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Oscillation criteria of a class of second-order dynamic equations

on time scales
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Abstract: The oscillation for a class of second-order nonlinear variable delay dynamic

equations on time scales with nonlinear neutral term was discussed. Using the time scales

theory and some necessary analytic techniques, and by introducing parameter function

and the generalized Riccati transformation, some sufficient conditions for the oscillation

of the equations were obtained. Some existing results in the literature are improved and

extended.
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5¯K. 
'ue¡��mÿÝóþ�a�~2��äk��5¥á������5C�

¢Äå�§

{

A(t)φ
([

x(t) +

l
∑

j=1

Bj(t)gj
(x(τj(t)))

]∆)}∆

+

m
∑

i=1

Pi(t)fi(φ(x(δi(t)))) = 0, t ∈ T (1)

��Ä5, ÿ���?Ûaq�úm(J. ùp m > 1, l > 1 ��ê; φ(u) = |u|λ−1u, λ > 0 �

¢~ê;A(t), Bj(t), Pi(t) ∈ Crd(T,R)(j = 1, 2, · · · , l; i = 1, 2, · · · , m, eÓ, Ñ);T �?¿�m

ÿÝó; τj(t), δi(t) þ�½Â3 T� Tþ�¢þ¼ê; g
j
(u) ∈ C(R,R) � ug

j
(u) > 0(u 6= 0);

fi(u) ∈ C(R,R) � ufi(u) > 0(u 6= 0).

�mÿÝó T´¢ê�þ�?¿4f8, �Ù�u¢ê8½�ê8�K©OL«�©

�§Ú�©�§�²;nØ. Äå�§�#nØØ=3�mÿÝóþÚ�
�©�§Ú�

©�§�nØ, 
��X�mÿÝó�ØÓ, òÄå�§í2�
�©�§��©�§�m,

Nõk¿Â��mÿÝó´�3�. ~X, � T = qN0 = {qt : t ∈ N0, q > 1}�, ù��Äå

�§¡� q−�©�§, ùa�§3þfnØ�¡k­��A^[7]. du·�?Ø�´�§

)��Ä5, ¤±�©b��mÿÝó T ´Ã.�: supT = +∞. � t0 ∈ T � t0 > 0, ½Â

�mÿÝó«m [t0, +∞)T = [t0, +∞) ∩ T. �§ (1) �)´�½Â3�mÿÝó Tþ÷v�

§ (1) ��²�¢�¼ê x(t), t ∈ T. �§ (1) �) x(t) ¡��Ä�, XJ x(t) QØ�ª��,

�Ø�ª�K. ÄK, ¡���Ä�. �§ (1) ¡��Ä�, XJ§�¤k)Ñ´�Ä�. ·

�='5�§ (1)�Ø�ªð� 0�). �
�B, �ÄXeb�:

(H1) τj(t) 6 t, lim
t→+∞

τj(t) = +∞, δi(t) 6 t, lim
t→+∞

δi(t) = +∞.

(H2) Pi(t) > 0;Bj(t) > 0 � 0 6
l
∑

j=1

Bj(t) 6 1; A(t) > 0, A∆(t) > 0 �

∫+∞
t0

[A(s)]−
1
λ ∆s = +∞.

(H3) �3�~ê Li Ú 0 < βj 6 1, ¦� fi(u)
u

> Li(u 6= 0),
g

j
(u)

u
6 βj(u 6= 0).

�©ïÄ�§ (1)��Ä5, ��T�§�Ä�A�¿©^�, Ú��A��©�§Ú

�©�§�Ä�k'(Ø, 
�í2¿U?yk©z¥�,
(J.

1 A�Ä�Ún

�
Qã�B, Ú\PÒ:

y(t) = x(t)+
l
∑

j=1

Bj(t)gj
(x(τj(t))), z(t) = A(t)φ

([

x(t)+
l
∑

j=1

Bj(t)gj
(x(τj(t)))

]∆)

= A(t)φ(y∆(t)),

K�§ (1) ��¤Xe�d/ª:

z∆(t) +

m
∑

i=1

Pi(t)fi(φ(x(δi(t)))) = 0. (2)

ÚÚÚnnn 1(Kellerëëë£££{{{KKK)[4] ef : R −→ R´ëY���, g : T −→ R ´ ∆���,

K f ◦ g : T −→ R´∆ ���, � (f ◦ g)∆(t) =

[ ∫1

0

f ′(g(t) + hµ(t)g∆(t))dh

]

g∆(t).

dÚn1��, � x(t) ´ ∆ ���, Kkeª¤á:

((x(t))λ)∆ = λ

∫1

0

[hxσ + (1 − h)x]
λ−1

x∆(t)dh. (3)
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ÚÚÚnnn 2[6] �e¡^�¤á:

(1) u ∈ C2
rd(I,R), Ù¥ I = [t∗, +∞), t∗ > 0; (2) u(t) > 0, u∆(t) > 0, u∆∆(t) 6 0, t > t∗,

Kéz�� k ∈ (0, 1), �3��~ê tk ∈ T, tk > t∗, k u(σ(t)) 6
σ(t)u(δi(t))

kδi(t)
(t > tk).

ÚÚÚnnn 3 � ^ �(H1)—(H3)¤ á, e x(t) ´ � §(1)� � � � ª � ), K � 3 t1 ∈
[t0, +∞)T, ¦�� t ∈ [t1, +∞)T �, k

y(t) > 0, y∆(t) > 0, z(t) > 0, z∆(t) < 0, (4)

� [1 −
l
∑

j=1

βjBj(t)]y(t) 6 x(t).

yyy ²²² Ï � x(t) ´ � § (1) � � � � ª � ), ¤ ± � 3 t1 ∈ [t0, +∞)T, � t ∈
[t1, +∞)T �, k x(t) > 0, x(τj(t)) > 0, x(δi(t)) > 0. l
 y(t) > 0. d�§ (2)�

z∆(t) 6 −
m
∑

i=1

LiPi(t)φ(x(δi(t))) 6 −L

m
∑

i=1

Pi(t)[x(δi(t))]
λ, t ∈ [t1, +∞)T (5)

(ùp L = min
16i6m

{Li}). Ïd, z(t) = A(t)φ(y∆(t)) = A(t)|y∆(t)|λ−1y∆(t) ´üN4~�, �

Uäó y∆(t) > 0. ¯¢þ, y∆(t) ½ö�ª��, ½ö�ª�K. e�3 t2 ∈ [t1, +∞)T, ¦�

� t ∈ [t2, +∞)T �, y∆(t) < 0, K� t ∈ [t2, +∞)T �, k

A(t)|y∆(t)|λ−1y∆(t) 6 A(t2)|y∆(t2)|λ−1y∆(t2) = −M,

Ù¥ M = A(t2)|y∆(t2)|λ−1[−y∆(t2)] > 0. u´ [−y∆(t)]λ > M
A(t) , = y∆(t) 6 −M

1
λ [A(t)]−

1
λ ,

d (H2), �

y(t) 6 y(t2) − M
1
λ

∫ t

t2

[A(s)]−
1
λ ∆s → −∞(t → +∞),

ù� y(t) > 0 gñ! ¤± y∆(t) > 0, ?
 z(t) > 0. d	, d x(t) 6 y(t), �

y(t) 6 x(t) +

l
∑

j=1

Bj(t)βjx(τj(t)) 6 x(t) +

l
∑

j=1

Bj(t)βjy(τj(t)) 6 x(t) +

l
∑

j=1

βjBj(t)y(t),

¤± [1 −
l
∑

j=1

βjBj(t)]y(t) 6 x(t) 6 y(t). Úny..

ÚÚÚnnn 4[8] � a, b ��K¢ê, K aλ − λabλ−1 + (λ − 1)bλ > 0, λ > 1, �Ò¤á��=

� a = b.

2 Ì�(JÚy²

½½½nnn 1 �^�(H1)—(H3)¤á, e

lim
t→+∞







tλ

A(t)

m
∑

i=1

∫+∞

t

Pi(s)
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s







= +∞, (6)

K�§(1)3 [t0, +∞)T þ´�Ä�.
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yyy ²²² Ø���5, ��§(1)3 [t0, +∞)T þk���ª�) x(t) (�ªK)�aq

�y), K�3 t1 ∈ [t0, +∞)T, � t ∈ [t1, +∞)T �, x(t) > 0, x(τj(t)) > 0, x(δi(t)) > 0, �dÚ

n 3 �ª(4)¤á, ¿��3~ê α > 0, k y(t) > α. dª(3), �

((y(t))λ)∆ > λ

∫ 1

0

[hy + (1 − h)y]λ−1
y∆(t)dh = λ(y(t))λ−1y∆(t),

¤± ((y∆(t))λ)∆ > λ(y∆(t))λ−1y∆∆(t), u´, d¼ê¦È�¦�úª, k

z∆(t) = [A(t)(y∆(t))λ]∆ = A∆(t)(y∆(t))λ + A(σ(t))((y∆(t))λ)∆

> A∆(t)(y∆(t))λ + λA(σ(t))(y∆(t))λ−1y∆∆(t),

5¿�ª(4)Ú A∆(t) > 0, � y∆∆(t) < 0. dÚn 2 �, y(t) 6
t

kδi(t)
y(δi(t)), 5¿�Ún 3, k

x(δi(t)) >

[

1 −
l
∑

j=1

βjBj(δi(t))
]

y(δi(t)) > k
[

1 −
l
∑

j=1

βjBj(δi(t))
]

y(t)
δi(t)

t
,

u´, dª(5), � u > t > t1 �, k

z(u) = z(t) +

∫u

t

z∆(s)∆s 6 z(t) − L

∫u

t

m
∑

i=1

Pi(s)[x(δi(s))]
λ∆s

6 z(t) − Lkλ

∫u

t

m
∑

i=1

Pi(s)[y(s)]λ
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s,

¤±

Lkλ

∫u

t

m
∑

i=1

Pi(s)[y(s)]λ
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s 6 z(t) − z(u) 6 z(t) = A(t)(y∆(t))λ.

- u → +∞, Kk

A(t)(y∆(t))λ
> Lkλ

∫+∞

t

m
∑

i=1

Pi(s)[y(s)]λ
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s. (7)

qdu y∆∆(t) 6 0(t ∈ [t1, +∞)T), ¤±� t ∈ [t1, +∞)T �, k

y(t) = y(t1) +

∫ t

t1

y∆(s)∆s > y(t1) + y∆(t)(t − t1) > (t − t1)y
∆(t).

é 0 < k < 1, u´� t >
t1

1−k
�, k t − t1 > kt, - t2 = t1

1−k
, Kdþª� y(t) > kty∆(t),

t ∈ [t2, +∞)T, 5¿�ª (7), k

A(t)(y(t))λ
> (kt)λA(t)(y∆(t))λ

> Lk2λtλ
∫+∞

t

m
∑

i=1

Pi(s)[y(s)]λ
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s

> Lk2λtλ(y(t))λ

m
∑

i=1

∫+∞

t

Pi(s)
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s,
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Ïd

tλ

A(t)

m
∑

i=1

∫+∞

t

Pi(s)
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s 6
1

Lk2λ
.

ù�ª (6)gñ! ½ny..

~~~ 1 �Ä�mÿÝó [3, +∞)T þ����¢Äå�§

{A(t)φ([x(t) + B(t)g(x(τ(t)))]∆)}∆ + P (t)f(φ(x(δ(t)))) = 0,

ù´�§ (1)�AÏ�/:m = l = 1. e� A(t) = t, λ = 5, B(t) = 1√
2
− 1

t
, τ(t) = t

2 , δ(t) =

t√
2
, P (t) = t

(t+2)5 , g(u) = u√
2+sin4(u+3)

, f(u) = u, K
g(u)

u
= 1√

2+sin4(u+3)
6

1√
2

= β(u 6= 0), �

tλ

A(t)

m
∑

i=1

∫+∞

t

Pi(s)
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

s

]λ

∆s

=
t5

t

∫+∞

t

s

(s + 2)5

[

1 − 1√
2

(

1√
2
−

√
2

s

)]5
[

1√
2

]5

∆s >
t4

3 × 128
√

2

∫+∞

t

3

s3σ(s)
∆s

>
t4

3 × 128
√

2

∫+∞

t

s2 + sσ(s) + σ2(s)

s3σ3(s)
∆s =

t4

3 × 128
√

2

∫+∞

t

(−1

s3

)∆

∆s → +∞(t → +∞),

½n 1 �Ù{^�w,÷v. u´d½n 1 �d��§´�Ä�.

555 1 ©z[9]¥�½n 4.4´�©½n 1� m = 1, λ = 1, A(t) ≡ 1, Bj(t) ≡ 0 ��AÏ

�¹. d	, du~ 1 ¥��§´äk��5¥á��, Ïdyk©z¥�½nþØU�½

~ 1 ¥��§´Ä�Ä.

½½½nnn 2 �^� (H1)—(H3) ¤á, e�3�� ∆��¼ê ρ(s) Ú~ê µ > 1, ¦�

lim sup
t→+∞

1

tµ

∫ t

t2

(t − s)µ

{

L0Ψ(s) − [|ρ∆(s)|A(σ(s))]λ+1

(λ + 1)λ+1[ρ(s)A(s)]λ

}

∆s = +∞, (8)

ùp t2 > t0, L0 > 0 �,~ê, ¼ê Ψ(s) ½ÂXª (9) . K�§(1)3 [t0, +∞)T þ´�Ä�.

Ψ(s) = ρ(s)

m
∑

i=1

Pi(s)
[

1 −
l
∑

j=1

βjBj(δi(s))
]λ
[

δi(s)

σ(s)

]λ

. (9)

yyy ²²² Ø���5, ��§(1)3 [t0, +∞)T þk���ª�) x(t), aqu½n 1,�

� t ∈ [t1, +∞)T �, ª (4) ¤á, y∆∆(t) < 0. u´dÚn 2 ÚÚn 3, é~ê k ∈ (0, 1), �

3 t2 > max{tk, t1}, ¦�

y(t) 6 y(σ(t)) 6
σ(t)

kδi(t)
y(δi(t)) 6

σ(t)

kδi(t)
y(t), t ∈ [t2, +∞)T. (10)

½ Â 2 Â � Riccati C � w(t) = ρ(t)A(t)φ(y∆(t))
φ(y(t)) = ρ(t)A(t)(y∆(t))λ

(y(t))λ , t ∈ [t2, +∞)T,
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K w(t) > 0. ©O5¿�ª (5)!Ún 3 9 [(y(t))λ]∆ > λ(y(t))λ−1y∆(t), k

w∆(t) =
ρ∆(t)

ρ(σ(t))
w(σ(t)) + ρ(t)

[A(t)(y∆(t))λ]∆(y(t))λ − A(t)(y∆(t))λ[(y(t))λ]∆

(y(t))λ[y(σ(t))]λ

6
ρ∆(t)

ρ(σ(t))
w(σ(t)) − ρ(t)

L
m
∑

i=1

Pi(t)[x(δi(t))]
λ

[y(σ(t))]λ
− ρ(t)

A(t)(y∆(t))λ[(y(t))λ]∆

(y(t))λ[y(σ(t))]λ

6
ρ∆(t)w(σ(t))

ρ(σ(t))
− Lρ(t)

m
∑

i=1

Pi(t)
[

1 −
l
∑

j=1

βjBj(δi(t))
]λ
[

y(δi(t))

y(σ(t))

]λ

− λρ(t)
A(t)(y∆(t))λ+1

y(t)[y(σ(t))]λ
. (11)

qÏ y∆∆(t) < 0, ¤± y∆(t) > y∆(σ(t)), u´dª (11) , ¿5¿�ª (10)Úª (9) , �

w∆(t) 6
ρ∆(t)w(σ(t))

ρ(σ(t))
− Lρ(t)

m
∑

i=1

Pi(t)
[

1 −
l
∑

j=1

βjBj(δi(t))
]λ
[

kδi(t)

σ(t)

]λ

− λρ(t)
A(t)(y∆(σ(t)))λ+1

[y(σ(t))]λ+1

=
ρ∆(t)

ρ(σ(t))
w(σ(t)) − LkλΨ(t) − λρ(t)A(t)

[ρ(σ(t))A(σ(t))]
λ+1

λ

[w(σ(t))]
λ+1

λ .

eP L0 = Lkλ, þªü>Ó¦ (t− s)µ, ¿È©, �
∫ t

t2

L0(t − s)µΨ(s)∆s 6 −
∫ t

t2

(t − s)µw∆(s)∆s +

∫ t

t2

(t − s)µ ρ∆(s)

ρ(σ(s))
w(σ(s))∆s

−
∫ t

t2

(t − s)µ λρ(s)A(s)[w(σ(s))]
λ+1

λ

[ρ(σ(s))A(σ(s))]
λ+1

λ

∆s

= − [(t − s)µw(s)]
t
t2

+

∫ t

t2

[(t − s)µ]
∆
s w(σ(s))∆s +

∫ t

t2

(t − s)µ ρ∆(s)

ρ(σ(s))
w(σ(s))∆s

−
∫ t

t2

(t − s)µλρ(s)A(s)

[ρ(σ(s))A(σ(s))]
λ+1

λ

[w(σ(s))]
λ+1

λ ∆s

6 (t − t2)
µw(t2) +

∫ t

t2

(t − s)µρ∆(s)

ρ(σ(s))
w(σ(s))∆s

−
∫ t

t2

(t − s)µλρ(s)A(s)[w(σ(s))]
λ+1

λ

[ρ(σ(s))A(σ(s))]
λ+1

λ

∆s. (12)

y�

γ =
λ + 1

λ
, a = [λρ(s)A(s)]

λ
λ+1

w(σ(s))

ρ(σ(s))A(σ(s))
,

b =

(

λ

λ + 1

)λ

[|ρ∆(s)|A(σ(s))]λ[λρ(s)A(s)]
−λ2

λ+1 ,

dÚn 4, k γabγ−1 − aγ 6 (γ − 1)bγ , �\dª, �

|ρ∆(s)|
ρ(σ(s))

w(σ(s)) − λρ(s)A(s)[w(σ(s))]
λ+1

λ

[ρ(σ(s))A(σ(s))]
λ+1

λ

6
[|ρ∆(s)|A(σ(s))]λ+1

(λ + 1)λ+1[ρ(s)A(s)]λ
. (13)
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òª (13)�\ª (12), �

∫ t

t2

L0(t − s)µΨ(s)∆s 6 (t − t2)
µw(t2) +

∫ t

t2

(t − s)µ [|ρ∆(s)|A(σ(s))]λ+1

(λ + 1)λ+1[ρ(s)A(s)]λ
∆s.

¤±
1

tµ

∫ t

t2

(t − s)µ

{

L0Ψ(s) − [|ρ∆(s)|A(σ(s))]λ+1

(λ + 1)λ+1[ρ(s)A(s)]λ

}

∆s 6

(

1 − t2

t

)µ

w(t2).

þªü>�þ4�, ��ª (8)gñ! ½ny..

555 2 ÏLÀJT�� ∆��¼ê ρ(t), ÒU�ÑNõ'u�§(1)�äN�ÄOK.

~~~ 2 e�§ (1) ¥ m = 1, Bj(t) ≡ 0, f(u) = u, ¿3½n 2 ¥� ρ(t) = 1, ·�Òk:

íííØØØ 1 � P (t) > 0, A(t) > 0, A∆(t) > 0 �
∫+∞

t0
[A(s)]−

1
λ ∆s = +∞, e�3~ê µ > 1,

¦� lim sup
t→+∞

1
tµ

∫t

a
(t − s)µP (s)

[

δ(s)
σ(s)

]λ

∆s = +∞(a > t0�~ê), K�§ {A(t)φ(x∆(t))}∆ +

P (t)φ(x(δ(t))) = 0 3 [t0, +∞)T þ´�Ä�.

555 3 íØ 1 Ò´���©�§ Kamenev.�ÄOK�í2.

w,, �©(J�Ñ
äk��5¥á��Äå�§ (1)�Ä�A�¿©^�, ù
(

J=¦� T = R Ú T = N ��´#�, í2¿U?
yk©z¥�(J.
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