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Abstract: The oscillations of a class of third order nonlinear neutral functional differential
equations was discussed, by using the generalized Riccati transformation and the integral
averaging technique; and some new sufficient conditions for oscillations or tends to zero of
all solutions of the equations were obtained. The example to illustrate the main results were
given. The results extend and improve some known results.
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0 Introduction

Recently, the oscillatory behavior of solutions of third order functional differential equa-
tions has attracted many researchers. For recent results we refer the reader in particular to [1-5]
and the references cited therein. We know that neutral differential equations have applications
in many problems such as the vibrating masses attached to an elastic bar and some variational
problems (see [6]). Theoretically, the oscillation analysis of neutral equations are more compli-
cated than that of delay equations (of [7-9]). In this paper, we study the oscillatory behavior

of solutions of the third order neutral differential equation

(r(®)[z(t) +pO)z(r@)]") + at) f (2(o())g(@'(t)) = 0, > to. (E)
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Throughout this paper, we always assume that
(Hi)  r(t), q(t) € C([to, ), (0,00)), [, %dt = 00;
Hs) p(t) € C([to,0)), 0 < p(t) < p< 1
H;) 7(t), o(t) € C([to, ), (0,00)), 7(t) < t, o(t) < ¢, tlim T(t) = tlim o(t) = oo;
Hi) feCRR), L >K >0 u#o;
H5) gEC(Rv [L,OO)),L>O

For the equation (E), corresponding second order neutral differential equation, namely

(
(
(
(

(r(®)[x(t) + pO)a(r())) + q(®) f(x(o(t))g(2' () =0, > to, (E1)

has been considered by Yang and Zhu in [10]. Corresponding second order delay differential

equation, namely
a”(t) +q(t) f(x(o(t)))g(a' () =0, t>to, (E2)

has been also considered by Rogovchenko in [11]. In this paper, our aim is to study the third
order neutral equation (E), which have not been considered yet in the literature, and establish
the oscillation criteria which extend and improve the results in [11,12].

We put y(t) = z(t) + p(t)z(r(¢)). By a solution of the Eq.(E) we mean a function
x(t) € C'[Ty, 00), T, > to, which has the property r(t)y" (t) € C[T}, 00) and satisfies Eq. (E)
on [T, 00). We consider only those solution z(t) of (E) which satisfy sup{|z(¢)| : ¢ > T} > 0 for
all T > T,. We assume that (E) possesses such a solution. A solution of (E) is called oscillatory

if it has arbitrarily large zeros on [T}, 00) and otherwise it is called nonoscillatory.

1 Main results

Before starting our main results, we begin with the following lemmas which will play an
important role in the proof of main results.

Lemma 1M Assume that u(t) > 0, u/(t) > 0, u”(t) < 0, t > to, then for every
a € (0,1), there exists T, > to, such that u(o(t)) > aZ=u(t), t > T,.

Lemma 2 Assume that u(t) > 0, v/(t) > 0, u”(t) > 0, u"'(t) <0, t > T, then there
exist 8 € (0,1), and T > T, such that

u(t) = ptu'(t), t>Tg. (1)

Proof Set y(t) = (t — To)u(t) — 3(t — To)?u/(t), t > Ty. Then y(T,) = 0, and

() = ut) — (¢~ T (1) )

We claim that y/(t) > 0. In fact, since «” is nonincreasing, by Taylor’s theorem, we get

1
u(t) = u(To) + (t — To)u' (To) + 5t To )" (t).
This implies that y'(¢) = u(Ty) + (t — Tw)u'(Ta) > 0. Since y(T,) = 0, we have y(t) > 0 for

u
t > Ty, ie. u(t) = Sl2w/(t), t > Ta. So there exist 8 € (0,1) and T > T, such that (1)

holds. The proof is complete.
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Lemma 3 Assume that z(t) is an eventually positive solution of equation (E). Define

the function
y(t) = z(t) + p(t)z(r(1))- 3)

Then for ¢ > T > to sufficiently large, (4) y(t) > 0, y'(t) > 0, y"(t) > 0, or (B) y(t) >
0, ¥'(t) <0, y"(t) > 0.

Proof Let x(t) is an eventually positive solution of equation (E). Then there exists t; >
to, such that z(t) > 0, xz(7(t)) > 0, z(o(t)) > 0, t > t1. It is easy to see that y(t) > z(t) > 0,
and (r(t)y"(t)) = —q@)f(z[o(t))g(z'(t)) < 0, t > t;. Then r(t)y”(t) is a nonincreasing
function for ¢ > ¢; and of a constant sign. Thus there exists to > t1, such that y”(¢) < 0 or
y"(t) > 0,t >ty

Now, we assume that y”’(t) < 0, then there exists constant M > 0, such that

r(t)y"(t) < =M <0, t>t,. (4)

Integrating (4) over [ta,t], we get

t

y'(t) <y (ta) — ML %ds.

Letting ¢ — oo in the above. From the condition (H;) we get y'(t) — oo, i.e. ¥/(t) is eventually
negative. But y”(t) < 0 and y'(¢) < 0 holds eventually, thus, there exists a T' > t5, such that
y(t) < 0 for ¢ > T. This contradicts with the fact that y(t) > 0. Then y”(¢) > 0. The proof is
complete.

Lemma 4 Let z(t) be a positive solution of equation (E) and the corresponding y(t)
satisfies (B). If

[T G | atspasiaudo = o (5)

to o T(W) Jy
Then tlirgo x(t) = tlirgo y(t) =0.
Proof Suppose that z(t) is a positive solution of equation (E), and that y(¢) satisfy (B),
ie, y(t) >0, y(t) <0,t > T > tg. So there exists constant [ > 0, such that tlirgo y(t) = L.
Now we claim that [ = 0. In fact, if [ > 0, then for every € > 0, there exists ¢t; > T, such that
I<y(t) <l+e, t>=t. We can choose 0 < ¢ < @, we obtain
z(t) = y(t) — p(t)z(r(t)) > 1 —py(7(t)) > I = p(l +e). (6)

I—p(l+e)
I+

Let m = , then m > 0. From (6) we have

x(t) > m(l +¢) > my(t). (7)
Combining (Hy), (Hs), (7) and (E), yields
(r(®)y"(£)) + KLmq(t)y(o(t)) <0, t=>t. (8)

Integrating (8) from ¢ to co, we obtain

o0

—r(t)y (t) + KLmJ q(s)y(o(s))ds < 0.

t
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Noting that y(o(t)) >, t > t2 > t1, we get

KLim (>
(1) + —mJ a(s)ds <0, ¢t 9)
r(t) )i
Integrating (9) from ¢ to co again, we have
o0 1 o0
/
y(t —I—KleJ (—J qsds)dug(). 10
(0 () (10)
Integrating (10) from t5 to oo, we obtain
— ds)dudv < . 11
L2 J'U (T(u) L a(s)ds ) dudv KLml (11)
This contradicts (5). Then [ = 0. Since 0 < z(t) < y(t) implies tlim x(t) = 0. The proof is

complete.

We now present some new oscillation results for equation (E) by using integral averages
condition of Kamenev-type.

Theorem 1 Suppose n > 1 and that (5) holds. If there exists a function p €
C'([to, 00), (0, 00)) such that

imsup | (0= 9" [ps10(0) - L a5 — o, (12)
where )
Q(s) = oKL - )T g(s), (13)

a and ( are defined by Lemmas 1 and 2. Then every solution x(t) of equation (E) is oscillatory
or tliglo x(t) = 0.

Proof Assume that (E) has a nonoscillatory solution z(t). Without loss of generality,
we may assume that z(t) > 0, z(7(t)) > 0 and z(o(t)) > 0 for ¢ > ¢; > max{T,T3}. Since the
proof for the case z(t) < 0 for ¢ > ¢1 > max{T, T3} is similar. Define the function y(¢) as in
(3). From Lemma 3, there are two possible cases.

First consider that y(t) is (A) type. Note that x(t) = y(t) —p(t)x(7(¢)) = y(t) —py(7(t)) =
(1 =p)y(t). From (Hy), (Hs) and (E), we get

(0" () + KL~ pa(ty(o(t) <0, > 11 (1)

Let .
w(t) = p(t)r(;);’ft)(t), = (15)
e o < - KL DA | 40,y ) )

From Lemma 1 and Lemma 2, for ¢t > t;, we have

w r 2 (1)) 2y
W' (t) < —p(H)Q(t) — [% _ % % 0] + (P (£)*r(t)
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Where Q(¢) is as in (13). Thus

Jt (t—s)" {p(s)Q(s) _ M}ds < - Jt (t—s)"w'(s)ds, t=>t;.

t1

Noting that

tl tl
we have . .
1 tl n n 1
— | (t=s)"G(s)ds < w(t)(1— =) —— | t—s) ds,
7| e <wen (1) - |- o tueas
where G(s) = p(s)Q(s) — %. Thus

t
lim sup ti"J' (t—5)"G(s)ds < o0,

t—o00 t1

which contradicts (12). If that y(¢) is (B) type. From Lemma 4 we have tlim x(t) = tlim y(t) =
—00 —00
0. The proof is complete.
Next we present some new oscillatory criteria for equation (E) by using the integral aver-

aging condition of Philos-type. So we introduce a class of functions P. Let
D={(t,s):t=s>t}, Do={(t,s):t>s>1to}.

We say that a function H € C(D,R) belongs to a function class P, denoted by H € P, if it
satisfies

(1) H(t,t) =0, t > to; H(t,s) >0, (t,s) € Do;

(ii) H has a continuous and nonpositive partial derivative on Dy with respect to the second
variable, and such that —% = h(t,s)\/H(t,s), (t,s) € Dy.

Theorem 2 Assume that (5) holds, and there exist functions H € P and p €
C*([to, 00), (0, 00)) such that

lim sup
t—o00 ( ) 0)

J [H(t, 5)p(5)Q(s) — 3p(s)r(s)h3 (2, )] ds = oo, (17)

to

where Q(s) is as in (13), and

hi(t,s) = h(t,s) — H(t,s). (18)

Then every solution x(t) of equation (E) is oscillatory or tli)rglo z(t) = 0.

Proof Assume that (E) has a nonoscillatory solution z(¢). As the proof of Theorem 1,
we may assume that z(t) > 0, z(7(t)) > 0 and z(o(t)) > 0 for ¢ > t; > tz. Define the function
y(t) as in (3). There are two types: (A) type or (B) type.

First consider that y(¢) is (A) type. Define the function w(t) as in (15). Then w(t) > 0
and (16) holds. From Lemma 1 and 2, we obtain

w(t), (19)
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where Q(s) is as in (13). Let A(t) = A0 B(t) = m, we have

t

J H(t, 5)p(s)Q(s)ds < J H(t, s)[—w(s) + A(s)w(s) — B(s)w?(s)|ds

tl tl

¢ {8H(t,s)

= —H(t,s)w(s)|, +J ds

ty

w(s) + H(t, s)[A(s)w(s) — B(s)wQ(s)]}ds
t (20
— H (b )w(ty) — L I, s)ha(t, )w(s) + H(t, s)B(s)w*(s)|ds

t ) —_——
| TS
where hi(t,s) is as in (18). Thus
t 201 s
i ), [0 ~ s < wi)

which contradicts condition (17).

Next, if that y(¢) is (B) type. From Lemma 4 we have tlggo x(t) = tlggo y(t) = 0. The
proof is complete.

Remark 1 Theorem 3 in [11] and Theorem 1 in [12] are extended to third order neutral
equation (E) by above Theorem 2.

In Theorem 2, when (17) is difficult to verify, we have the following Theorem.

Theorem 3 Let all the assumption, except (17), of Theorem 2 hold. Further, let

. .. . H(s)
<
0 < inf [Hmint gy <o @
and .
. 1 2
hirlsogp T JT p(s)r(s)hi(t, s)ds < cc. (22)
Let ¢ € C([to, ), R) such that
00 2
3 (s)
ds = o0, t) = max{p(t),0}, 23
| = o+ (1) = max{p(1),0) (23
and .
, 1 1 )
- _z > .
timsup 77 | [ 9)0()Q(s) = o(a)r (e, )] ds > () (24)
Then every solution z(t) of equation (E) is oscillatory or lim x(t) = 0.

t—o0

Proof It is the same with Theorem 2. When that y(¢) is (A) type, we have (2.15) holds.
Thus for every T' > t1, we have

limsup 777 || [ 906100) = Jots)rieimice.s)]as

< w(T) ~ liminf ﬁ JT [VAGBEu() + 2hj%}2ds.
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Using (24), we obtain

1 Mt s) 12
w(T) > o(T) + limn inf T JT [ H(t,s)B(s)w(s) + 273(5)} ds,

thus

. . 1 t hl(t, S) 2
hggggf AT JT [ H(t,s)B(s)w(s) + 273(3)] ds < oo. (25)

Define
u(t) = ﬁj H(t,s)B(s)w?(s)ds, w(t) = %J VH(t,8)hi(t, s)w(s)ds.

T T
From (25), we get hggigf[u(t) +v(t)] < .

When y(t) is (A) type, the rest of the proof is similar to that of Theorem the respective
one in [9,10]. When y(t) is (B) type. From Lemma 4 we have tlirgo x(t) = tlggo y(t) = 0. The
proof is complete.

Example 1 Consider the third order nonlinear neutral differential equation

(¢+1)7 |2 + %x(f = %)}”)/ + (A@

(Eo)
@2+ sint))x(t — 1)1+ 22(t—1))(1 + (2/(£))?) = 0, for t > 1.

Where 7 and X are positive constants. Here r(t) = (t +1)™", p(t) = 5, 7(t) =t — 3, f(u) =
u(l+u?), q(t) = t*(AZ=S=L 4 (24-sint)), with K =1, 0(t) =t — 1, g(v) = 1+ 02, with L = 1.

‘We have

<1

——ds = o0, 26

L r(s) (26)
also,
¢ ¢ ¢
2 - 2—
J q(s)ds = J' s (/\ﬂ +(2+ sins))ds > J' s ()\ﬁ + sin s)ds
s s

¢
= J d[s*(2 — cos s)] = t*(2 — cost) — t3(2 — costy) > t* — kg — 00,as t — o0.

(27)
From (26) and (27) we see that (Hy) — (Hs) and (5) hold. To apply Theorem 2, it remains to
satisfy the condition (17). Taking H(t,s) = (t — s)?, p(t) = 1, then hy(t,s) = h(t,s) = 2, and

1 t
lim su J s)r(s)h2(t, s)ds < oco.
mswp e | p(s)r(s)ni )

From (13) we have Q(t) = aBKL(1—p)Z t(t)q(t) = # (t_tl)2 q(t), then there is a T' > 1 sufficient
large such that Q(t) > q(t) for t > T. For t > s > T, we have
1 t ) 1 t ) 1 t s
e JT(t —5)°Q(s)ds > e JT(t —5)7q(s)ds = e JT {2(t - s)(LD q(u)du)] ds
2 [ A 2 A, K K
>—=| (t— —ko)ds = ——————1"+ — + — — Ko,
£2 JT( 8)(s” —ko)ds Or0+) Tt 0
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where K; (i = 0,1,2) are constants. Consequently, condition (17) is satisfied. It is easy to see
that the condition (5) is satisfied. Hence, every solution of equation (Ep) oscillates or converges

to zero.
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