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Abstract: The star chromatic index of graph G is denoted by χ′

s
(G). In this paper,

we studied the relationship between χ′

s
(G), |V (G)| = ν, and |E(G)| = ε, and proved

that ⌈ 8ε

3ν
⌉ 6 χ′

s
(G) for ∆(G) > 2. The star chromatic index of 2-dimensional grid was

obtained. We also got the attainable bounds for the star chromatic index of hypercubes

and d-dimensional grids.
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?��, � G ´��ÝØ�u 12 ��ã�, χs(G) 6 ⌈16∆(G)
3
2 ⌉, lÜ©/U?
©z

[2] �(J. Cc5, ©z [4] (½
´!�!÷!Ó�AÏãa�(>Úê. ©z [5] ïÄ


'u´�éã�(>/Ú. ©z [6] ïÄ
 2-ëÏ	²¡ã�(>/Ú, y²
��Ý� 3

� 2-ëÏ	²¡�(>Úê�u�u 6. ©z [7] ïÄ
ä�(>/Ú, (½
�� n-�ä�

(>Úê. �©Ì�ïÄã G �(>Úê χ′

s(G) �Ùº:ê ν Ú>ê ε �m�'X, ±9

d-����(>/Ú.

e¡J��ãÑ´�Ã�{üã, ¦^ V (G) Ú E(G) ©OL«ã G �º:8ÜÚ>8

Ü. G�H L«ã G �ã H �(k�È. � M ⊆ E(G), ^ G[M ] L«d M )¤� G �>�

Ñfã. � X ⊆ V (G), Y ⊆ V (G)\X , ^ [X, Y ]G L« G ¥¤k��à:3 X ¥,��à:

3 Y ¥�>�8Ü. � e, f ∈ E(G), e � f �m�ål´� G ��ã¥éAüº:�m�å

l, P� dG(e, f). �éã G ®²?1
>/Ú φ, é e ∈ E(G), ^ φ(e) L« e þ¤/ôÚ,

¡ G ¥k�� k � (i, j)-´´� G ¥�3�� k �´dôÚ i, j �O 2->/Ú. � x ´¢ê,

^ ⌈x⌉L«Ø�u x ����ê. �©vk½Â�PÒÚâ�þ5g©z [8, 9].

1 Ì�(J9y²

éu��ã G, |^>ê�º:ê�x
Ù(>Úê�����e..

½½½nnn 1 � G ´ã, � ∆(G) > 2, |V (G)| = ν, |E(G)| = ε, K ⌈ 8ε
3ν
⌉ 6 χ′

s(G).

yyy ²²² � χ′

s(G) = k, K�^ôÚ 1, 2, · · · , k (>/Ú G, ^ Mi L« G ¥/ôÚ i ��

�, i = 1, 2, · · · , k. é?¿ü��� Mi Ú Mj, i 6= j, d(>/Ú�½Â�, G[Mi∪Mj ] ´�Ø

�L 3 �Ø���´�¿. � G[Mi∪Mj ] ¥k x1 ^�á>, k x2 ^�� 2 �´, k x3 ^��

3 �´, P |V (G[Mi∪Mj ])| = νij , K |Mi|+ |Mj | = x1 +2x2 +3x3 6 3
4 (2x1 +3x2 +4x3) = 3

4νij .

Ïd (k− 1)ε =
∑

16i<j6k(|Mi|+ |Mj|) 6
∑

16i<j6k
3
4νij 6 3

4ν · k(k−1)
2 . 5¿�, ∆(G) > 2, ¤

± k > 2, �� k > 8ε
3ν

. Ï� k ´�ê, ¤± k > ⌈ 8ε
3ν
⌉, y..

e¡?Ø d-����(>/Ú. ·��� d-���Ó�u d ^´�(k�È. � ni > 2,

1 6 i 6 d, d Pn1
, Pn2

, · · · , Pnd
ù d ^´�(k�È)¤� d-���P� G(n1, n2, · · · , nd).

©z [6] y²
 χ′

s(G(2, 2)) = 3, χ′

s(G(2, n)) = 4(n > 3). �©��
±e(J.

½½½nnn 2 χ′

s(G(m, n)) =

{

5, m = 3, n = 3;

6, m > 3, n > 4.

yyy ²²² Äk, ^¡Þ{ØJ�y χ′

s(G(3, 3)) = 5, χ′

s(G(3, 4)) = 6. e¡?Ø�����

/. éum > 3, n > 4, kG(m, n) = Pm�Pn. ±Pm�î¶, lPm�à:�mà:����î

¶���; ±Pn�p¶, lPn�à:�mà:����p¶���; ±Pm��à:ÚPn��

à:�¤� G(m, n)¥º:��:, ïá���IX. G(m, n)¥��:é�mål�ü  1,

K G(m, n)�º:Ñ�±^�K�ê:é(i, j)L«. y3|^�I�ÑG(m, n)��� 6->

/ÚσXeµ

(1) �j ≡ 0(mod 2)�, -σ((i, j)(i + 1, j)) ≡ i(mod4), σ((i, j)(i, j + 1)) ≡ (i + 1)(mod 4);

(2) �j ≡ 1(mod 2)�,

(2.1) -σ((i, j)(i + 1, j)) ≡ (i + 3)(mod 4)¶

(2.2) -σ((i, j)(i, j + 1)) ≡

{

i(mod 2) + 4, j+1
2 ≡ 1(mod 2);

−i(mod 2) + 5, j+1
2 ≡ 0(mod 2).

w,, σ ´ G(m, n) ����~>/Ú. �â©z[6]¥é G(2, n) �(>/Ú?Ø��,

é ∀a, b ∈ {0, 1, 2, 3}, G(m, n) ¥Ø�3��4� (a, b) -´. qÏ�, é ∀e, f ∈ E(G(m, n)),
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�σ(e) = σ(f) ∈ {4, 5}, e Ú f 3 G(m, n) ��ã¥éA�üº:�mål���3, �

âÚóÜ©éã�ü>�mål�½Â, �� dG(m,n)(e, f) > 3, ¤±é ∀a ∈ {0, 1, 2, 3},

G(m, n) ¥Ø�3�� 4 � (a, 4)-´, Ø�3��4� (a, 5)-´, �Ø�3�� 4 � (4, 5)-´.

Ïd σ ´ G(m, n) ��� 6-(>/Ú, ¤± χ′

s(G(m, n)) 6 6.

� m > 3, n > 4 �, G(3, 4) ´ G(m, n) �fã, ¤± χ′

s(G(m, n)) > 6, dþã/Ú(Ø

��χ′

s(G(m, n)) = 6, y..

� n1 = n2 = · · · = nd = 2 �, d-���Ó�u d-��á�N Qd.

½½½nnn 3 � d > 3, K ⌈ 4
3d⌉ 6 χ′

s(Qd) 6 2d − 2.

yyy ²²² ky²e.. Ï� |V (Qd)| = 2d, |E(Qd)| = d · 2d−1, d½n 1 �e.¤á.

y3y²þ.. � x0 ∈ V (Qd), ½Â X = {x|dQd
(x0, x) ≡ 0(mod 2), x ∈ V (Qd)}, Y =

{y|dQd
(x0, y) ≡ 1(mod 2), y ∈ V (Qd)}, K Qd ´± (X, Y ) �y©��Üã, P Qd = (X, Y ).

� Q′

d ´ Qd �����, éA��y©� (X ′, Y ′), P Q′

d = (X ′, Y ′). q Qd+1 = Qd�P2,

�â(k�È�½Â, �3 Qd � Q′

d �më>)¤ Qd+1, ë>�5K´ X ¥º:� X ′ ¥

éAº:�ë, Y ¥º:� Y ′ ¥éAº:�ë, w, (X ∪ Y ′, Y ∪ X ′)´ Qd+1 ����y

©, (E(Qd), E(Q′

d), [X, X ′]Qd+1
, [Y, Y ′]Qd+1

) ´ E(Qd+1) ���y©. � χ′

s(Qd) = k, ^ k «

ôÚ 1, 2, · · · , k ©Oò Qd Ú Q′

d (>/Ú, 2¦^#ôÚ a / [X, X ′]Qd+1
¥>, ¦^#ôÚ

b / [Y, Y ′]Qd+1
¥>, K�� Qd+1 ��� k + 2-�~>/Ú φ. Ï�é ∀e, f ∈ E(Qd+1), �

φ(e) = φ(f) ∈ {a, b}, e Ú f 3 Qd+1 ��ã¥éA�üº:�mål���3, �âÚóÜ©

éã�ü>�mål�½Â, ��dQd+1
(e, f) > 3, ¤±é ∀i ∈ {1, 2, · · · , k}, Qd+1 ¥Ø�3

�� 4 � (a, i)-´, Ø�3�� 4 � (b, i)-´, �Ø�3�� 4 � (a, b)-´. Ïd φ ´ Qd+1 �

�� k + 2-(>/Ú. ��4íª

χ′

s(Qd+1) 6 χ′

s(Qd) + 2. (1)

�â©z[4]�(Ø, ��Ð©^�χ′

s(Q3) = 4, (Ü4íª (1), � d > 3 �k:

χ′

s(Q4) − 4 6 2, χ′

s(Q5) − χ′

s(Q4) 6 2, · · · , χ′

s(Qd) − χ′

s(Qd−1) 6 2.

òþãØ�ª�\� χ′

s(Qd) 6 2d − 2. y..

� d = 3�, ⌈ 4
3 × 3⌉ = 2 × 3 − 2 = 4, �â½n 3 �(Ø, ��χ′

s(Q3) = 4. � d = 4 �,

⌈ 4
3 × 4⌉ = 2 × 4 − 2 = 6, �â½n 3 �(Ø, ��χ′

s(Q4) = 6. Ïd, ½n 3 ¥�þ.�e.

þ´���.

�
Qã�B, e¡r d-��� G(n1, n2, · · · , nd) {P� Gd.

½½½nnn 4 � d > 2, K ⌈ 8
3 (d −

∑d

i=1
1
ni

)⌉ 6 χ′

s(Gd) 6 4d − 2.

yyy ²²² ky²e.. Ï� |V (Gd)| = n1 × n2 × · · · × nd, |E(Gd)| = n1 × n2 × · · · × nd ×

(d −
∑d

i=1
1
ni

), |^½n 1 (Ø��e..

y3y²þ.. � x0 ∈ V (Gd), ½Â X = {x|dGd
(x0, x) ≡ 0(mod 2), x ∈ V (Gd)},

Y = {y|dGd
(x0, y) ≡ 1(mod 2), y ∈ V (Gd)}, K Gd ´± (X, Y ) �y©��Üã. � G

(1)
d ,

G
(2)
d , · · · , G

(n)
d ´ Gd � n ���, G

(i)
d éA��y©� (X(i), Y (i)). q Gd+1 = Gd�Pn(n > 2),

�â(k�È½Â, 3 G
(1)
d , G

(2)
d , · · · , G

(n)
d �më>�)¤ Gd+1, ë>5K´ X(i) ¥º:

� X(i+1) ¥éAº:ë>, Y (i) ¥º:� Y (i+1) ¥éAº:ë>, i = 1, 2, · · · , n − 1. w,

(E(G
(1)
d ), · · · , E(G

(n)
d ), [X(1), X(2)]Gd+1

, · · · , [X(n−1), X(n)]Gd+1
, [Y (1), Y (2)]Gd+1

, · · · , [Y (n−1),
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Y (n) ]Gd+1
) ´ E(Gd+1) ���y©. � χ′

s(Gd) = k, ^ k «ôÚ 1, 2, · · · , k ©Oò G
(1)
d , G

(2)
d ,

· · · , G
(n)
d (>/Ú, � i ≡ 0(mod 4) �, ^#ôÚ b2 / [X(i), X(i+1)]Gd+1

¥>, ^#ôÚ a2

/ [Y (i), Y (i+1)]Gd+1
¥>, � i ≡ 1(mod 4) �, ^#ôÚ a1 / [X(i), X(i+1)]Gd+1

¥>, ^#ô

Ú b1 / [Y (i), Y (i+1)]Gd+1
¥>, � i ≡ 2(mod 4) �, ^#ôÚ a2 / [X(i), X(i+1)]Gd+1

¥>,

^#ôÚ b2 / [Y (i), Y (i+1)]Gd+1
¥>, � i ≡ 3(mod 4) �, ^#ôÚ b1 / [X(i), X(i+1)]Gd+1

¥>, ^#ôÚ a1 / [Y (i), Y (i+1)]Gd+1
¥>, K�� Gd+1 ��� k + 4-�~>/Ú ϕ. Ï

�é ∀e, f ∈ E(Gd+1), � ϕ(e) = ϕ(f) ∈ {a1, a2, b1, b2}, eÚf3Gd+1��ã¥éA�üº:

�mål���3, �âÚóÜ©éã�ü>�mål�½Â, ��dGd+1
(e, f) > 3, ¤±

é ∀i ∈ {1, 2, · · · , k}, Gd+1 ¥Ø�3�� 4 � (a, i)-´, �Ø�3�� 4 � (a, b)-´, Ù¥

a, b ∈ {a1, a2, b1, b2}. Ïd ϕ ´ Gd+1 ��� k + 4-(>/Ú. ��4íª

χ′

s(Gd+1) 6 χ′

s(Gd) + 4. (2)

d½n 2 � χ′

s(G2) 6 6, (Ü4íª (2) k

χ′

s(G3) − 6 6 4, χ′

s(G4) − χ′

s(G3) 6 4, · · · , χ′

s(Gd) − χ′

s(Gd−1) 6 4.

òþãØ�ª�\� χ′

s(Gd) 6 4d − 2. y..

�z� ni(1 6 i 6 d) Ñ�u 2 �, ½n 3 �e.´½n 4 �e.�A~. � d = 2, �

n1 > 9, n2 > 73 �, ⌈ 8
3 (2−

∑2
i=1

1
ni

)⌉ = 4× 2− 2 = 6. (Ü½n 2 �(Ø��, ½n 1 �e.

±9½n 4 �þ.Úe.Ñ´���.
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[ 1 ] GRÜNBAUM B. Acyclic colourings of planar graphs[J]. Isreal J Math, 1973, 14(3): 390-408.

[ 2 ] FERTIN G, RASPAUD A, REED B. Star coloring of graphs[J]. J Graph Theory, 2004, 47(3): 163-182.

[ 3 ] 4&), "p. ��ÝØ�u7�ã�(>Úê���þ.[J]. =²�ÆÆ�: g,�Æ�, 2008, 44(2): 98-100.

[ 4 ] "p. ã�(>/Ú[D]. =²: Ü����Æ, 2007.

[ 5 ] �ù, 4&), ���. éã Pm ∨ Pn �(>/Ú[J]. Ü����ÆÆ�: g,�Æ�, 2008, 44(6): 26-28.

[ 6 ] "p. ��Ý�3�2-ëÏ	²¡ã�(>/Ú[J]. À����ÆÆ�: g,�Æ�, 2011, 43(2): 7-10.

[ 7 ] "p, 4&), XV�. ä�(>/Ú[J]. ìÀ�ÆÆ�: nÆ�, 2011,46(8): 84-88.

[ 8 ] BONDY J A, MURTY U S R. Graph Theory with Applications[M]. London: Macmillan Press, 1976.

[ 9 ] �², ��,. òU�á�N�Ì[J]. uÀ���ÆÆ�: g,�Æ�, 2011(2): 39-46.


