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Numerical solution of a non-arbitrage liquidity model based on

uncertain volatility
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(College of Sciences, China University of Mining and Technology, Xuzhou 221116, China)

Abstract: The option pricing model in illiquidity markets was expanded to general

situations by introducing two kinds of uncertain volatility models. As it is difficulty to get

analytical solutions for the model in complicated cases, a numerical solution was discussed

by establishing corresponding differential equations; and the stability and consistency

of the sdution were proved. Finally, the influence of some parameters to the solution

was provided in numerical examples. The results show that the algorithm reduced the

restriction on step-length requirements, and satisfactory approximation can be found with

less computation.
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5½|���ÅÄ. ,��¡, 3 Black-Scholes�.¥, ÅÄÇ σ ´���~��ëê,

Ï�d�éÙCz�©¯a, ��.%b�Ù����½�~ê. ¯¢þ, ØÓv½d�

ÚØÓÏ��Ï�½d�.��I�]��Û¹ÅÄÇ σ%´��'u K, T ���¼ê,

= σ = σ(K, T ), �Ò´~`�ÅÄÇ��. CAc, 37Kºx+n¥, ½|6Ä5¯KÉ

��þÆö�'5, ¦�©OlØÓ�Ýéù�¯K�
&?, ¿é�6Ä½|¥Ï�½d

¯K�ï�!¦)�{�Ñ
?Ø[2-4].

�©3 BaksteinÚ Howison[5-6]ïá��@|6Ä�.Ä:þ, :'5T�.�ê�

O�L§, ò��§~êÅÄÇ��¹í2¤Ø(½ÅÄÇ��/, ¿ïá
�A�Ûª�

©�{. ê�(JL², �©�{´k�!½�.

1 �6Ä½|eÏ�½d�.

Black-Scholes �.ïá3ü�Ä�b��þ: Ù�´½|Ã�Þ�, I��¦3�´L

§¥vk�´¤^½[Â, 3Ï�k�ÏSvkù||G, ¤ky Ñ´pÝ�©�; Ù�

´¤?�7K½|���½|, =��pÝ6Ä�½|, �´ö�±�¿?Ñ½|, �ÃØ

u)��´�õ�ÑØ¬K�½|�´d�. �ù��b�´Ø�3�, 3¢S½|þ, �

´¤![Âo¬�X7K]���´�), �þ�´ö�?Ñ±9���´�u)é½

|o¬�)½õ½��K�. ¤±, Black-Scholes�.�´Ï�½d�.�AÏ�¹.

Bakstein Ú Howison[5-6]é±þü�b��
ÿÐ, ò Black-Scholes�.í2����

��¹. �“Ø�3Ãºx@|Å¬”�b�E´÷v�, T�@|6Ä�.�{ü£ãXe.











∂V

∂t
+

1

2
σ2S2 ∂2V

∂S2
+ λσ2S3

(∂2V

∂S2

)2

+
1

2
λ2µ2σ2S4

(∂2V

∂S2

)3

+ rS
∂V

∂S
− rV = 0,

V (S, T ) = max(S − K, 0),

(1)

Ù¥ λ ��¦d��5, ^5Ýþ½|�Ý; µ�²þ�´d��e��d�CzÿÝ.

� λ = 0 � µ = 0 �, �§(1)B�±òz¤��� Black-Scholes�.. Casabán[7]��Ñ
T

�.�ê�), �ÙO��.�w�ª, é½^��¦'���, �mÚ�þ?�� 1e-5,

��O�þ�~�, ¿�3�d���, ¤¦��Ï�d�ÅÄ��,  l¢Sd���.

d��ÅÄÇ σ �~ê, �d¢S�ÅÄØ�U�¤ØC. �Ä�����¹, ·�

Ú\Ø(½ÅÄÇ, 1998 c, Barles Ú Soner[8]�Ñ
�«'�E,�ÅÄÇ?��.. ¦�

|^�ê�^¼ê5�xÝ]ö�1�, ÅÄÇ�?�¤±e��5�§:

σ̂2 = σ2
0 [1 + Ψ(er(T−t)a2S2VSS)]. (2)

Ù¥ Ψ ÷v±e��5Ð�¯K,

Ψ′(Λ) =
Ψ(Λ) + 1

2
√

ΛΨ(Λ) − Λ
, Λ 6= 0, Ψ(0) = 0. (3)

Ù¥ a ´ºx��ÏfÚ�´þ�¼ê. � a = 0 �, σ = σ0, þªòz¤©z [7]¥��..

Company �[9-12] |^�lÑEâ�Ñ
�§(3)�), Ù(ØX±e½n¤ã.

½½½nnn 1.1 ��5�§ Ψ �3��), ÷v±eOK
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(1)

Λ =
(arcsin(

√
Ψ)√

Ψ + 1
+
√

Ψ
)2

, Ψ > 0, (4)

Λ = −
(arcsin(

√
−Ψ)√

Ψ + 1
+ −

√
−Ψ
)2

, −1 < Ψ < 0; (5)

(2) Ψ ´(−1, +∞)þ�O¼ê.

,	, Kratka JÑ
ºxg·A½d�{. �² JandačkaÚ Ševčovič[13]?�ÚU?, Ù

ÅÄÇäk±e/ª.

σ̂2 = σ2
0(1 + 3

(P 2M

2π
SVSS)

1

3

)

, (6)

Ù¥ M(>0)��´¤ÿÝ, P (>0) �ºx��½ºxÅ7ÿÝ.

�©3�Ä�6Ä½|eÏ�½d�.�Ó�(Ü�Ä±þü«ÅÄÇ�?��.,

ò��.í2������/, ¿�Ñ�A�ê��..

2 �§�C�

�©Ì�ïÄ�§(1)3ÅÄÇäkª(2)Úª(6)ü«?��.e�ê�){.

�.(1)�¦)«����G5y«� (S, t) ∈ (0, +∞) × [0, T ]. w,, � S → 0 �, îª

wÞÏ��½Ø¬�1, @od�Ï�d�ªCu", =Ï��e>.�L«¤

V (0, t) = lim
S→0

V (S, t) = 0. (7)

,��¡, �I��¦d�v
��, A��±�½Ï��Ï���1. ¤±, � S →
+∞�, Ï��þ>.�L«�

V (+∞, t) = lim
S→+∞

V (S, t) = lim
S→+∞

S − Ke−r(T−t). (8)

�3¢S�´¥, I��¦d�oØ¬Ñy�"½Ã¡���¹. ¤±, é�¦d�½

Â��v
����Ùe. Smin(Smin > 0), ��v
����Ùþ. Smax(Smax < +∞),

= S ∈ [Smin, Smax]. �
¦)�.(1), ÄkÚ\CþC�. -

x = ln
( S

K

)

, τ =
1

2
σ2

0(T − t), U(x, τ) = e−x V (S, t)

K

K

Vt = Uτ τtS = −1

2
σ2

0SUτ , VS = UxxSS + U = Ux + U,

VSS = UxxxS + UxxS =
1

S
(Uxx + Ux). (9)

òª(9)�\ª(1), z{���Xe/ª:

Uτ = β(Uxx + Ux) + αUx, (10)

Ù¥ α = 2r
σ2

0

; β = σ̂2

σ2

0

{1 + [2 + λµ2(Uxx + Ux)](Uxx + Ux)}. �AgCþ½Â�=z�

(x, τ) ∈
[

ln
(Smin

K

)

, ln
(Smax

K

)]

×
[

0,
σ2

0T

2

]

= [xmin, xmax] ×
[

0,
σ2

0T

2

]

.
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é±þü«ÅÄÇ?��.�Ó��Cz.

Barles Ú Soner �. (Barles & Soner model)

σ̂2 = σ2
0

[

1 + Ψ
(

e
2rτ

σ2
0 a2(Uxx + Ux)

)]

. (11)

Kratka, Jandačka Ú Ševčovič�. (K-J-S model)

σ̂2 = σ2
0

(

1 + 3
(P 2M

2π
(Uxx + Ux)

1

3

))

(12)

3 �©�ª�E

�é±þ�§?1?n, �E±e�©�ª. Äk, égCþ x Ú τ ��åy©:

xi = xmin + ih, i = 0, 1, 2, · · · , N, τi = jk, j = 0, 1, 2, · · · , L, (13)

Ù¥, N, L ©O´ x Ú τ «my©�Ý, �mÚ� h = xmax−xmin

N
, �mÚ� k =

σ2

0
T

2L
.

ÏL�Eo��©�ªé U ����êÚ���ê�Cq?n, △j
i ,∇

j
i ©OL«��

�ê!���ê�Cq��f, ÙO��ª�

∂U

∂t
≈ U

j+1
i − U

j
i

k
;

∂U

∂x
≈

U
j
i+2 + U

j
i+1 − U

j
i−1 − U

j
i−2

6h
= △j

i ;

∂2U

∂x2
≈

U
j
i+2 − 2U

j
i + U

j
i−2

4h2
= ∇j

i ; (14)

±þ�ª¥, >.ò*Ð� x−2, x−1 ±9 xN+2, xN+1. �
¦O�!:U
���¹3

O�«�S, Ú\n�.�KF(Lagrange)��õ�ªé>.«�?1òÿ, ¤±k

U
j
−1 = 3U

j
0 − 3U

j
1 + U

j
2 ; U

j
−2 = 6U

j
0 − 8U

j
1 + 3U

j
2 ; 0 6 j 6 L

U
j
N+1 = U

j
N−2 − 3U

j
N−1 + 3U

j
N ; U

j
N+2 = 3U

j
N−2 − 8U

j
N−1 + 6U

j
N .

(15)

Uìþã�©�ªò�§(10)lÑ¿�Ñp���, �±���©�§:

U
j+1
i =kβ

j
i

[ 1

4h2
(U j

i+2 − 2U
j
i + U

j
i−2) +

1

6h
(U j

i+2 + U
j
i+1 − U

j
i−1 − U

j
i−2)

]

+
αk

6h
(U j

i+2 + U
j
i+1 − U

j
i−1 − U

j
i−2) + U

j
i . (16)

Ù¥ β
j
i =

σ̂2

ij

σ2

0

{1 + λ[2 + λµ2(△j
i + ∇j

i )](△
j
i + ∇j

i )}.
Ó�, lÑ?n��ÅÄÇ?��.� BarlesÚ Soner �.

σ̂2
ij = σ2

0 [1 + Ψ(eατj a2(△j
i + ∇j

i ))]. (17)

Kratka, Jandačka Ú Ševčovič�.

σ̂2 = σ2
0

(

1 + 3
(P 2M

2π
(△j

i + ∇j
i )

1

3

))

. (18)

- U
j = [U j

0 , U
j
1 , · · · , U

j
N ]T, K�§(16)U�¤Ý
/ªXe:

U
j+1 =

[ k

2h
A

( 1

2h
B +

1

3
C

)

+
αk

6h
C + I

]

U
j , (19)
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Ù¥ A = diag(βj
0, β

j
1, · · · , β

j
N );

B =





























4 −8 4

3 −5 1 1

1 0 −2 0 1

. . .
. . .

. . .
. . .

. . .

1 0 −2 0 1

1 1 −5 3

4 −8 4





























; C =





























−9 12 −3

−4 3 1

−1 −1 0 1 1

. . .
. . .

. . .
. . .

. . .

−1 −1 0 1 1

−1 0 −3 4

3 −12 9





























�§÷v�Ð�^��

U
0
i =

e−xi

K
max(S − K, 0) = max(1 − e−xi, 0). (20)

4 ½5��N5

3þ!¥, �E
¦)¹kØ(½ÅÄÇ��@|6Ä�.�O��ª, �!òé�{

�½5��N5¯K?1?Ø.

4.1 ½5

ÚÚÚnnn 4.1 éþ!�{Ý
 A¥¤Ñy�Cþ β k(Ø: 0 6 β
j
i 6 βmax; i = 0, 1,

2, · · · , M ; j = 0, 1, 2, · · · , N

y ² - f(x) �îªwÞÏ��|G¼ê, KÙ��~à¼ê. Ïd

f(xi) = f
(1

2
xi−2 +

1

2
xi+2

)

6
1

2
f(xi−2) +

1

2
f(xi+2) (21)

�

∇j
i =

f(xi+2)−2f(xi)+f(xi−2)

4h2
> 0; △j

i =
f(xi+2)+f(xi+1)−f(xi−1)−f(xi−2)

6h
≧ 0. (22)

¤± β
j
i =

σ̂2

ij

σ2

0

{1 + λ[2 + λµ2(△j
i + ∇j

i )](△
j
i + ∇j

i )} > 0.

,��¡, du f(x) � [xmin, xmax]þ��~¼ê, �3 ς ∈ [xmin, xmax], ¦�

� x ∈ [xmin, ς) �, f(x) ≡ 0, K △j
i + ∇j

i = 0, ¤±kβ
j
i =

σ̂2

ij

σ2

0

(~ê).

� x ∈ [ς, xmax] �, f(x) > 0 �ëY!��, Kd.�KF¥�½n��, �3 ξi+2 ∈
[xi−2, xi+2], ¦� f(xi+2) − f(xi−2) = 4hf ′(ξi+2) ¤á. Ón��,

f(xi+1) − f(xi−1) = 2hf ′(ξi+1), ξi+1 ∈ [xi−1, xi+1],

f(xi+2) − f(xi) = 2hf ′(ξi), ξi ∈ [xi, xi+2],

f(xi) − f(xi−2) = 2hf ′(ξi−2), ξi−2 ∈ [xi−2, xi],

� f(xi+2) − 2f(xi) + f(xi−2) = 2h[f ′(ξi) − f ′(ξi−2)] = 2hf ′′(ξ′i)(ξi − ξi−2) 6 4h2f ′′(ξ′i).

ò±þ(Ø�\△j
i , ∇j

i , ��

△j
i + ∇j

i 6
2f ′(ξi+2) + f ′(ξi+1)

3
+ f ′′(ξ′i). (23)
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- θ = max{f ′(ξi+2), f ′(ξi+1), f ′′(ξ′i)}, i = 0, 1, 2, · · · , N , K±þØ�ª�?�ÚÿÐ�

△j
i + ∇j

i 6 2θ. (24)

¤±

β
j
i =

σ̂2
ij

σ2
0

{1 + λ[2 + λµ2(△j
i + ∇j

i )](△
j
i + ∇j

i )} 6
σ̂2

ij

σ2
0

[1 + 4θλ(1 + θλµ2)] = βmax. (25)

y..

��ûÐ��{�¦S�L§¥Ø��K�Ø�u�5��, ùÒ�¦©Ûù«Ø�

�DÂ�¹, �Ò´¤¢�½5¯K. ±eòé�©�{�½5�{ü�?Ø.

½½½nnn 4.1 ��mÚ�÷v

h 6 ρβn
mω2

(

1 −
√

1 −
(ρ

3
(βn

m + α)(ω + 2ω
√

1 − ω2)
)2
)

−1

,

Ù¥ ω = sin(ξ), ��' ρ = k
h
, K�©�{Ð�½.

y ² - Un
m = vneıζmh, Ù¥ ı =

√
−1, �\�§(16), z{��§üýÓ���

eıζmh �

vn+1 =
[kβn

m

4h2
(e−2ıζmh−2+e2ıζmh)+

k

6h
(βn

m+α)(e2ıζmh+eıζmh−e−ıζmh−e−2ıζmh)+1
]

vn. (26)

qÏ�

e−2ıζmh + e2ıζmh = 2 cos(2ζh); e2ıζmh − e−2ıζmh = 2ı sin(2ζh); eıζmh − e−ıζmh = 2ı sin(ζh),

�\þª, ��

vn+1 =
[

1 − kβn
m

1

h2
sin2(ζh) +

k

3h
ı(βn

m + α)(sin(2ζh) + sin(ζh))
]

vn. (27)

¤±, �©�.�O�Ïf�

G = 1 − kβn
m

1

h2
sin2(ζh) +

k

3h
ı(βn

m + α)(sin(2ζh) + sin(ζh)), (28)

¿�

|G|2 =
(

1 − k

h2
βn

m sin2(ζh)
)2

+
( k

3h
(βn

m + α)(sin(2ζh) + sin(ζh))
)2

. (29)

Ï� ζh ∈ [0, 2π], ¤±�3 ξ ∈ [0, 2π], ¦�é?¿� ζh ∈ [0, 2π], k |G(ζh)|2 6 |G(ξ)|2 ¤á.

- ω = sin(ξ), ρ = k
h
, K sin(2ξ) = 2ω

√
1 − ω2. ¤±

|G(ξ)|2 =
(

1 − ρ

h
βn

mω2
)2

+
(ρ

3
(βn

m + α)(ω + 2ω
√

1 − ω2)
)2

. (30)

e�{�½�, K|G(ξ)|2 6 1. ¤±k

h 6 ρβn
mω2

(

1 −
√

1 −
(ρ

3
(βn

m + α)(ω + 2ω
√

1 − ω2)
)2
)

−1

. (31)
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y..

4.2 �N5

l �©�§ïá�©�ª�, o´�¦� k → 0, h → 0 �, �©�§U��©�§¿

©/�C0. ùÒ��
�©�§���Ä�A�, �©�ª��N5. �!é�©�.�

�N5¯K?1?Ø. Ï�

F (U j
i ) =

U
j+1
i − U

j
i

k
β

j
i (△

j
i + ∇j

i ) − α△j
i , (32)

L(U) = Uτ − β(Uxx + Ux) − αUx. (33)

¤±�{�Ø��

T
j
i (U) = F (U j

i ) − L(U). (34)

qÏ�

△j
i =

∂U

∂x
+ h2E

j
i (1) (35)

Ù¥ E
j
i (1) = 1

2
∂3U
∂x3 (ζ1, τj), ¿�

|Ej
i (1)| 6

1

2
max

{∣

∣

∣

∂3U

∂x3
(x, τj)

∣

∣

∣
; xmin 6 x 6 xmax

}

=
1

2
|wj(1)|max

∇j
i =

∂2U

∂x2
+ h2E

j
i (2), (36)

Ù¥ E
j
i (2) = 1

3
∂4U
∂x4 (ζ2, τj), ¿�

|Ej
i (2)| 6

1

3
max

{∣

∣

∣

∂4U

∂x4
(x, τj)

∣

∣

∣
; xmin 6 x 6 xmax

}

=
1

3
|wj(2)|max

U
j+1
i − U

j
i

k
=

∂U

∂τ
+ kE

j
i (3), (37)

Ù¥ E
j
i (3) = 1

2
∂2U
∂τ2 (ζi, τ), ¿�

|Ej
i (3)| 6

1

2
max

{
∣

∣

∣

∂2U

∂τ2
(xi, τ)

∣

∣

∣
; τ j 6 τ 6 τ j+1

}

=
1

2
|wj(3)|max

¤±

T
j
i (U) = kE

j
i (3) − αh2E

j
i (1) − β

j
i (△

j
i + ∇j

i ) + β(Uxx + Ux). (38)

?

|T j
i (U)| 6

1

2
k|wj(3)|max +

1

2
αh2|wj(1)|max + h2βmax

(1

2
|wj(1)|max +

1

3
|wj(2)|max

)

=
1

2
k|wj(3)|max +

[1

2
|wj(1)|max(α + βmax) +

1

3
βmax|wj(2)|max

]

h2.

(39)

¤±�©�{´�N�, ÛÜØ�÷v

T
j
i (U) = O(k) + O(h2) (40)

y..
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5 ê�Á�

�!ÏLê��[é±þ¤ïá�ê�){?1�y, ¤�9��ëê©OD�Xe:

xmin = −5; xmax = 5; K = 30; r = 0.06; T − t = 0.25;

λ = 0.000 1; σ0 = 0.16; µ = 0.15; a = 0.03; P = 1; M = 0.5

ã 1 �Ñ
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Fig. 1 Contrast between two uncertain

volatility models
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Fig. 2 Influence of the parameter λ
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Fig. 3 Influence of the volatility
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Fig. 4 Influence of the risk-free rate
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ã 5 ëê a éê�)�K�

Fig. 5 Influence of the parameter a to numerical solution

ã 4 Úã 5 ¥©O´Ãºx|Ç±9ëê aéê�)�K��¹, Ï�d�©O�XÃ

ºx|ÇÚÅÄÇ�O�O�. Ãºx|Ç�O�, Ã/¥Jp
±kwÞÏ�Ü��¤

�, ��¼�ý½�ÂÃ, Ùd�7,þ,;,��¡, ëê a �ºx��ÏfÚ�´þ�¼

ê, Ù��O\��
I�]��5ÂÃØ(½5�\ì, ù«Ø(½5?��wÞÏ�

�±kºxC�. ¤±, Ùd�Ó���
.

6 ( Ø

�©£�
®k©z3�6Ä½|¥k'Ï�½d�.�?Ø. ÏLÚ\ü«Ø(½

ÅÄÇ�., í2
d«^�e�Ï�½d�., �é©z¥éÚ��¦�p, �)�O�

þ���Øv, ïá
�A��©�§¿?Ø
�6Ä½|eØ(½ÅÄÇÏ�½d�.

ê�){. ê�(JL², �{Ú���¦�$, U
3���O�þe���÷¿�ê�

(J. ��©ÂÃÇ�~ê±9Ù¦b���
�.���5nØ. 38��ó�, ���

Ä�õ�SN, ò�6Ä½|e�Ï�½d�.í2������/.

[ë � © z]

[ 1 ] BLACK F, SCHOLES M. The pricing of options and corporate liabilities[J]. Political Economy, 1973, 81: 637-659.
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It follows from (H3) and (H5) for gn that, for all n > Nε and p > 1, dP × dt − a.e.,

sgn(y)ĝn,p(s, y, z) = sgn(y)(gn+p(ω, t, y + yn
t , z + zn

t ) − gn(ω, t, y + yn
t , z + zn

t ))

+ sgn(y)(gn(ω, t, y + yn
t , z + zn

t ) − gn(ω, t, yn
t , z + zn

t ))

+ sgn(y)(gn(ω, t, yn
t , z + zn

t ) − gn(ω, t, yn
t , zn

t ))

6 µ|y| + λ1y 6=0|z|α + ε

holds true for each (y, z) ∈ R×R
d. Next, we can follow exactly as the proof procedure in pages

2028 – 2030 of [4] to obtain that there exist a process y· which belongs to the class (D) and the

space Sβ for all β ∈ (0, 1), and a process z· which belongs to Mβ for all β ∈ (0, 1) such that

lim
n→∞

E

[

sup
t∈[0,T ]

|yn
t − yt|β

]

= 0, (10)

lim
n→∞

E





(∫T

0

|zn
t − zt|2dt

)β/2


 = 0. (11)

Finally, in view of the (i) in Proposition 3 and assumptions (H2), (H4) and (H5) of the

generator g, we pass to the limit in ucp for BSDEs with parameters (ξ, T, gn), thanks to (10)

and (11), to see that (y·, z·) solves the BSDE with parameters (ξ, T, g), y· is of the class (D),

and (y·, z·) belongs to Sβ × Mβ for all 0 < β < 1. This completes the proof of Theorem 1.
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