1 3 2134
3 4

c d

124
1 234

e

245 6 246 4 256 2 456
ab

F7:

356 456 246 2456 5 3 4 6
a b c

2345 346 256F8:

346 2564 1 6 5 3 24563563451451355
c

246 6
e

2454
234
b

1 124 4 123 2 134
a d

F9:

124 123 134 135 145 3451 3 2 5 4 1

a

234
b c

346 5 356 3 456 2 256 4 246 6 245
e

6
d

F10:

124 123 134 145 3451 3 5 1

a b c

234 2 4135F11:

3464 6 1 3 5 134145 1353453563245

b
6 246 4 256 2 456

a c d
F12:

246 24542 6456 256

a b
345 6 346 4 356 3

c

F13: F14: 123 124 2342 4 1
a b

134

F15: 123 1341 3 2234 124

a b

F16: 345 135 1341 3 5
a b

145

F17: 246 256 4566 5 2
a b

245 135 1341 3 5
a b

145345456
c

3 356 5
346

6
F18:

134 135 145 3455 4 1
a b

F19: 134 135 145 345 346 356 4565 4 1 6 5 3
a b c

F20:

356 346 345 145 135 12354 6 1 3 2134
3 4

c d

124
1 234

e

245 6 246 4 256 2 456
ab

F21:

456 356 346 345 145 135 1343 4 6 1 3 5
a b c

F22:

234 124 123 134 135 145 3451 3 2 5 4 1
a b c

346 5 356 3 456
d

6
F23:

345 145 135 134 123 124 2341 3 5 2 4 1456 3 356 5 346 6
c a d

F24:
b

345 346 356 4566 5 3

a b

F25: 456 256 246 2452 4 6
a b

F26:

456 356 346 3453 4 6
a b

F27: 2 4 1
a b

23461346 1236 1246F28:

F29: 3 4
a g

1245 235 34

245

b

3 235 5 234

h

2
3

F30:

b
2 5 1246

a
6 4235 34

g

245 3 235 5 234 hc

2

12561456 1245

135 145 146 346 356 14564 6 3 4 32346
b

6 1246 4 2 1346

a

1236 5
c

F31:

c

145 135

346 356

1356 146 1346

1456

4 5 4 5

3
4 3

a b

F32:

356 346 145 135 13461464 1 5 4 51245
b

6 1246 4 1256 2 1456

a
3

c

F33:

2346 1246 1236 13461 3 2
a b

F34: 1245 1246 1256 14566 5 2
a b

F35:

14

1 3 2

5

4 3

a b

g

2346 1246 1236 1346

1235 34

F36:

134
h

1

354

1354

234145 125 235

c

3

2 1 5

136 146 1566 3 5

36 146 12566 3 4

F37: 1456 1256 1246 13452 4 6
ba

2355F38: 45 46

a

4 6

g

2346

246 236 2353 6 2345

h b

2

23564

123 134 135 345 235124 4 2 5 1 23 145
3 245

b
1245

d
3 235 5 234

c a
F39:



1 1 Ï �ÊÊ, �µE6 . Weyl +¥��n��ëÏ5 (=) 89

23461346 1236 12462 4 15346

c
6 345 3 145 4

135
a b

F40:

245
b

245

c
3 235 5 234 123 134 135 145 345 235124 4 2 4 1 23

a
1 3

F41:

d
245124 123 345345 2353 4 5 4 1 2145134

3345
b

2 235

3

245c

5
234

a
1F42:

135 145 146 346 356 14561346 5 4 6 4 3
a b

3F43:

135 145 3565 4 6 1 4 3

a b

345
c

1

14561346 146 346F44:

235 236 346 456 256234

245

345a

123 134 135 145 345 235124

5

1

6
2

3

3 4 5

5 24

1 2

2

4

c

356F45:

3 245
e

246 3 236 6
235

5
234
d

b

4

F46:

123 134 135 145 3454 2 5 14

235 2455 3

1

b d

124

234 235

c

2
234245 43 ge

235 343 41245a h

2

d
245123 134 135 345 235124 3 2 5 1 24 145245

b
3 235 5 234

a
1 3

c

F47:

245123 134124 3 2 135 145 345 2355 1 24

235 245234

a

5 3

b

6 246 256 456 3564 35

1

346
6 345 2

235
5

e

2344

3

c d

F48:

245
c

123 134 135 145 345 2353 4 5 1 24124
3

245
b

3 235 5 234

a
1

F49:

135 145 345 346 356 14561346 5 4 1 4 36

ba c

F50:

1346
b

2
1236 3

1246 1F51: 4 452352346
a

5
g

3 245235234 5
2

hc

1456

b
2 1256 5 1246 6F52:

2235 345245

4235 341245

a
3

g

5

hc

3

245123 134124 3 4 135 145 345 2355 1 24

235 245234 5 3 6 246 256 456 3564 35
1

a b

346 6 345 2 235
5

234

c

d
3

4F53:

245123 134124 3 4 135 145 345 2355 1 24

235 245234 5 3 6 246 256 456 3562 35
1

a b
346 6 345

d
2 235

5
234

c

3

4

e

F54:

345 235 2452 3

a b

F55:

F56: 235234

a

5 2 345

b
245 c

3

F57: 135 145 146 346 3565 4 5 43

b

3

4 c

a1356

14561346

235 245234 5 3

c

6 246 256 456 3564 35

345

2

346
6 345 2 235

5 234
d

4

b

a
F58:

135 145 345 346 356 14561346 5 4 1 4 35

ab c

F59: 235234

a

5 2 345

b

F60:

235 245234

a

5 4 6 246 256 456 3564 35

345

2

346
6

345 2 235 5 234

c

5

b

F61:



90 uÀ���ÆÆ�(g,�Æ�) 2013 c

1246 12561245

b

6 4 2 1456

a

F62:

235 245234

c

5 3

d

6 246 256 456 3562 34 346 6 345
b

2 235 5 234

a
5

F63:

235 245234

a

5 3

b

F64:

235 245234

a

5 3

b

6 246 256 456 3564 35 346 6 345 2 235
5

234

c
4

F65:

235 245234 5 3 6 246 256 456 3562 35 346 6
d

345 2 235 5 234

c
4

a b

F66:

234

b

5 235 2453

d

6 246 256 456 3562 34

4

345

3464

1344

g1

145 3 1356

145 35 4 34

h
3

2346

a
5 235 1 125

4

4 1461256

156 5 146

1

F67:

234
c

5 235 2 345

e

6

6

2351245 3

a

4

g

34F68:

245 235 3452
b

3
h

5

F69: 5
a

2346 4235

g

234 235 2455 3
2

b h

45

[ References ]

[ 1 ] KAZHDAN D, LUSZTIG G. Representation of Coxeter groups and Hecke algebras[J]. Invent Math 1979, 53:

165-184.

[ 2 ] ASAI T, KAWANAKAN, SPALTENSTEIN N, et al. Open Problems in algebraic Groups [C]// Problems from

the Conference on Algebraic Groups and Representations Held at Katata. Katata: Taniguchi Foundation, 1983.

[ 3 ] SHI J Y. The Kazhdan-Lusztig cells in certain affine Weyl groups[M]. Lecture Notes in Math 1179. Berlin:

Springer, 1986.

[ 4 ] SHI J Y. A two-sided cell in an affine Weyl group, II[J]. J London Math Soc, 1988, 37(2): 253-264.

[ 5 ] SHI J Y. Left cells containing a fully commutative element[J]. J Comb Theory Series A, 2005, 113: 556-565.

[ 6 ] SHI J Y. Left-connectedness of some left cells in certain Coxeter groups of simply-laced type[J]. J Algebra, 2008,

319(6): 2410-2413.

[ 7 ] TONG C Q. Left cells in Weyl group of type E6[J]. Comm in Algebra, 1995, 23(13): 5031-5047.

[ 8 ] SHI J Y. A new algorithm for finding an l.c.r set in certain two-sided cells[J]. Pacific J Math, 2012, 256(1):

235–252.

[ 9 ] LUSZTIG G. Cells in affine Weyl group [C]// Algebraic Groups and Related Topics. Advanced Studies in Pure

Math, 1985, 6: 255-287.

[10] BARBASCH D, VOGAN D. Primitive ideals and orbital integrals in complex classical groups[J]. Math Ann,

259: 153-199.

[11] BARBASCH D, VOGAN D. Primitive ideals and orbital integrals in complex exceptional groups[J]. J Algebra,

1983, 80: 350-382.

[12] LUSZTIG G. Characters of Reductive Groups over a Finite Field [M]. Ann Math Studies 107, Princeton: Prince-

ton University Press, 1984.

[13] LUSZTIG G. Cells in affine Weyl group, IV [J]. J Fac Fci Univ Tokyo Sect IA Math, 1989, 36: 297-328.

[14] SHI J Y. Left cells in affine Weyl groups[J] Töhoku J. Math, 1994, 46: 105-124.
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