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General result on precise asymptotics for self-normalized sums
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Abstract: Gien a sequence of i.i.d. nondegenerate random variables with zero means

and belonging to the domain of attraction of the normal law, by the weak convergence

theorem and the tail probability inequalities of the independent and identically distributed

sequence, a general result on precise asymptotics for the self-normalized sums with

generalized boundary functions has been proved. It can describe the relations among the

weighted function, boundary function, convergence rate and limit value, then the known

results of this field are improved and extended.
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∑
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¡ i.i.d. �ÅCþS� {Y, Yn; n > 1} ´áu­½áÚ�({P� Y áu­½áÚ�), X

J�3 An > 0 Ú Bn ∈ R, ¦�

Sn − Bn

An

D→ Lα,

Ù¥ Sn =
n
∑

i=1

Yi, Lα ´A��ê� α ∈ (0, 2] �­½©Ù. � α = 2 �, ¡ {Y, Yn; n > 1}áu

��áÚ�, = Y ∈ DAN .

�ÅCþ��°(ìC5��ïÄ´C�VÇ4�nØïÄ¥�9�����. Ì�

ïÄ� ε → 0 �, e�?ê

∞
∑

n=1

φ(n)E|Sn|pI{|Sn| > εf(n)} < ∞, ∀ ε > 0

�Âñ^�9ÙÂñ�Ý. Ù¥ p > 0, φ(x) ¡�[�¼ê, f(x) ¡�>.¼ê. Cc5Nõ

Æöé�ÅCþ�­éêÆ!��Âñ9Ý­éêÆ�°(ìC5�?1
&?, �©z

[6–13]. ©z[10]��
Xe/ª�g�KÚ�°(ìC5��(J.

½½½nnn A b� X áu��áÚ�� EX = 0, @o� b > −1, 1 6 r < 2 �, k

lim
ε→0

ε
2r(b+1)

2−r

∞
∑

n=1

(log n)b

n
E

{ |Sn|
Vn

− ε(2 logn)
2−r
2r

}

+

=
2−b−1(2 − r)

(b + 1)(2rb + r + 2)
E |N | 2rb+r+2

2−r .

3d±9e©¥, N L«IO���ÅCþ. �©3dÄ:þ§ïÄ
g�KÚ�°(ìC

5������(J. e¡k�Ñ©¥��
b�^�, Ù¥ s �?���u"�~ê.

(A1) g(x) � [n0,∞) þäk�K�ê g′(x) ��¼ê, �÷v g(x) ↑ ∞, x → ∞.

(A2) g′(x) 3 [n0,∞) üN;� g′(x) üN�ü�, ÷v lim
x→∞

g′(x+1)
g′(x) = 1.

(A3) ϕ(x) = g′(x)
gps(x)3[n0,∞) üN; � ϕ(x) üN�ü�; ÷v lim

x→∞
ϕ(x)

ϕ(x+1) = 1, Ù¥ 1
s

>

p > 0.

(A4) lim sup
x→∞

gs(x)√
x

< ∞.

�©�Ì�(JXe.

½½½nnn 1.1 � {X, Xn, n > 1}��"þ��òz�ÕáÓ©Ù��ÅCþS�, � X á

u��áÚ�, s �?���u"�~ê, ?�Úb�^� (A1)—(A4)¤á,@ok

lim
ε→0

ε
1
s

∞
∑

n=n0

g′(n)P
{ |Sn|

Vn

> εgs(n)
}

= E|N | 1s . (1.1)

� p > 0 �,

lim
ε→0

ε
1
s
−p

∞
∑

n=n0

ϕ(n)

∫∞

εgs(n)

pxp−1P
{ |Sn|

Vn

> x
}

dx =
ps

1 − ps
E|N | 1s ; (1.2)

� p > 0 �,

lim
ε→0

ε
1
s
−p

∞
∑

n=n0

ϕ(n)E
∣

∣

∣

Sn

Vn

∣

∣

∣

p

I
{ |Sn|

Vn

> εgs(n)
}

=
1

1 − ps
E|N | 1s . (1.3)
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5551.1 ÷v½n¥b�^�� g(x)kéõ, 'X g(x) = xα, (log x)β , (log log x)γ , Ù

¥ α > 0, β > 0, γ > 0 �,
·��ëê.

5551.2 XJ 0 < σ2 = EX2 < ∞, dr�ê½Æ��
V 2

n

n

a.s.→ σ2, l
±
√

nσ �O Vn, ½

n 1.1 E¤á. ¤±½n1.1´Õá�/3�f�Ý^�e�í2.

5551.3 3ª(1.2)¥� 1
s

= 2rb+r+2
2−r

, p = 1, g(x) = (2 log n)
2rb+r+2

2r , Ù¥ b > −1, 1 6 r <

2, @o�±��½n A. 3½n 1.1 ¥�Ù¦AÏ� g(x)±9 s, p, �±��Ù¦®��(J,

3dÒØ2��Qã.

2 ½n�y²

- d(M, ε) = [g−1(Mε−
1
s )], Ù¥ g−1(x) � g(x) ��¼ê, M > 1. 3�!¥ C L«�~

ê, ØÓ�/��L«ØÓ��. 3y²½n�c§Äk0���Ún.

ÚÚÚnnn 2.1
[14] � {X, Xn, n > 1}��"þ��òz�ÕáÓ©Ù��ÅCþS�,

� X áu��áÚ�. @oéu?¿� 0 < ǫ < 1/2, �3 0 < δ < 1, x0 > 1, N0, ¦�

� n > N0 Ú x0 < x < δ
√

n �, k

P
{Sn

Vn

> x
}

6 e−
(1−ǫ)x2

2 . (2.1)

ÚÚÚnnn 2.2
[15] (Toeplitz Ún) � {ani, 1 6 i 6 kn, n > 1}�¢ê
�, {xi, i > 1}�¢ê

S�÷v^�: éz��½� i, ani → 0, 
éz� n,
kn
∑

i=1

|ani| 6 C < ∞.

(1) e xn → 0, @ok
kn
∑

i=1

anixi → 0.

(2) e
kn
∑

i=1

ani = 1, xn → x, @ok
kn
∑

i=1

anixi → x.

½n 1.1 �±d±eA�·K��.

···KKK 2.1 3½n 1.1�^�e, éu?¿� s > 0, k

lim
ε→0

ε
1
s

∞
∑

n=n0

g′(n)P {|N | > εgs(n)} = E|N | 1s .

yyy ²²² XJ g′(x) 3 [no,∞) üN�O, @o g′(x)P {|N | > εgs(x)}�üN�O, k

∫∞

n0+1

g′(x)P {|N | > εgs(x)} dx 6

∞
∑

n=n0+1

g′(n)P {|N | > εgs(n)} 6

∫∞

n0

g′(x)P {|N | > εgs(x)} dx,

?�Úk

lim
ε→0

ε
1
s

∞
∑

n=n0

g′(n)P {|N | > εgs(n)} = lim
ε→0

ε
1
s

∫∞

n0

g′(x)P {|N | > εgs(x)} dx

= lim
ε→0

1

s

∫∞

εgs(n0)

t
1
s
−1P {|N | > t}dt = E|N | 1s .

XJ g′(x) 3 [no,∞) üN�ü, db�^� lim
x→∞

g′(x+1)
g′(x) = 1 ��, éu?��0 < δ < 1, �

3 n1 = n1(δ), ¦�� n > n1 �k g′(n + 1)/g′(n) < 1 + δ Ú g′(n)/g′(n + 1) > 1− δ ¤á. l
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k

(1 + δ)−1

∫∞

n1+1

g′(x)P{|N | > εgs(x)}dx

6

∞
∑

n=n1+1

g′(n)P {|N | > εgs(n)}

6 (1 − δ)−1

∫∞

n1

g′(x)P {|N | > εgs(x)} dx.

Ïd

lim
ε→0

ε
1
s

∞
∑

n=n0

g′(n)P {|N | > εgs(n)} = lim
ε→0

ε
1
s

∞
∑

n=n1+1

g′(n)P {|N | > εgs(n)}

6 lim
ε→0

(1 − δ)−1ε
1
s

∫∞

n1

g′(x)P {|N | > εgs(x)} dx

= lim
ε→0

(1 − δ)−1 1

s

∫∞

εgs(n0)

t
1
s
−1P {|N | > t} dt

= (1 − δ)−1E|N | 1s .

aq/�y²

(1 + δ)−1E|N | 1s 6 lim
ε→0

ε
1
s

∞
∑

n=n0

g′(n)P {|N | > εgs(n)} 6 (1 − δ)−1E|N | 1s .

��- δ ↓ 0 �±��·K 2.1¤á.

555 2.1 3�e5�·K¥§�{Bå�§·��Ñ
 g′(x) ½ö ϕ(x) �?ØL§, Ù

äN?ØL§�·K 2.1aq.

···KKK 2.2 3½n 1.1 �^�e, éu?¿� M > 0, k

lim
ε→0

ε
1
s

d(M,ε)
∑

n=n0

g′(n)|P
{ |Sn|

Vn

> εgs(n)
}

− P{|N | > εgs(n)}| = 0.

yyy ²²² - ∆n = sup
x

|P{ |Sn|
Vn

> x} − P{|N | > x}|, d©z [1] � Sn

Vn

D→ N , l
 ∆n → 0,

|^Ún 2.2 (Toeplitz Ún), aq©z [16] ¥·K 3.2 �y²��·K 2.2¤á.

···KKK 2.3 3½n 1.1 �^�e, éu?¿� s > 0, 'u¿©�� 0 < ε < 1 ��k

lim
M→∞

ε
1
s

∑

n>d(M,ε)

g′(n)P{|N | > εgs(n)} = 0.

yyy ²²² d©z[16]¥·K 3.3�T·K¤á.

···KKK 2.4 3½n 1.1 �^�e, éu?¿� s > 0, 'u¿©�� ε > 0 ��k

lim
M→∞

ε
1
s

∑

n>d(M,ε)

g′(n)P
{ |Sn|

Vn

> εgs(n)
}

= 0.
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yyy ²²² 5¿�� n > d(M, ε) �§εgs(n) > M > 1, 
d^� (A4), � ε ¿©�, n ¿

©��, εgs(n) 6 δn
1
2 , l
dÚn 2.1��

lim
M→∞

ε
1
s

∑

n>d(M,ε)

g′(n)P
{ |Sn|

Vn

>εgs(n)
}

6 lim
M→∞

ε
1
s

∑

n>d(M,ε)

g′(n)e−Cε2g2s(n)

6 lim
M→∞

Cε
1
s

∫∞

d(M,ε)

g′(x)e−Cε2g2s(x)dx (- t = Cε2g2s(x))

6 lim
M→∞

C

∫∞

CM2s

t
1
2s

−1e−tdt

= 0.

·Ky²�..

···KKK 2.5 3½n 1.1�^�e, � p > 0 �§k

lim
ε→0

ε
1
s
−p

∞
∑

n=n0

ϕ(n)

∫∞

εgs(n)

pxp−1P{|N | > x}dx =
ps

1 − ps
E|N | 1s .

yyy ²²² d©z [11] ¥·K 5.1 �·K 2.5 ¤á.

···KKK 2.6 3½n 1.1�^�e, éu�½� M > 2, � p > 0 �§k

lim
ε→0

ε
1
s
−p

d(M,ε)
∑

n=n0

ϕ(n)
∣

∣

∣

∫∞

εgs(n)

pxp−1P
{ |Sn|

Vn

> x
}

dx −
∫∞

εgs(n)

pxp−1P{|N | > x}dx
∣

∣

∣
= 0.

yyy ²²² w,

∣

∣

∣

∫∞

εgs(n)

pxp−1P
{ |Sn|

Vn

> x
}

dx −
∫∞

εgs(n)

pxp−1P{|N | > x}dx
∣

∣

∣

=
∣

∣

∣

∫∞

0

p(x + εgs(n))p−1P
{ |Sn|

Vn

> x + εgs(n)
}

dx

−
∫∞

0

p(x + εgs(n))p−1P{|N | > x + εgs(n)}dx
∣

∣

∣

6 ∆n1 + ∆n2 + ∆n3 + ∆n4,

P bn = min{gs(n), ∆
− 1

2p

n }, Ù¥

∆n1 =

∫ bn

0

p(x + εgs(n))p−1
∣

∣

∣
P

{ |Sn|
Vn

> x + εgs(n)
}

− P{|N | > x + εgs(n)}
∣

∣

∣
dx,

∆n2 =

∫n
1
4

bn

p(x + εgs(n))p−1
∣

∣

∣
P

{ |Sn|
Vn

> x + εgs(n)
}

− P{|N | > x + εgs(n)}
∣

∣

∣
dx,

∆n3 =

∫n
1
2

n
1
4

p(x + εgs(n))p−1
∣

∣

∣
P

{ |Sn|
Vn

> x + εgs(n)
}

− P{|N | > x + εgs(n)}
∣

∣

∣
dx,
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∆n4 =

∫∞

n
1
2

p(x + εgs(n))p−1
∣

∣

∣
P

{ |Sn|
Vn

> x + εgs(n)
}

− P{|N | > x + εgs(n)}
∣

∣

∣
dx.

Äk�O ∆n1. 5¿�� n 6 d(M, ε) �§εgs(n) 6 M , l
k

∆n1 6

∫∆
−1
2p

n

0

p(x + εgs(n))p−1∆ndx 6 ∆n(∆
−1
2p
n + εgs(n))p

6 (∆
1
2p
n + M∆

1
p
n )p → 0, � n → ∞. (2.2)

e¡�O ∆n2. dÚn 2.1Ú MarkovØ�ª�

∆n2 6

∫n
1
4

bn

p(x + εgs(n))p−1e−C(x+εgs(n))2dx +

∫n
1
4

bn

p(x + εgs(n))p−1 C

(x + εgs(n))p+1
dx

6 C

∫n
1
4 +εgs(n)

bn+εgs(n)

tp−1e−Ct2dt +

∫n
1
4

bn

C

x2
dx → 0, � n → ∞. (2.3)

�e5�O ∆n3. dÚn 2.1 Ú MarkovØ�ª±9 εgs(n) 6 Cn
1
2 �

∆n3 6 C

∫n
1
2

n
1
4

(x + εgs(n))p−1P
{ |Sn|

Vn

> n
1
4

}

dx +

∫n
1
2

n
1
4

(x + εgs(n))p−1 C

(x + εgs(n))p+1
dx

6 C

∫n
1
2

n
1
4

(x + εgs(n))p−1e−Cn
1
2 dx +

∫n
1
2

n
1
4

C

x2
dx

6 C(n
1
2 + Cn

1
2 )pe−Cn

1
2 +

C

n
1
4

→ 0, � n → ∞. (2.4)

��5�O ∆n4. 5¿�d Cauchy Ø�ª´�

|Sn|
Vn

6
√

n. (2.5)

l
d MarkovØ�ª�

∆n4 6 C

∫∞

n
1
2

(x + εgs(n))p−1 1

(x + εgs(n))p+1
dx

6 C

∫∞

n
1
2

1

x2
dx → 0, � n → ∞. (2.6)

l
dª (2.3)—ª (2.6) � ∆′
n = ∆n1 + ∆n2 + ∆n3 + ∆n4 → 0. d ϕ(x)�üN5, �y

�
d(M,ε)

∑

n=n0

ϕ(n) ∼ 1
1−ps

M1−psεp− 1
s , dÚn 2.2 (Toeplitz Ún), ´y�

1 − ps

M1−psεp− 1
s

d(M,ε)
∑

n=n0

ϕ(n)∆′
n → 0, � ε → 0.

l
?�Ú�y�·K 2.6¤á.
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···KKK 2.7 3½n 1.1�^�e§� p > 0 �§k

lim
M→∞

lim sup
ε→0

ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫∞

εgs(n)

pxp−1P{|N | > x}dx = 0.

yyy ²²² d©z [11] ¥·K 5.3 �·K 2.7¤á.

···KKK 2.8 3½n 1.1�^�e§� p > 0 �§k

lim
M→∞

lim
ε→0

ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫∞

εgs(n)

pxp−1P
{ |Sn|

Vn

> x
}

dx = 0.

yyy ²²² 5¿�

ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫∞

εgs(n)

pxp−1P
{ |Sn|

Vn

> x
}

dx

6 ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫∞

0

p(x + εgs(n))p−1P
{ |Sn|

Vn

> x + εgs(n)
}

dx

= B1 + B2 + B3,

Ù¥

B1 = ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫n
1
4

0

p(x + εgs(n))p−1P
{ |Sn|

Vn

> x + εgs(n)
}

dx,

B2 = ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫n
1
2

n
1
4

p(x + εgs(n))p−1P
{ |Sn|

Vn

> x + εgs(n)
}

dx,

B3 = ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫∞

n
1
2

p(x + εgs(n))p−1P
{ |Sn|

Vn

> x + εgs(n)
}

dx.

d^� (A4), � ε ¿©�, n ¿©��, εgs(n) 6
δ
2n

1
2 , l
dÚn 2.1��

B1 6 ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫n
1
4

0

p(x + εgs(n))p−1e−C(x+εgs(n))2dx

6 ε
1
s
−p

∫∞

d(M,ε)

g′(t)

gps(t)

∫∞

εgs(x)

pxp−1e−Cx2

dxdt

6 C

∫∞

Ms

y
1
s
−p−1

∫∞

y

xp−1e−Cx2

dxdy

6 C

∫∞

Ms

xp−1e−Cx2

∫x

Ms

y
1
s
−p−1dydx

6 C

∫∞

Ms

x
1
s
−1e−Cx2

dx → 0, � M → ∞.
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B2 6 ε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)

∫n
1
2

n
1
4

p(x + εgs(n))p−1P
{ |Sn|

Vn

> n
1
4 + εgs(n)

}

dx

6 Cε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)(n
1
2 + εgs(n))pe−C(n

1
4 +εgs(n))2

6 Cε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)n
p

2 e−Cn
1
2 e−Cε2g2s(n)

6 Cε
1
s
−p

∞
∑

n=d(M,ε)+1

ϕ(n)e−Cε2g2s(n)

6 Cε
1
s
−p

∫∞

d(M,ε)

g′(x)

gps(x)
e−Cε2g2s(x)dx

6 C

∫∞

M2s

y
1
2s

− p

2−1e−Cydy → 0, � M → ∞.

dª (2.5)´� B3 = 0. ·Ky²�..

½½½nnn 1.1 ���yyy²²² d·K 2.1—·K 2.4Ún�Ø�ª, �y�ª (1.1)¤á.

d·K 2.5—·K 2.8Ún�Ø�ª, �y�ª (1.2)¤á.

��5y²ª (1.3). 5¿�� p = 0 �§E| Sn√
n
|pI{|Sn| > ε

√
ngs(n)} = P{|Sn| >

ε
√

ngs(n)}, d�ª (1.3)=�ª (1.1). Ïd�I�y� 1
s

> p > 0 �ª (1.3) ¤á=�. 5¿�

d�
∞
∑

n=n0

ϕ(n)E| Sn√
n
|pI{|Sn| > ε

√
ngs(n)} = εp

∞
∑

n=n0

ϕ(n)gps(n)P{|Sn| > ε
√

ngs(n)}

+
∞
∑

n=n0

ϕ(n)

∫∞

εgs(n)

pxp−1P{|Sn| >
√

nx}dx.

w,ª (1.3)=�ª (1.1)�ª (1.2) �Ú, l
½ny²�..
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[ 1 ] GINÉ E, GÖTZE F, MASON D M. When is the Student t-statistic asymptotically standard normalº[J]. Ann

Probab, 1997, 25(3): 1514-1531.

[ 2 ] SHAO Q M. Self-normalized large deviations[J]. Ann Probab, 1997, 25, 285-328.

[ 3 ] JING, B Y, WANG Q Y, SHAO Q M. Self-normalized Cramér-type large deviations for independent random

variables[J]. Ann Probab, 2003, 31: 2167-2215.
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½ö G 6= 0, ½ö G ≡ 0. cö� G(1) = 0 gñ, �ö� Gn(0) = ( cn

en
)k−1Hn(0) → ∞ gñ.
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