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Abstract: Numerical method for partial integro-differential equation (PIDE) resulting

from option value under jump-diffusion process was studied. A non-homogeneous linear

system was obtained by discretizing the spatial derivatives utilizing the fourth-order

difference and extending boundary using fourth-order Lagrange interpolating polynomial.

Based on Padé approximations and partial fraction version of the matrix exponential,

a high-order smoothing Crank-Nicolson scheme was constructed. Numerical calculation

discussed the influence of jump intensity on vanilla option value and barrier option value,

showed that the algorithm was efficient. Compared with classic Crank-Nicolson scheme,

the numerical scheme avoided the spurious oscillation near the strike price and barrier

value. The algorithm also can be used in the general linear boundary value problem which

has non-smooth boundary.
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0 Ú ó

²; Black-ScholesÏ�½d�.37K½|¥Ók­�/ [1]. ,
, �þ¢yïÄL

², ]�d�¿Ø´ëYCz�, �
âu��¹¬Úå]�d�u)a�. Merton[2] Äg

3AÛÙK$Ä¥Ú\ÑtL§5£ã�¦d��üC1�, ¿ÏL)�� PIDE �§�

�
IOîªÏ�d��?êL«/ª. ,
, éu�Ü©ÛÉÏ�(XæNÏ�)5ù, §

��d�8c¿vk)ÛL�ª. Ïd, a*ÑL§eÏ�½d�ê�ïÄBäk�½�

¿Â. 8cI	®k�
�'©z, X: Cont �[3] �Ñ���ê Lévy �.e��«k��©

{; Carr �[4] òÈ©�§z��©�§, JÑ
�ak��ê��{; Salmi Ú Toivanen[5] �

E
{ªÏ�½d��«S��ª�. ISéu�a�Ï�½dê�ïÄKÌ�8¥3�

�ä�{Ú�Akâ�[{, éu�A �©�§ê��{�ïÄ��.

éuæNÏ�, du>.��1w5, ��� Crank-Nicolson�ª(C-N �ª)¬3�1

w:�)ê���. Tangman �[6] A^�ê�m�©{éæNÏ�?1½d, �½§Ýþ

;�
DÚ C-N�ª3�1w:�ê���; Zvan �[7] ÏL3æN:A^�ò�î.�ª

5;�d«�¹�Ñy, ��ò�î.�ª�k��°Ý; u´, ÄuÝ
�ê� Padé%

C�{, Wade �[8] 3*ÑL§e|^��¥%�©élÑæNÏ�ïá
�«1w C-N�

©�ª; þs��[9] A^ÙéäkVæNÏ�5��nã�¬?1
½d. �©3dÄ:

þ, �Ä
a*ÑL§eIOîªÏ�ÚæNÏ��ê�O��ª, |^o�k��©9o

� Lagrange��õ�ª, ò�¯Kz��àg�5XÚ¯K, |^ Padé%C�{ïá
�

«äko�°Ý�p�1w C-N�ª. ê�(JL²�©�{´k�Ün�.

1 a*ÑL§eÏ�½dêÆ�.

b�I�]�d�÷vXe�Å�©�§

dS(t)

S(t−)
= µdt + σdW (t) + (η − 1) dN(t), (1)

Ù¥: (W (t))t>0 Ú (N(t))t>0 ©O�� σ- �6���VÇ�m (Ω,F , (Ft)t>0, P ) þ�IOÙ

K$ÄÚrÝ� λ�ÑtL§; µ Ú σ ©O�]�d�vku)a���Ï"ÂÃÇÚÅÄ

Ç; η − 1 L«]�d��a�ÌÝ, � κ = E[η − 1]; N(t)�W (t) �pÕá.

d©z [10]��, ºx¥5^�eÏ�d� V (S, t) ÷vXe PIDE

Vt +
1

2
σ2S2VSS + (r − λκ)SVS − (r + λ)V + λ

∫+∞

0

V (Sη, t)f(η)dη = 0, (2)

ª¥: r �Ãºx|Ç; f(η) � η �VÇ�Ý¼ê, �3�ÏF t = T k V (S, T ) = g(S).

éuIOîªwÞÏ�, �ÏÂÃ g(S) = max{S − K, 0}, K ��1d�. e ln(η) ∼

N(α, γ2), Merton[2] �Ñ
Ï�d���«?êL«/ª

V (S, t) =

∞
∑

n=0

[λ(1 + κ)τ ]n

n!
e−λ(1+κ)τVBS(τ, S, K, rn, σn), (3)

ª¥: τ = T − t, σ2
n = σ2 + nγ2/τ, rn = r − λκ + n(α + 0.5γ2)/τ , VBS(·) �vka��îªw

ÞÏ�d�.

éuæNÏ�, �ÏÂÃØ
÷vIOîªwÞÏ��ÂÃ¼ê	, ��I�]�3�

�k�ÏS´Ä��æN�k'. ±þ,vÑwÞÏ��~, kþ>.^� V (B, t) = 0.
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2 �§�C�

éuIOîªwÞÏ�, �§ (2) �¦)«�� (S, t) ∈ (0, +∞) × [0, T ]. w,, � S →

0 �, Ï�d�ªCu 0, = limS→0 V (S, t) = 0; � S → +∞�, A��±�½Ï��Ï�¬

��1, � limS→+∞ V (S, t) = S − Ke−r(T−t). du3¢S�´¥, ]�d�Ø¬Ñy 0½Ã

¡���/, �BuO�, b� S ∈ [Smin, Smax]. éuþ,vÑwÞÏ�, duæN���3,

�§ (2) �¦)«�� (S, t) ∈ [Smin, B] × [0, T ].

�Qã�B, ±e?Øþ´�éIOîªwÞÏ�, éuæNÏ��IUC�A�>.

=�. �XeCþO�

x = ln(S/K), y = ln(η), τ = T − t, v(x, τ) = V (Kex, T − τ),

@o½)¯K (2)�=z�











vτ =
1

2
σ2vxx +

(

r − λκ −
1

2
σ2

)

vx − (r + λ)v + λ

∫+∞

−∞
v(x + y, τ)p(y)dy,

v(x, 0) = f(x), v(xmin, τ) = 0, v(xmax, τ) = Kexmax − Ke−rτ .

(4)

ùp xmin = ln(Smin/K), xmax = ln(Smax/K), f(x) = g(Kex), p(y) ´�ÅCþ y = ln(η) �V

Ç�Ý¼ê. �©b� ln(η) ∼ N(α, γ2), ´�, κ = eα+0.5γ2

− 1.

éu�§ (4)¥�È©Ü©, �CþO� z = x + y, � Ωz = [xmin, xmax], K

∫
R

v(x + y, τ)p(y)dy =

∫
Ωz

v(z, τ)p(z − x)dz +

∫
R\Ωz

v(z, τ)p(z − x)dz

≈

∫
Ωz

v(z, τ)p(z − x)dz +

∫+∞

xmax

(Kez − Ke−rτ)p(z − x)dz

=

∫
Ωz

v(z, τ)p(z − x)dz + Kex+α+γ
2

2 Φ
(x − xmax + α + γ2

γ

)

− Ke−rτΦ
(x − xmax + α

γ

)

=

∫
Ωz

v(z, τ)p(z − x)dz + ε(x, τ), (5)

Ù¥ Φ(·) �\ÈIO��©Ù¼ê.

3 �.ê�){

ò«m [xmin, xmax] ©¤ N �°(N �óê), � N + 1 �lÑ:

Ωh = {xi ∈ R : xi = xmin + ih, i = 0, 1, 2, · · · , N, h = (xmax − xmin)/N},

é �ê vx Ú vxx �Xeo�k��©Cq[11,12]

∂v

∂x
(xi, τ) = ▽i(τ) + O(h4),

∂2v

∂x2
(xi, τ) =△i (τ) + O(h4), i = 1, 2, · · · , N − 1, (6)

▽i(τ) =
v(xi−2, τ) − 8v(xi−1, τ) + 8v(xi+1, τ) − v(xi+2, τ)

12h
, (7)

△i (τ) =
−v(xi−2, τ) + 16v(xi−1, τ) − 30v(xi, τ) + 16v(xi+1, τ) − v(xi+2, τ)

12h2
. (8)



30 uÀ���ÆÆ�(g,�Æ�) 2012 c

3±þ�ª¥, I�O� v(x−1, τ) Ú v(xN+1, τ). �¦O�!:�¹3O�«�S, ù

pÚ\o� Lagrange��õ�ªé>.?1òÿ

v(x−1, τ) = 4v(x0, τ) − 6v(x1, τ) + 4v(x2, τ) − v(x3, τ), (9)

v(xN+1, τ) = 4v(xN , τ) − 6v(xN−1, τ) + 4v(xN−2, τ) − v(xN−3, τ), (10)

� Ω△z = Ωh, éª (5) ¥�k�È©Ü©A^o�Ez Simpsonúª[13], KkXeÈ©Cq

∫
R

v(z, τ)p(z − xi) dz ≈
h

3
[v(x0, τ)p(x0 − xi) + 4

N/2
∑

j=1

v(x2j−1, τ)p(x2j−1 − xi)

+ 2

N/2−1
∑

j=1

v(x2j , τ)p(x2j − xi) + v(xN , τ)p(xN − xi)] + ε(xi, τ). (11)

- ui(τ) ≈ v(xi, τ), pi,j = p(xj−xi), � u(τ) = [u1(τ), u2(τ), · · · , uN−1(τ)]T, K½)¯K (4)�

Cq�Xe�àg�5XÚ











du(τ)

dτ
+ Au(τ) = b(τ),

u(0) = [f(x1), f(x2), · · · , f(xN−1)]
T,

(12)

Ù¥ A = B + C, B ��È©Ü©lÑ¤��Êé�
, C �k�È©Ü©lÑ¤��È�

Ý
, =

B =





























a11 a12 a13

β2 γ2 δ2 ξ2

α3 β3 γ3 δ3 ξ3

. . .
. . .

. . .
. . .

. . .

αN−3 βN−3 γN−3 δN−3 ξN−3

αN−2 βN−2 γN−2 δN−2

aN−1N−3 aN−1N−2 aN−1N−1





























,

C =
λh

3















4p1,1 2p1,2 4p1,3 2p1,4 · · · 2p1,N−2 4p1,N−1

4p2,1 2p2,2 4p2,3 2p2,4 · · · 2p2,N−2 4p2,N−1

...
...

...
... · · ·

...
...

4pN−1,1 2pN−1,2 4pN−1,3 2pN−1,4 · · · 2pN−1,N−2 4pN−1,N−1















,

b(τ) =





























−(4α1 + β1)u0

−α2u0

0
...

0

−ξN−2uN

−(4ξN−1 + δN−1)uN





























+
hλ

3



















u0p1,0 + uNp1,N

u0p2,0 + uNp2,N

...

u0pN−2,0 + uNpN−2,N

u0pN−1,0 + uNpN−1,N



















+ λ



















ε(x1, τ)

ε(x2, τ)
...

ε(xN−2, τ)

ε(xN−1, τ)



















.
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ùp

a11 = γ1 − 6α1, a12 = δ1 + 4α1, a13 = ξ1 − α1,

aN−1N−3 = αN−1 − ξN−1, aN−1N−2 = βN−1 + 4ξN−1, aN−1N−1 = γN−1 − 6ξN−1,

αi =
σ2

24h2
−

r − 0.5σ2 − λκ

12h
, βi = −

2σ2

3h2
+

2(r − 0.5σ2 − λκ)

3h
, γi =

5σ2

4h2
+ r + λ,

δi = −
2σ2

3h2
−

2(r − 0.5σ2 − λκ)

3h
, ξi =

σ2

24h2
+

r − 0.5σ2 − λκ

12h
, i = 1, 2, · · · , N − 1.

d�f�+�'nØ[14], �§ (12) �°()�L«�

u(τ) = e−τAu(0) +

∫τ

0

e−(τ−s)Ab(s) ds. (13)

5¿: éuæNÏ� b(s) = 0. é�m�åy©, � τm = mk, m = 0, 1, 2, · · · , M , � Mk = T .

dª (13)��

u(τm+1) = e−(k+τm)Au(0) + e−kA

∫τm

0

e−(τm−s)Ab(s) ds +

∫τm+k

τm

e−(τm+k−s)Ab(s) ds, (14)

�CþO� s− τm = kδ, Kª (14)���

u(τm+1) = e−kAu(τm) + k

∫1

0

e−kA(1−δ)b(τm + kδ) dδ. (15)

u ´ ¦ � § (12) ) � ¯ K = z � Ý 
 � ê � % C ¯ K. � © æ ^ (p, q)-Padé%

C[15-17] O� e−z. - Rp,q(z) = Pp,q(z)/Qp,q(z), ùp

Pp,q(z) =

p
∑

j=0

(p + q − j)!p!

(p + q)!j!(p − j)!
(−z)j , Qp,q(z) =

q
∑

j=0

(p + q − j)!q!

(p + q)!j!(q − j)!
(z)j , (16)

�÷v� z → 0, z ∈ C�, Rp,q(z) = e−z + O(|z|p+q+1). Kª (15)�CqL«�

um+1 = Rp,q(kA)um + k

2
∑

i=1

Q(i)
p,q(kA)b(τm + δik), (17)

ùp um � u(τm) �Cq�, Q
(i)
p,q(z) � Rp,q(z) ´Ó©1kn¼ê, δ1 = 3−

√
3

6 Ú δ2 = 3+
√

3
6 �

«m [0,1]¥�pd��:[18], ¿�÷v

2
∑

i=1

δl
iQ

(i)
p,q(z) =

l!

zl+1

(

Rp,q(z) −
l

∑

j=0

zj

j!

)

, l = 0, 1. (18)

d © z [19]� �, � p = 0 �, ê � � ª (17)´ L-­ ½ �. � © ò Rq,q � R0,2q ü

« Padé%C(Üå5, �E�«°Ý� 2q �1w Padé�ª, �üÕ¦^ Rq,q %C�',

T«�ªU
;�3�1w:NCÑyê���. äNê��ªXe,

um+1 =



























R0,2q(kA)um + k

2
∑

i=1

Q
(i)
0,2q(kA)b(τm + δik), 0 6 m < m0,

Rq,q(kA)um + k

2
∑

i=1

Q(i)
q,q(kA)b(τm + δik), m > m0.

(19)
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�
;�3�ª (19)¥O�p�Ý
õ�ª�_, �©æ^ Rp,q(z) Ú {Q
(i)
p,q(z)}2

i=1 �

�«©êL«/ª [20-22], Xe

Rp,q(z) =



























q1
∑

j=1

wj

z − cj
+ 2

q1+q2
∑

j=q1+1

ℜ
( wj

z − cj

)

, p < q,

(−1)q +

q1
∑

j=1

wj

z − cj
+ 2

q1+q2
∑

j=q1+1

ℜ
( wj

z − cj

)

, p = q,

(20)

Q(i)
p,q(z) =

q1
∑

j=1

wij

z − cj
+ 2

q1+q2
∑

j=q1+1

ℜ
( wij

z − cj

)

, i = 1, 2. (21)

ùp cj L« Rp,q(z) Ú Q
(i)
p,q(z) �4:, �÷v q1 + 2q2 = q, wj = Pp,q(cj)/Q

′

p,q(cj) Ú wij =

N
(i)
p,q(cj)/D

(i)′

p,q (cj); õ�ª N
(i)
p,q(z) Ú D

(i)
p,q(z) ©O´ Q

(i)
p,q(z) �©fõ�ªÚ©1õ�ª.

òª (20) Úª (21)�\ê��ª (19), K����«#�ê��{, T�{�I)�


�ò�î.�5¯K, ØI�O�p�Ý
õ�ª�_. ±o��ª�~, � q = 2, Ké

u (0,4)-Padé�ª, |^ Matlab2009a O�4:9�Aëê���: q1 = 0, q2 = 2, �

c1 = −0.270 555 768 932+ i2.504 775 904 362, w11 = 0.174 204 307 472− i0.023 488 268 401 1,

c2 = −1.729 444 231 068− i0.888 974 376 122, w12 = 0.508 808 394 420+ i0.002 507 912 891 1,

w1 = −0.541 413 348 429+ i0.248 562 520 866, w21 = −0.295 373 909 959− i0.179 575 890 979 9,

w2 = 0.541 413 348 429 2+ i1.588 859 182 223, w22 = 0.112 361 208 066+ i0.596 907 381 204 2,

�{S�L§�

um+1 = 2ℜ(y1) + 2ℜ(y2), 0 6 m < m0, (22)

Ù¥

(kA − c1I)y1 = w1um + kw11b(τm + δ1k) + kw21b(τm + δ2k),

(kA − c2I)y2 = w2um + kw21b(τm + δ1k) + kw22b(τm + δ2k).

éu (2, 2) - Padé �ª, 4:9�Aëê���: q1 = 0, q2 = 1, �

c1 = −3.0 − i1.732 050 807 568 877, w11 = −0.866 025 403 78+ i3.232 050 807 57,

w1 = −6.0 + i10.392 304 845 413 27, w21 = 0.866 025 403 78+ i0.232 050 807 569,

�{S�L§�

um+1 = um + 2ℜ(y), m > m0, (23)

Ù¥: (kA − c1I)y = w1um + kw11b(τm + δ1k) + kw21b(τm + δ2k).

(Üª (22)Úª (23), K����«éu�mÚ�m°Ýþ�o��1w�©�ª.

5¿: XJé vx Ú vxx æ^��¥%�©, �é�ª (17)æ^ (1,1)-Padé%C�{, K�

ª (17) Ò´aq��� C-N�©�ª. Ïd�ª (19)�±`´�«p�1w C-N�©�ª.

4 ê�Á�
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�!òÏLéIOîªwÞÏ�Úþ,vÑÏ�?1ê��[5�y±þ�{�k�

5, b��ëê��Xe,

T − t = 1, α = 0, γ = 0.3, λ = 2, xmin = −2,

xmax = 2, K = 50, r = 0.05, σ = 0.4, m0 = 3.

éuþ,vÑæNÏ�, �vÑæN: B = 70, ã 1 Úã 2 �Ñ
�©ê��ª�D

Ú C-N �ª�'�'X, dã��, ^DÚ C-N�ªO�æNÏ�d��, 3�1d�Úæ

N:NCþÑy
î­�ê���, �3O��A;xëê���wÍ, �©�{éÐ/)

û
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Fig.1 Relation between stock price and option value Fig.2 Relation between stock price and Delta
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Tab. 1 Relation between errors and nodes of space

N L
∞ Ø� �ê L

2 Ø� �ê

40 2.435 6e-2 — 1.842 1e-2 —

80 2.273 5e-3 3.421 3 1.634 2e-3 3.494 7

160 1.593 9e-4 3.834 3 1.129 3e-4 3.855 1

320 1.064 6e-5 3.904 2 7.536 4e-6 3.905 4

640 6.959 4e-7 3.935 2 4.715 5e-7 3.998 4

1 280 4.424 6e-8 3.914 7 3.021 4e-8 3.964 1
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LLL 2 OOO���ØØØ���������mmm!!!:::êêê���'''XXX (N=4 000)

Tab. 2 Relation between errors and nodes of time

M L
∞ Ø� �ê L

2 Ø� �ê

10 5.241 6e-3 – 3.168 3e-3 –

20 5.421 7e-4 3.143 2 3.366 0e-4 3.234 6

40 3.769 5e-5 3.846 3 2.263 7e-5 3.894 3

80 2.371 2e-6 3.990 7 1.414 8e-6 4.000 0

160 1.481 8e-7 4.000 1 8.835 1e-8 4.001 2

320 9.261 1e-9 4.000 0 5.520 8e-9 4.000 3
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Fig.3 Influence of parameter λ for vanilla option Fig.4 Influence of parameter λ for barrier option
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