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Two formulations and solutions of the inverse problems for Lie

symmetries in dynamics of a Birkhoffian system
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Abstract: First, the determining equations, the structure equations and the conserved

quantities of Lie symmetries for a Birkhoffian system were given; then two formulations

and solutions of the inverse problems of Lie symmetries for the system were presented. The

results show that the same Birkhoffian(Birkhoff’s functions) and first integral can corre-

spond to different Birkhoff’s functions(Birkhoffian) and different Lie symmetries, and can

also correspond to the same Lie symmetry and different Birkhoff’s functions(Birkhoffian).
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�Åðþ[1]. C 30 c5, �ååÆXÚ� Lie é¡5�Åðþ�ïÄ��¿©­À, ¿��

�X�­�¤J[2-10].

ÄåÆ_¯K´²;åÆ�Ì�¯K��[11-16], ~~ÚååÆ[!êÆ[Úó§Eâ

;[�'5. �ÏÌ�kü�µ�´ÄåÆ_¯KkX�~2��A^; �´T¯Kÿ��

ª)û. �X�ÆEâ�uÐ, ^ÄåÆ_¯K5�[Nõ¢S¯K¤��U, ù¦�ÙV

g���3Øä*¿[16]. rÂ�[16]ïÄ
 BirkhoffXÚ� Noether é¡5±9� Noether é

¡5�'�üaÄåÆ_¯K. �©ò?�ÚïÄ BirkhoffXÚ Lie é¡5�_¯K, �ÑÙ

ü«J{Ú){.

1 Birkhoff XÚ� Lie é¡5

�!ò{á/�Ñ Birkhoff XÚ� Lie é¡5�Ä�(J, �[�?ØÚy²�ë�©

z[10]. Birkhoff XÚ�$Ä�©�§���/ª�[17]

(

∂Rv

∂aµ
−

∂Rµ

∂av

)

ȧv −
∂B

∂aµ
−

∂Rµ

∂t
= 0, (µ, v = 1, 2, · · · , 2n) (1)

Ù¥B = B (t, a)¡� Birkhoff¼ê, Rµ = Rµ (t, a)¡� Birkhoff¼ê|. �XÚ� BirkhoffC

þaµ (µ = 1, 2, · · · , 2n)*dÕá, 


Ωµv =
∂Rv

∂aµ
−

∂Rµ

∂av
(2)

¡� Birkhoff Üþ. b�XÚ (1)�ÛÉ, =det (Ωµv) 6= 0, Kdª (1) �)Ñ¤k ȧµ,

ȧµ = Ωµv

(

∂B

∂av
+

∂Rv

∂t

)

, (µ = 1, 2, · · · , 2n) (3)

Ù¥ΩµvΩvτ = δµτ . ��m t ÚCþ aµ �Ã��C�

t∗ = t + ∆t, aµ∗(t∗) = aµ(t) + ∆aµ, (µ = 1, 2, · · · , 2n) , (4)

½ÙÐmª

t∗ = t + εξ0(t, a), aµ∗ = aµ + εξµ(t, a), (5)

Ù¥ ε �Ã��ëê, ξ0, ξµ �Ã��)¤��þ. Lie é¡5´�©�§3Ã��C�e�

�«ØC5. XJÃ��C� (5)�)¤�ξ0, ξµ ÷v(½�§

ξ̇µ − Ωµν

(

∂B

∂av
+

∂Rv

∂t

)

ξ̇0 = X(0)

[

Ωµv

(

∂B

∂av
+

∂Rv

∂t

)]

, (µ = 1, 2, · · · , 2n) (6)

K � A Ø C 5 ¡ � BirkhoffX Ú � Lie é ¡ 5. Lie é ¡ 5 Ø � ½ � � Å ð þ. é

u Birkhoff XÚ� Lieé¡5, XJ�35�¼ê λ = λ(t, a) ÷v(��§

(Rµȧµ − B) ξ̇0 + X(1) (Rµȧµ − B) + λ̇ = 0, (7)

K Birkhoff XÚ�3XeÅðþ

I = Rµξµ − Bξ0 + λ = const, (8)
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Ù¥ X(0) = ξ0
∂
∂t

+ ξµ
∂

∂aµ , X(1) = X(0) + (ξ̇µ − ȧµξ̇0)
∂

∂aµ .

� ä é ¡ 5 � , � « � { ´ Ï é Killing � § � ). ( � � § (7) � 8 ( � X

e Killing �§

∂Rv

∂aµ
ξµ +

∂ξµ

∂av
Rµ − B

∂ξ0

∂av
+

∂Rv

∂t
ξ0 = −

∂λ

∂av
, (v = 1, 2, · · · , 2n) (9)

Rµ

∂ξµ

∂t
−

∂B

∂aµ
ξµ − B

∂ξ0

∂t
−

∂B

∂t
ξ0 = −

∂λ

∂t
. (10)

d Killing � § (9) Ú (10) ) � � ) ¤ � ξ0, ξµ, X J ÷ v ( ½ � § (6), K § � A u X Ú

� Lie é¡5.

2 Lie é¡5_¯K�1�«J{Ú){

Birkhoff XÚLie é¡5�ÄåÆ_¯K�1�«J{Xe: ®�XÚ� Birkhoff¼ê

| Rµ(µ = 1, 2, · · · , 2n), U�½���1�È©

I(t, a) = C, (11)

±9 Killing �§ (9) Ú (10) 5Ï¦XÚ� Birkhoff¼ê B Ú Lie é¡5C��)¤� ξ0, ξµ.

�)þã_¯K, �lª (8) O� ∂λ
∂aν , ¿ò(J�\ª (9)��

(

∂Rµ

∂av
−

∂Rν

∂aµ

)

ξµ −

(

∂Rv

∂t
+

∂B

∂av

)

ξ0 =
∂I

∂av
. (v = 1, 2, · · · , 2n) (12)

)�, �

ξµ = Ωµν

[

∂I

∂aν
+

(

∂B

∂av
+

∂Rv

∂t

)

ξ0

]

. (µ = 1, 2, · · · , 2n) (13)

lª (8) O� ∂λ
∂t

, ¿ò(J�\ª (10), ��

(

∂Rµ

∂t
+

∂B

∂aµ

)

ξµ =
∂I

∂t
. (14)

òª(13)�\ª (14), �

∂B

∂aµ
Ωµν ∂I

∂av
=

∂I

∂t
−

∂Rµ

∂t
Ωµν ∂I

∂av
. (15)

ª (15) �mà´®��, §´'u B � �©�§. )d�§, B�¦ÑBirkhoff¼êB. d

d¼ê B Ú�½� Birkhoff¼ê| Rµ(µ = 1, 2, · · · , 2n), (½�§ (6) ¤� 2n �'u ξ0, ξµ �

~�©�§. XJdª (13) (½�)¤� ξ0, ξµ ÷v(½�§ (6), KÃ��C� (5) �Au

XÚ� Lieé¡5. u´k±e½n.

½½½nnn 1 éu BirkhoffXÚ (1), XJ®�Ù Birkhoff¼ê| Rµ(µ = 1, 2, · · · , 2n) ÚXÚ

���1�È© (11), KXÚ� Birkhoff¼ê B �dª (15) (½, �XJ�§ (13) ¤(½�

Ã��)¤� ξ0, ξµ÷v(½�§ (6), K¤�é¡5´XÚ� Lieé¡5.

~~~ 1 ®� 4 � Birkhoff XÚ� Birkhoff¼ê|� [18]

R1 = 0, R2 = a1 − a4 − (a2 + a3)t + (a2 sin t + a4 cos t) cos t,

R3 = a1 − a4 − (a2 + a3)t, R4 = −(a2 sin t + a4 cos t) sin t, (16)
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±9��1�È©

I = a2 cos t − a4 sin t, (17)

Á¦XÚ� Birkhoff¼ê B Ú�A� Lieé¡5.

dª (16) ��

(Ωµν) =













0 1 1 0

−1 0 0 0

−1 0 0 1

0 0 −1 0













, (18)

�k

(Ωµν) =













0 −1 0 0

1 0 0 1

0 0 0 −1

0 −1 1 0













. (19)

�§ª (15)�Ñ

−
∂B

∂a1
cos t −

∂B

∂a2
sin t +

∂B

∂a3
sin t −

∂B

∂a4
cos t = −2(a2 sin t + a4 cos t) (20)

�§ª (20)k)

B = (a2)2 + (a4)2, (21)

B = (a2 sin t + a4 cos t)2. (22)

d Birkhoff ¼ê (21)Úª (16)!(17), �§ (13) �Ñ

ξ1 = − cos t − ξ0(a
2 − a3 + a2 cos 2t − a4 sin 2t),

ξ2 = − sin t + ξ0(2a4 − a2 sin 2t − a4 cos 2t),

ξ3 = sin t − ξ0(2a4 − a2 sin 2t − a4 cos 2t),

ξ4 = − cos t − ξ0(2a2 + a2 cos 2t− a4 sin 2t). (23)

e�

ξ0 = 0, (24)

Kk

ξ1 = − cos t, ξ2 = − sin t, ξ3 = sin t, ξ4 = − cos t. (25)

d Birkhoff ¼ê| (16)Ú Birkhoff ¼ê (21), (½�§ (6) �Ñ

ξ̇1 = −ξ2(1 + cos 2t) + ξ3 + ξ4 sin 2t, ξ̇2 = −ξ2 sin 2t + ξ4(2 − cos 2t),

ξ̇3 = ξ2 sin 2t + ξ4(−2 + cos 2t), ξ̇4 = −ξ2(2 + cos 2t) + ξ4 sin 2t, (26)
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w,, )¤� (24) Ú (25) ÷v(½�§ (26). Ïd, )¤� (24)!(25)�AuXÚ� Lie é¡

5. d Birkhoff ¼ê(22) Úª (16)!(17), �§ (13)�Ñ

ξ1 = − cos t + a3ξ0, ξ2 = − sin t + a4ξ0, ξ3 = sin t − a4ξ0, ξ4 = − cos t − a2ξ0. (27)

e�

ξ0 = 0, (28)

Kk

ξ1 = − cos t, ξ2 = − sin t, ξ3 = sin t, ξ4 = − cos t. (29)

d Birkhoff¼ê| (16)Ú Birkhoff ¼ê (22), (½�§ (6)�Ñ

ξ̇1 = ξ3, ξ̇2 = ξ4, ξ̇3 = −ξ4, ξ̇4 = −ξ2, (30)

w,)¤� (28)Ú (29) ÷v(½�§ (30). Ïd, §��Au BirkhoffXÚ� Lieé¡5. e

2�

ξ0 = 1, (31)

Kk

ξ1 = − cos t + a3, ξ2 = − sin t + a4, ξ3 = sin t − a4, ξ4 = − cos t − a2. (32)

5¿�òª (16)!(22)�\�§ (1) �

ȧ1 = a3, ȧ2 = a4, ȧ3 = −a4, ȧ4 = −a2. (33)

ò)¤� (31)Ú (32) �\(½�§ (30), ¿|^�§ (33), ´�(½�§ (30)¤á. Ïd, ¤

�)¤� (31)!(32)��Au BirkhoffXÚ� Lie é¡5.

3 Lie é¡5_¯K�1�«J{Ú){

Birkhoff XÚ Lie é¡5�ÄåÆ_¯K�1�«J{Xeµ®�XÚ� Birkhoff¼

ê B, U�½���1�È©

I(t, a) = C, (34)

±9 Killing �§ª (9) Ú (10) 5Ï¦XÚ� Birkhoff ¼ê| Rµ(µ = 1, 2, · · · , 2n) Ú Lie é¡

5C��)¤� ξ0, ξµ.

� ) þ ã _ ¯ K, � | ^ ' X ª (12) Ú ª (14), ½ ' X ª (13) Ú ª (15). 3 ®

� Birkhoff¼ê B Ú1�È© I �, dù
'X�¦� Birkhoff¼ê| Rµ Ú)¤� ξµ, ξ0,

?�ÚXJ¤��)¤� ξ0, ξµ ÷vdþã Birkhoff¼ê B Ú Birkhoff¼ê| Rµ �Ñ�(

½�§ (6), KÃ��C� (5)�AuXÚ� Lieé¡5. u´k

½½½nnn 2 éu BirkhoffXÚ (1), XJ®�Ù Birkhoff¼ê B ÚXÚ���1�È© (34),

KXÚ� Birkhoff¼ê| Rµ(µ = 1, 2, · · · , 2n) �dª(15)(½, �XJd�§ (13)¤(½�

Ã��C�)¤� ξ0, ξµ÷v(½�§ (6), K¤�é¡5´XÚ� Lieé¡5.
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~~~ 2 ®� 2 � BirkhoffXÚ� Birkhoff¼ê±91�È©

B =
1

2

[

(a1)2 + (a2)2
]

, (35)

I =
1

2

[

(a1)2 + (a2)2
]

, (36)

Á¦XÚ� Birkhoff¼ê| R1!R2 Ú�A� Lie é¡5.

'Xª (12)Úª (14) �Ñ

Ω12ξ2 −

(

∂R1

∂t
+ a1

)

ξ0 = a1, Ω21ξ1 −

(

∂R2

∂t
+ a2

)

ξ0 = a2,

(

∂R1

∂t
+ a1

)

ξ1 +

(

∂R2

∂t
+ a2

)

ξ2 = 0, (37)

d�§ (37), ¿5¿� Ω12 = −Ω21, �

∂R1

∂t
a2 −

∂R2

∂t
a1 = 0. (38)

�§ (38) kXe)

R1 = 0, R2 = a1, (39)

R1 = a2, R2 = 0. (40)

dª (39) Úª (35), XÚ�$Ä�§ (1)Ú(½�§ (6)©O�Ñ

ȧ1 = a2, ȧ2 = −a1, (41)

ξ̇1 − a2ξ̇0 = ξ2, ξ̇2 + a1ξ̇0 = −ξ1, (42)

òª (39) �\ª (37), �

ξ2 − a1ξ0 = a1,−ξ1 − a2ξ0 = a2, a1ξ1 + a2ξ2 = 0. (43)

�§ (43) k)

ξ0 = −1, ξ1 = ξ2 = 0, (44)

ξ0 = 0, ξ1 = −a2, ξ2 = a1. (45)

ò)¤� (44)Ú)¤� (45)©O�\�§ (42), ¿|^�§ (41), ´�(½�§ (42)¤á.

Ïd, )¤� (44) Ú)¤� (45)þ�AuXÚ� Lieé¡5.

dª (40) Úª (35), XÚ�$Ä�§ (1)Ú(½�§ (6)�Ñ

ȧ1 = −a2, ȧ2 = a1, (46)

ξ̇1 + a2ξ̇0 = −ξ2, ξ̇2 − a1ξ̇0 = ξ1, (47)
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òª (40)�\ª (37), �

−ξ2 − a1ξ0 = a1, ξ1 − a2ξ0 = a2, a1ξ1 + a2ξ2 = 0. (48)

�§ (48)k)

ξ0 = −1, ξ1 = 0, ξ2 = 0, (49)

ξ0 = 1, ξ1 = 2a2, ξ2 = −2a1. (50)

´�, )¤� (49)!(50)ÑéAuXÚ� Lieé¡5.

4 ( Ø

�©ïÄ BirkhoffXÚ Lie é¡5_¯K�J{Ú){, äN�µéu BirkhoffXÚ (1),

XJ�½XÚ� Birkhoff¼ê| Rµ (½ Birkhoff ¼ê B), XÛd®��1�È©, �ÑX

Ú� Birkhoff¼êB(½ Birkhoff¼ê| Rµ) ±9�A� Lieé¡5. Ì�(Ø�©¥�ü�

½n. �~L²µ� Ó� Birkhoff¼ê|Ú1�È©�±éAØÓ� Birkhoff¼êÚØÓ

� Lie é¡5, ��±éA�Ó� Lieé¡5ÚØÓ� Birkhoff¼ê; � Ó� Birkhoff¼êÚ

1�È©�±éAØÓ� Birkhoff¼ê|ÚØÓ� Lieé¡5, ��±éA�Ó� Lieé¡5

ÚØÓ� Birkhoff¼ê|.
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