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0 Introduction

Aron and Lohman!! introduced the A\ property which for infinite dimensional Banach
spaces is more important than the Krein-Milman property, because for Banach spaces with the
A property we have that co(Ext B(X)) = B(X) although B(X) need not to be compact[?l. The
A property of classical Orlicz spaces has been discussed in [3-5]. In this paper, we study the
criteria for being A point in generalized Orlicz function space equipped with the Luxemburg
norm, and then the A property and the uniform A property of such spaces.

Let [X, ] - ||] be a Banach space, S(X) and B(X) denote the unit sphere and unit ball
of X, respectively. A point x € S(X) is said to be an extreme point of B(X) if « cannot be
written as ¢ = £ (y+2), where y and z are distinct points in S(X). Denote the set of all extreme
points of B(X) as Ext B(X). For z € B(X), we associate the number \(x) = sup{X € [0,1] :
r =X+ (1-Ny,y € B(X),eecExt B(X)}, and A(z) = 0 if Ext B(L(yp)) = 0. We call z a A
point if A(z) > 0; X to have the A property if A(x) > 0 for all z € B(X). We call X to have
the uniform A property if A(X) > 0, where \(X) = inf{\(z) : z € B(X)}.

Let R denote the set of all real numbers. A left-continuous function M : R — [0, +o0] is

called an Orlicz function if M is convex and even, M (0) = 0. For an Orlicz function M, set
a=sup{u: M(u) =0}, B =sup{u:M(u) < +oo}.

u € R is called a strictly convex point of M, provided M (u) < w for all € > 0.
For a < b € R, an interval (a,b) is called a structural affine interval (SAI) of M, if M is affine
on (a,b) and it is not affine on either (a —€,b) or (a,b +¢) for all € > 0; for @ € R, an interval
(a,+00) is called an infinite structural affine interval of M if M is affine on (a,+00) and it is

not affine on (a — €, 400) for all € > 0. Let {(a;,b;)}$2, be all structural affine intervals of M,
and then denote SCp; = R\ [ U (i, bi)} .

i=1

Let (G, %, 1) be a non-atomic finite measurable space. For u(t) a measurable function
on G, its modular is defined by pas(u) = [, M(u(t))dt. The generalized Orlicz space Ly is
constructed as

Ly = {u: 3k >0, ppr(ku) < oo},

equipped with the Luxemburg norm

u

o)< 1),

llull(ary = inf{k > 0: pps(

For more details, please refer to [6]. In order to avoid trivial cases, we assume that there exist
uy,ug > 0 such that M (uq) > 0 and M (uz) < co.

1 Main results

For the convenience of reading, we present some auxiliary lemmas.
Lemma 1.1 For an Orlicz function M,

(1) when M(B)uG > 1,u € ExtB(L(p)) <

(a) papr(u) =1, and (b) u{t € G : u(t) ¢ SCp} = 0;
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(2) when M(B)uG < 1,u € ExtB(L(yy) < |u(t)| = 8 a.e. on G.
Proof Referring to [7], we can get the lemma.
1, wu()=0

for any u(t). Then
-1, u(t) <0 y ulf)

Remark 1.1 Take sign(u(t)) = {

u(t) = Ae(t) + (1= No(t) & [u(t)] = u(t)sign(u(t)) = Ae(t)sign(u(t)) + (1 = A)v(t)sign(u(?)).

Since e € Ext B(Lyy) ¢ e-e € Ext B(L(y)) by Lemma 1.1, where |e(t)] = 1. Thus
Au) = A(Ju]) and without loss of generality, we assume u(¢) > 0 in the following.
Lemma 1.2 Tet Ext B(X) # 0. If 2,y,2z € B(X) and z = ay + (1 — @)z for some
€ (0,1), then A(z) = aA(y). Consequently, A(0) = 3 and

X

Na) > mae {51 = lal). A5 ) el . (w(# 0) € BE)).

Remark 1.2 Since A(z) = 1 whenever z € Ext B(X), and by Lemma 1.2 A\(z) >
%)\(ﬁ) > 0, we only need to discuss z € S(X) \ Ext B(X) in the following.

Remark 1.3 For any u, define

| q 0<u(t) < a, [ 2u(t) —a, 0<u(t) <a,
v = { at), uy>a, PO { u(t), u(t) > a.

Then p{t : v(t) < a} =0, and u = 3 (v + w) which implies A(u) > 1A(v) by Lemma 1.2. So we
assume p{t : u(t) < a} =0 in the following.

In the following, we denote {(a;,b;)}; the set of all finite structural affine intervals of M
except (—a, ).

Lemma 1.3 If 3 = 400 and M has no infinite SAIL, then A(u) > 0 for any v € B(Lxp)).

Proof We can prove this by similar arguments as that in classical Orlicz spaces in [6].

Lemma 1.4 If § = +o0 and (a, +00) is a SAI with M (a)uG < 1, then Ext B(L () = 0.

Proof For u € B(L(p), if p{t : u(t) ¢ SCy} = 0, then u(t) < a a.e. on G. Thus
py(u) < M(a)uG < 1, and u & Ext B(L(yp)) by Lemma 1.1(1). So Ext B(L(r)) = 0.

Lemma 1.5 If = +o0 and (a,+00) is a SAI with M (a)uG > 1. Then for any u with
pm(u) =1, AMu) >0 &

W) S wuorete b0y wuwsa M @< [ uore s M O s
M (a)dt, or

@) [ wuoret o0y o> M @OE=2 [ uore o M OO @)
M (a)dt,
and there exists some g9 > 0 such that p{t : |u(t)| € (a;,b;), |“Zf:ﬁ;_ai <e}=0,i=1,2,--

a, tekE,

a, teG\E.
Then par(u1) = 1 and p{t : ui(t) ¢ SCy} = 0, which implies uy € Ext B(L(as)) by Lemma
1.1(1), which means Ext B(L ) # 0.

“Necessity”: For uw with pp(u) = 1, if u = M + (1 — N)w where A € [0,1], v
BxtB(Lan),w € B(Lan), 1 = paru) < Aoaa(v) + (1= Npar(w) = A+ (1 — Npar () <

Proof Since M(a)uG>1, take ECG with M(a)uE =1 and uy(t) = {

€
1
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which follows that ppr(w) = 1. Hence, M (u(t)) = AM(v(t)) + (1 — )M (w(t)) a.e. on G. Tt
implies that for almost ¢t € G, u(t), v(t), w(t) are either equal to each other or in the same SAIL.

Now we prove the necessity in two steps:

W [ J +J M (u(t))dt < j M(b)dt
Z {t:|u(t)|€(ai,bi)} {t:[u(t)|>a} ; {t:[u(t)|€(ai,bi)}

+ J M (a)dt.
{t:[u(t)|>a}

Otherwise, suppose Z f{t u(t)e(as,beyy M (bi) = M (u(t))]dt < f{t:u(t»a} [M (u(t))— M (a)]dt.
Since v € Ext B(L ), u{t v(t) ¢ SCp} = 0. A contradiction

1=pn(u)

M (u(t))dt + M (u(t))dt +J M (u(t))dt

J'{t:u(t)ESCM} i J{t:u(t)e(ai,bi)} {t:u(t)>a}

M (u(t))dt + M (b;)dt + J M(a)dt

g J
{t:u(t)eSCnm} i JH{tu(t)e(ai,bi)} {t:u(t)>a}

z pu(v) =1.

(2) When 2 fvuoieton oy ozl M@= 2 fumiete by MG +
f{t:|u(t)|>a} M(a)dt, there exists some €9 > 0 such that p{t : |u(t)| € (ai, b;), % <
50}:(),@': 1,2,~-~

Otherwise, for any € > 0, there exist some B; C {t: u(t) € (a;,b;)} with uB; > 0 satisfying
w)=ai o for t € B;. So

bi—al
- pM(u):J M (u(t))dt+ J M(u(t))dH—J M (u(t))dt
{t:u(t)eSCnm} . J{tu(t)e(aibi)} {t:u(t)>a}
- J M(v())dt + J M (by)dt +J M{(a)dt,
{t:u(t)eSCnm} i JHtu(t)€(as,bi)} {t:u(t)>a}
1= pu(v)
- ))dt + J M(a)dt + J M (by)dt
J{t:u(t)GSCNI} Z {t:v(t)=a;} Z {t:v(t)=
+ J M (a)dt.
{t:u(t)>a}

Hence, we have that for all 4,

J'{t:u(t)e(ai,bi)} {t:v(t)=b; }

From {t : u(t) € (a;, b))} = {t: v(t) = a;} U{t : v(t) = b;}, we get v(t) = b; a.e. on {t : u(t) €
(as,bi)}. From w(t) = 115 (u(t) + Ab;) € (ai, b;), we have A < & < e (t € B;). It reaches a

—a;

J'{t:'u(t)—ai}

contradiction that A(u) = 0 by the arbitrariness of .
“Sufficiency”: Since u & Ext B(Lnp)) and par(u) = 1, p{t : u(t) € SCy} > 0 by Lemma
1.1(1).
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In case (1), for A € (0,1), define

a;, a; <u(t) <Aa;i+(1—Nb;,i=1,2,---
ox(t) = b;, bi > u(t) > Xa; + (1 —N)b;, i =1,2,---
a, u(t) > a, for SAI (a, +00),

u(t), others.

a;, a; <u(t) <Aa;j+(1—=Nb;,i=1,2,---
. b > u(t) = Aai + (1 — Nbgi=1,2, -

a, u(t) > a,for SAI (a, +00),

u(t), others.

aj, a1<u(t)<b157':1527
vo(t) = 0o(t) = ¢ a, u(t) > a,for SAI (a, +00),
u(t), others.

b;, ai<u(t)<bi,i:1,2,---
vi(t) =0:1(t) = ¢ a, u(t) > a,for SAI (a, +00),
u(t), others.

Then 0x(t) = va(t). From the condition(I), pasr(v1) = pam(01) > pam(u) = 1. By the same
argument as in [6], we have that par(0o) = pam(vo) < pa(u) = 1 and that pa(0x) is right-
continuous with respect to A whereas pas(vy) is left-continuous to .

Set o = sup{\: par(vy) <1} and 6 = sup{A: pp(9x) < 1}. Then from the left-continuity
of par(vx) and the right-continuity of pas(0y), wesee 1 > o > 6 > 0 and pa(vy) < 1< papr(9s)
by referring to [6].

If o = &, from ppr(ve) <1 < pp(9s,) and since G is a non-atomic finite measurable space,
take E; C {t: u(t) = oa; + (1 — 0)b;} such that pa(v) =1, where

a;, a; <u(t)<oca;+(1—o)bjorte E;i=1,2,---

bi, b > u(t) > ca;i+(1—0o)b; or te{t:u(t)=oca;+ (1—0)bi}\ Ei,i=1,2,---
, u(t) > a, for SAI (a,+00),

u(t), others.

u(t) =

a

It follows that p{t : v(t) € SCp} = 0.So v € Ext B(L(ap)). Wheno > £, set w = L[u—(1—0)v]

o

(i.e.(1 — 0)v + ow = u), which implies that u(t),v(t), w(t) are either equal to each other or in
the same SAT by referring to [6]. And then

1= py(u) = (1—0)pm () + opm(w) = pu(u) =1 -0 +opy(w),

which implies pps(w) = 1. Therefore A(u) > 1 — o > 0 by Lemma 1.2. When o < 3, set

2
w = = (u — ov). We can deduce A\(u) > o > 0 by replacing ¢ above by 1 — o.

If ¢ > 6, for any A € (6, 0), from the definition of 6 and o, we get par(vy) < 1 < par(xr)-
Replacing the o by A, by the same arguments to the case of o = &, we have A(u) > 0.

In case (2), take v = wv; as above. Then pp(v) = 1 and p{t : v(t) € SCy} = 0.

Therefore v € Ext B(L(yr)). Take w = 115 (u — Av), A € (0,min{eq,1}). We see that when
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s [u(t) = Abi] < by, and 4=l = X < g < 429 which

u(t) € (aivbi)v U( ) = bzu w( ) Y
w(t) are either equal to each other or in the same SAI. Thus
r(w

implies w(t) > a;. So u(t),v(t),
1=pM(U)=)\PM( )+ (1= A)pa
A(u) = A > 0 by Lemma 1.2.
Lemma 1.6 If 8 < 400, M(8)uG > 1, then for any u with par(u) =1, A(u) >0
Proof For u ¢ Ext B(L(y)) with par(u) = 1, p{t : u(t) € SCy} > 0 by Lemma 1.1(1).
Moreover, |u(t)] < 8 a.e. on G. For A € (0,1), set

)= A+ (1= XN)pa(w), and then ppr(w) = 1. Consequently,

Qj, CLZ<U(t)§)\a,l+(1—)\)b“l:1,2,
v (t) = b, bi > u(t) > Ma; + (1 —A)b;,i =1,2,---
u(t), others.

a;, ai<u(t)<)\ai+(1—)\)bi,i:1,2,---
@A(t): b, bi>’u(t)2)\(11‘4-(1—)\)()1',2':1,2,'-'
u(t), others.

Qj, ai<u(t)<bi,i:1,2,---
u(t), others.

bi, ai<u(t)<bi,i:1,2,-~
u(t), others.

Repeating the arguments in (I) of the sufficiency’s proof of Lemma 1.5, we have A(u) > 0.
Lemma 1.7 If 8 < 400, M () = 400, a > 0, then for any u € B(L(xs)), A(u) > 0.
Proof When pp(u) = 1, we have A(u) > 0 by Lemma 1.6. When pps(u) < 1, from

M(B) = 400, we see |u(t)| < § a.e. on G. Take ¢ € (0, — «) such that M (8 — e)u{t : u(t) <

B — e} > 1. Denote

f(h) = J Mu(t))dt,  f(h) = j M(u(t))dt,
{tu(t)=h} {tu(t)>h}

s =  wM-aa gw=| M-
{t:u(t)<h} {t:u(t)<h}
Referring to [6], we get that f(h) and g(h) are left-continuous on (0, +00), whereas f(h) and
g(h) are right-continuous on [0,400). For h > 6 — ¢, g(h) > 1 and f(h) + g(h) > 1; for h < a,
F() + g(h) = F(h) + (k) = par(u) < 1; for h < B — e, F(h)+g(h) < F(h) + (k).

Set H = sup{h : f(h) + g(h) < 1} and H = sup{h : f(h) + A( ) < 1}. Then from
the left-continuity of f,g and the right-continuity of f,g, wesee a < H< H < B — e and
JUH) + g(H) < 1< f(7) + (7).

If H=H, from f(H)+ g(H) <1< f(H)+ j§(H), take E C {t : u(t) = H} such that
oy (v) =1, where

o(t) = B—e, a<u(t)<H,ortekE,
| w(t), w()>Horte {t:u(t)=H}\E.
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Take A € (35, 3%) which implies A(3 — £) < a, and set w(t) = 5 (u(t) — Mo(t) (e. u=
Av+(1-Nw). When v(t) = f—¢,a < u(t) < H < f—ecand 0 < w(t) = - a—l—%(fs) < fB—e.
It follows pr(w) < par(v) = 1. Therefore, A(v) > 55 by Lemma 1.6, and A(u) > A~ A(v) >
35A(v) > 0 by Lemma 1.2.

If H> H, forany h € (H,H), f(h)+g(h) <1< f(h)+ g(h). Replacing the H above by
h, we obtain A(u) > g5 A(v) >0

Lemma 1.8 If # < +o00, M(8) = 400, a = 0, then for any u € B(L(ar)), AM(u) > 0.

Proof For u € S(L(M)), when py(u) = 1, we have A(u) > 0 by Lemma 1.6. When
par(u) < 1, firstly, p{t : u(t) > 8} > 0. Otherwise, u(t) < 33 a.e. on G, and then pas(3) <
M(%)MG < +o0. Combining pas(u) < 1, a contradiction with that u € S(L ). From M(8) =
+00, take & > 0 with M (B—e)uf{t : 38 < u(t) < B—e} > 1. It follows M(B—e)u{t : 3(B—¢) <
u(t) < B —e} > 1. Denote

£ = | Moy, o) - | M(u(t))dt,
{t:u(t)Zh} {t:u(t)>h}
_ f{t:u (t)<h} M (2u(t))dt h< i(B-e),
g(h) = Iy 2
S at)<1(p—eyy M (2u ( ))dt + I{t:%(ﬁ—a)gu(t)<h} M(B—¢e)dt, h>3(8—e¢),
. f{t u(t)<h} M (2u(t))dt h<1(B-e),
g(h) = 2
f{tu t)< (B—e)} M(2u( )dt+f{t:%(5,5)<u(t)<h} M(B—E)dt, h > 5(6—5)

Referring to [6], we can obtain that f and g are left-continuous on (0, +0c), whereas f and
§ are right-continuous on [0,400); and that f(0) + g(0) = f(0) + §(0) = par(u) < 1, g(h) >
Land f(h)+g(h) > 1for h > 3 —e. For h < 8 —¢, f(h)+g(h) < f(h) + §(h).

Set H = sup{h : f(h)+g(h) < 1}andH—sup{h Ff(h)+§(h) <1}. Then 0 < H < H <
§— e and f(H) + g(H) < 1< f(H) + §(iD).

IfH:flg%(ﬁ—a), from f(H) + g(H) <1< f(H) + §(H), take E C {t : u(t) = H}
such that pps(v) =1, where

oty = 4 240, wlt) <H ortel,
| w(), w(t)>H, orte{t:u(t)=H}\E.

Define

0, u(t) < H, ort € E,

w(t) =

u(t), w(t)>H, orte{t:u(t)=H}\E.
then u = 2v+ 4w and pas(w) < par(v) = 1. Thus, A(v) > 0 by Lemma 1.6 and A(u) >
by Lemma 1.2.

IfH:ﬁ>%(ﬁ—5), from f(H) + g(H) <1< f(H) + §(H), take E C {t : u(t) = H},

such that pps(v) =1, where

A(w) >0

[N}

£
=
~—

Q

(t) < %(6_5)5
v(t)=9 B—e, 2(B—e)<u(t)<H, ort€E,
u(t), wt)>Horte{t:u(t)=H}\E.
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Take w(t) = 2u(t) —v(t) (i.e. u= v+ w). Then pas(w) < par(v) = 1. It follows A(v) > 0 by
Lemma 1.6, and A(u) > 1 A(v) > 0 by Lemma 1.2.

If H> H, for any h € (H,H), f(h)+g(h) <1< f( h) + g(h). Replacing the H by h and
repeating the same arguments, we have A(u) > 3A(v) >

Lemma 1.9 If 8 < +oo, M(8) < 400, M (8 )MG > 1, a > 0, then for any u € B(Lr)),
A(u) > 0.

Proof When py(u) =1, AMu) > 0 by Lemma 1.6. When pys(u) < 1, noticing M(8) <
+oo and M (B)uG > 1, replace the 5 — ¢ in the proof of Lemma 1.7 by the 3 here and repeat
the argument of Lemma 1.7. Then A(u) > 55A(v) >0

Lemma 1.10 If 3 < 400, M(83) < +o00, M(B)uG > 1, a = 0, then for any u € B(L ),
A(u) > 0.

Proof When pp(u) = 1, we have A(u) > 0 by Lemma 1.6. When pp(u) < 1, from
M(B) < 400, we have u{t : u(t) < 8} = pG. We discuss in the two cases as follows:

(1) In the case of M(B)u{t : 0 < u(t) < B} > 1, there exists one A € (0,1), such that
M(B){t : A8 < u(t) < 8} > 1. Replacing the 8 — ¢ in the proof of Lemma 1.8 by the 5 here,
we can prove A(u) > 0 by the same arguments as in Lemma 1.8.

(2) In the case of M(B)u{t: 0 < u(t) < 8} <1, combining M (S)u{t: 0 < u(t) < g} > 1,

we deduce p{t : u(t) =0} > 0. Pick § € (0,8) with M () < #%, and set

v(t) = { 2 u(t) = 8’ and w(t) = { -0, ult) =0,

u(t), wu(t) >0, u(t), wu(t) > 0.

So, u = v+ sw, p(v) = p(w) = M(6)pft : u(t) = 0} + p(u) < 1, and M(B)u{t : 0 < v(t) <
B} = M(B)uft : u(t) < B} > 1. Hence by (I), A(v) > 0; further A(u) > $A(v) > 0 by Lemma
1.2.

Lemma 1.11 If M(8)uG < 1, then L,y has the uniform A property.

Proof For any u € B(Lp), then py(u) < 1, u(t) < B a.e. on G. Set v(t) = £,
w(t) = 2u(t) — B. Then v € Ext B(L(pr)) by lemma 1.1(2) and |w(t)| < 8. From u = 1v + Jw,
and py(w) < M(B)pG < 1 which implies [lw||(ar) < 1, we see A(u) > 3A(v) = 3 by Lemma
1.2. This implies A(L(xr)) = inf{\(u) : w € B(L(ar))} = 3, so L(ar) has the uniform X property.

Theorem 1.1 If M is an Orlicz function, then for any u € B(Lar)),

(1) if B < +00, or 8 = 400 and M has no infinite SAI, then A(u) > 0

(2) if B = +o0, (a,+00) is a SAI with M(a)uG < 1, then Ext B(L(r)) = 0;

(3) if B = +00, (a,4+00) is a SAI with M (a)uG > 1, then A(u) > 0 <.

(a) par(u) <1;or

(b) parlu) = 1 and [ 1 uieaonny T oM @O < 2 ume@n
M(bi)dt+.l‘{t:\u(t)\>a} M (a)dt; or
(©) par(w) =1 and [3 ey H gauwisa M @) = 3 [ pue@ony
M (b;)dt + f{t:‘u(t)ba} (a )dt and there exists some g9 > 0 such that u{t : |u(t)| € (a;,b;),
lilar < o0} =0,i=1,2,--

Proof (1) It is followed by the conclusions of Lemmas 1.3, 1.7, 1.8, 1.9, 1.10, 1.11;
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(2) It is followed by Lemma 1.4;

(3) “Sufficiency”: For this M, M € Ay, thus ||ul|(a =1 pa(u) = 1.

In the case of (a), pas(u) < 1 implies [Jul/(pry) < 1. Then A(u) > 0 by Lemma 1.2.

In the case of (b) or (c), since pas(u) =1, A(u) > 0 by Lemma 1.5.

“Necessity”: If ppr(u) < 1, (a) is true; if not, i.e. ppr(u) = 1, it is followed by the necessity
of Lemma 1.5 that either (b) or (c) is ture.

Theorem 1.2 Ly has the A property if and only if

(1) B8 < 400, or

(2) B8 =400 and M has no infinite SAT.

Proof By Theorem 1.1(1), we see the sufficiency. On the other hand, suppose that both
(1) and (2) are not true, § = +o0 and (a, +00) is a SAI for some a > 0. We consider in the two
cases as follows.

In the case of M(a)uG < 1, Ext B(L(y) = 0 by Theorem 1.1(2). Thus L) does not

have the A property.
a+l, tek,
0, teG\E.

Then pa(u) = 1. From a > «, we have {Z I{t:\u(t)\e(ai,bi)} + f{t:\u(t)\>a} ] M (u(t))dt = M(a +

DpE > M(a)pE =32 f{t:\u(t)\e(ai,bi)} M (b;)dt + f{t:|u(t)|>a} M (a)dt.

Therefore A(u) . 0 by Theorem 1.1(3). So we reach a contradiction that Ly has the A
property.

If Orlicz function M satisfies, as in [6], that « = 0, 8 = +oo, iﬂ)@ = 0, and

lim 2% — 40 which implies that M has no infinite SAI. By Theorem 1.2, we get the

u—+oo ¥
following corollary which has been proved in [6].

In the case of M (a)uG>1, set EC G with M (a+1)pE=1, and u(t) = {

Corollary 1.1 L) always has the A property.

Theorem 1.3 Ly has the uniform A property if and only if

(1) M(B)pG <1, 0r (2) M(B)nG > 1 and M is strictly convex on (a, ).

Proof “Necessity”: Suppose that M (S)uG > 1 and that M is not strictly convex on
(a, B). Then there exists some SAI (a,b) C (o, ). For any ¢ € (0,1), set ¢ = €a + (1 — &)b,
then take s € SCy and E C G with uFE > 0 such that M(c)uE + M (s)u(G \ E) = 1. In fact,
by Theorem 1.2, 8 < 400, or § = +00 and M has no infinite SAI. We pick s and E in the
following cases:

(a) If M(c)pG < 1.

(a-1) If 6 = +oo and M has no infinite SAI, we take s € SC)s such that M (s)uG > 1.

(a-2) If B < 400 and M(B) = 400, (a, ) is not a SAI for any a < 8, from M‘l(l%c) < 3,
we take s € SC)ps such that M(s)uG > 1.

(a-3) If B < +o00 and M(B) < 400, 8 € SCypy, from M(B)uG > 1, set s = . Then
M(s)pG > 1.

Thus M(s) > - > M(c). Further, take B C G with pE = 205 Thus 0 < pE < pG
and M(c)uE + M(s)u(G\ E) = 1.



72 FEAIE R 2 2240 (IR IR) 2012 4

(b) If M(c)uG > 1, set s = a. Then s € SCyy and M(s) =0 < ;%G < M(c). Take E C G
such that pE = ﬁ Hence 0 < pE < pG and M(c)uE + M (s)u(G\ E) = 1.

Set u = cxg + sxg\g- If u = A+ (1 = Mw with X € (0,1),v € ExtB(L()) and
w € B(Lwy), 1 = M(c)uE + M(s)u(G\ E) = py(u) < Apamr(v) + (1 = X)pamr(w) < 1 which
implies pas(w) = 1. Therefore, M (u(t)) = AM (v(t)) + (1 — A)M (w(t)) a.e. on G which follows
that u(t) = v(t) = w(t) = s for almost ¢ € G\ E, whereas u(t),v(t),w(t) are all in (a,b) for
almost ¢ € E. By Lemma 1.1(1), v(¢t) = a or b a.e. on E. And we have u{t € E : v(t) = a} > 0.
Indeed, if v(t) = ba.e. on E, ppr(v) = MO)pE+M(s)(G\E) > M(c)uE+ M (s)u(G\E) =1
which is a contradiction with that v € B(L(p)). Fort € {t € E:v(t) =a} C E, ea+ (1 —¢)b
=c=u(t) =X+ (1 —Nv(t) < Aa+ (1 — \)b which implies A < e. Thus A(u) < €, moreover
A(L(ary) = 0 by the arbitrariness of €, a contradiction.

“Sufficiency”: When M (8)uG < 1, L(p) has the uniform A property by Lemma 1.11;
when M(B)uG > 1 and M is strictly convex on («,3), we will discuss in the following five

cases. Firstly, by Remark 1.3, without loss of generality, we assume p{t : u(t) < a} = 0. On the
other hand, A(u) > max{% (1 — |lul/(ar)), /\(W)HUH(M)} 1)\(HUII 0 ) for uw € B(Lpy) \ {0}
by Lemma 1.2.

(a) If B = 400, for u € S(L(ar)) \ ExtB(L(ary), from the strict convexity of M on (o, +00),
we get pp(u) < 1. Using the same argument as in the proof of classical Orlicz spacesl9, we can
get A(u) = 1. Thus A(La) = 3> 0.

(b) If B < +o0, M(B) = +o0, a > 0, for u € S(Lnp)) \ ExtB(Lar), since the strict
convexity of M on (a, 8), par(u) < 1. By the proof of Lemma 1.7, we can get A(u) > 55A(v)
and pps(v) = 1. Since v(t) > u(t) > a and the strict convexity of M on («, 3), v € ExtB(L(ar))-
Then A(v) =1 and A(u) > 35. Thus ML) = 5+ 25 =35 > 0.

(c) If B < +o0, M(B) = 400, a = 0, for u € S(L(ar)) \ ExtB(L(ar), since the strict
convexity of M on (a,3), pa(u) < 1. By the same argument as in the proof of Lemma 1.8,
we also obtain A(u) > $A(v) and pr(v) = 1. From the strict convexity of M on («, 3), we see
v € ExtB(L(sr)). Thus A(v) = 1 and A(u) > 3. Therefore A(L(yp) = 53 = 5 > 0.

(d) If B < +o0, M(B) < +o0, a > 0, for u € S(Lnp)) \ ExtB(Lar), since the strict
convexity of M on (a, ), pm(u) < 1. By the proof of Lemma 1.9, we have A(u) > 55A(v)
and pp(v) = 1. From v(t) > u(t) > « and the strict convexity of M on (a, ), we see v €
ExtB(L(nr))- Then A(v) = 1 and A(u) > 55. So ML) 2 1 25 =35 > 0.

(e) If B < +o0, M(B) < 400, a = 0, for u € S(L(ar)) \ ExtB(L(ar), since the strict
convexity of M on («,3), pam(u) < 1. If p{t : u(t) = 0} = 0, for h € [0, ], we define two

decreasing functions as

f(h) = [M(8) = M (u(t)]dt + par (u), f(h) = [M(3) = M (u(t))]dt + par(u).

J{t:u(t)}h} J{t:u(t)>h}

Then f is left-continuous on (0, 8], whereas f is right-continuous on [0, 8); and f(0) = f(0) =
MBI ~ Jysoy M()AL+ prr) > 1, 1(8) = F(8) = pas(u) < 1, and [(h) > f(h).
Set H = sup{h : f(h) > 1}, H = sup{h : f(h) > 1}. Then from the left-continuity of f
and the right-continuity of f, we have 0 < H < H < 8 and f(ﬁ) <1< f(H).
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If H=H, from f(H) <1< f(H), take E C {t: u(t) = H} such that py(v) = 1, where

o(t) = u(t), 0<wu(t)< H, ortek,
1 B, H<u(t)<B, orte{t:ult)=H}\E.

From the strict convexity of M on (a,3), we see v € ExtB(L()). Thus A(v) = 1. Denote

w(t) = 2u(t) — v(t). Then u = v + Jw, and when v(t) = 8, =8 < w(t) = 2u(t) — # < 3. Thus

pa(w) < par(v) = 1, which by Lemma 1.2, implies A(u) > $A(v) = 3.

If H> H, for any h € (H,H), f(h) <1< f(h). Replacing the H by h and repeating the

same arguments as in the proof of the case H = H above, we get A(u) > 3

If u{t : u(t) = 0} > 0, using the same method as in the case (II) of the proof of Lemma

1.10, we see A(u) > 1. Therefore A(L(yp) = -5 = 3 > 0.

If M is defined as in [6], so & = 0 and 8 = +00, we reach the result obtained in [6].
Corollary 1.2 Ly has the uniform A property iff M is strictly convex.
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