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�©�Ä�´Ýþ� Ricci 6üz�/e, Å½��§�)�FÝ�OÚ Harnack Ø�

ª. Ricci 6´ 1982 c Hamilton JÑ�[11], §´Ýþ���uÐ�§, = ∂tg = −2Rc, Ù¥

g ´iùÝþ, Rc � Rc ­Ç. ù´��òz��Ô�§, �3á�mS)´�3����.

Cao-Hamilton y²
�«AÏÅ½��§� Harnack �O[12], =

½½½nnn A � (Mn, g(t)), t ∈ [0, T ) ´46/þ Ricci 6�), �­Ç�f�K, f ´�§

∂tf = ∆f + Rf ��), - u = − log f , Kk

2∆u − |∇u|2 − 3R − 2
n

t
6 0, ∀t ∈ (0, T ). (0.1)

AO�, �6/´4­¡�, � f ´�§ ∂tf = ∆f + Rf ��), e R > 0, Kk

∂t log f − |∇ log f |2 +
1

t
= ∆ log f + R +

1

t
> 0.

du4­¡þêþ­Ç�uÐ�§� ∂R
∂t

= ∆R + R2, ¤± f = R > 0 ÷v�§, Ïd

∂t log R − |∇ log R|2 + 1
t

= ∆ log R + R + 1
t

> 0. dd(Ø��Ð©êþ­Ç���4­¡3

5�z� Ricci 6eÂñ���~�­Ç­¡.

�©� (Mn, g(t)), t ∈ [0, T ) ´46/þ Ricci 6�), - u ´Å½��§��), =






∂gij

∂t
= −2Rij ,

(
∆g(t) − ∂t − q(x)

)
u(x, t) = 0,

(0.2)

Ù¥ q(x) ∈ C2(M). du6/´4�, ¤± q(x) k.. Ø�� q(x) 6 γ (γ ´�K~ê).

�©|^©z [13] ¥?n Ricci 6e9�§ Harnack �O��{�Ñ
Xe�FÝ�

OÚ Harnack Ø�ª.

½½½nnn 0.1 - (Mn, g(t)) ´4� n �iù6/, g(t) ÷v ∂
∂t

g = −2Rc, t ∈ [0, T ], b�

|Rc| 6 k, |∇R| 6 k1, Rc, R ©O� Rc ­ÇÚêþ­Ç. � u ´ (∆ − ∂t − q)u = 0, (x, t) ∈
M×[0, T ] �),Ù¥ q(x) ∈ C2(M), q(x) 6 γ, ∆q(x) 6 θ, γ, θ, k, k1þ´�K~ê. - f = log u,

K�3 T̃ = min{T, 3
2k+k1

}, ¦�eª¤á.

C1|∇f |2 − ft 6
n

2t
+ C2(1 + t), ∀ t ∈ (0, T̃ ], (0.3)

Ù¥ C1, C2 ´�6u k, k1, T, γ, θ, n ��K~ê.

�õê©z¥Ñ´�ÄÝþ�½�iù6/þ�
�Ô�§½ý��§�)�FÝ�

O, 
d½n�Ñ
Ýþ÷ Ricci 6üz�46/þÅ½��§�)��«'�{'�FÝ

�O. Å½��§3þfåÆ¥ké­��A^�µ, �±`´iùAÛÚþfåÆ���

(Ü:, 
 Ricci 6´AÛ©Û¥��­��Ýþüz�§, Ïd, �Ä Ricci 6eÅ½��

§�)�FÝ�O�\kå�`²
AÛÚ�§´�Ø�©�. ¿�d½ní2
©z [13]

¥'u9�§�(Ø.

òdFÝ�O÷X�^��´»È©, K��§ (0.2) �)� Harnack Ø�ª, ='�

)3ØÓ��:���'X.

½½½nnn 0.2 � (Mn, g(t)), t ∈ [0, T ) ´46/þ Ricci 6�), ¤÷v�^�Ú½n 0.1

��. K

u(x, t1) 6 u(y, t2)
( t2

t1

) n

2

exp
{ ∫ t2

t1

| .
γ(t)|2g(t)

4C1
dt + C2(t2 − t1) +

C2

2
(t22 − t21)

}
.
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∀x, y ∈ Mn, 0 < t1 < t2 6 T̃ = min{T, 3
2k+k1

}, C1, C2 ´�6u k, k1, γ, θ, n, T ��K~ê.

1 y²½n

ÚÚÚnnn 1.1 � (Mn, g(t)) ´ n �46/, � |Rc| 6 k, |∇R| 6 k1, Rc, R ©O� Rc ­Ç

Úêþ­Ç. � u ´�§ (0.2) �),Ù¥ q(x) ∈ C2(M), q(x) 6 γ, ∆q(x) 6 θ, γ, θ, k, k1þ´�

K~ê. - F = |∇f |2 − ft − q − B(t, ft) − 1+∂Y B
2 R, Ù¥ B(t, ft) ´�½¼ê, � B(t, Y ) '

u Y ´�5�,K

LF >
2

n
(F + B)2 − (2k + k1)(1 + ∂Y B)|∇f |2 + ∂tB − k2(1 + ∂Y B)2

2

− (1 + ∂Y B)k1 − θ +
R

2
∂t∂Y B.

yyy ²²² - f = log u, Kk ft = ∆f + |∇f |2 − q(x). ½Â�f L = ∆ + 2∇f∇− ∂t, K

d Bachlar úª��

L|∇f |2 = ∆|∇f |2 + 2∇f∇|∇f |2 − ∂t|∇f |2

= 2Rc(∇f,∇f) + 2|∇∇f |2 + 2〈∇∆f,∇f〉 + 2∇f∇|∇f |2

− 2Rc(∇f,∇f) − 2〈∇f,∇ft〉
= 2|∇∇f |2 + 2〈∇f,∇(∆f + |∇f |2 − ft)〉
= 2|∇∇f |2 + 2〈∇f,∇q〉. (1.1)

d ∆ft = ∂t(∆f) − 2〈Rc,∇∇f〉 ��

Lft = ∆ft + 2∇f∇ft − ∂tft

= ∂t(∆f) − 2〈Rc,∇∇f〉 + 2∇f∇ft − ∂tft

= ∂t(∆f − ft) − 2〈Rc,∇∇f〉 + 2∇f∇ft

= ∂t(−|∇f |2 + q) − 2〈Rc,∇∇f〉 + 2∇f∇ft

= −2Rc(∇f,∇f)− 2〈∇f,∇ft〉 − 2〈Rc,∇∇f〉
+ 2∇f∇ft = −2Rc(∇f,∇f)− 2〈Rc,∇∇f〉. (1.2)

du F = |∇f |2 − ft − q − B(t, ft) − 1+∂Y B
2 R, B(t, ft) ´�½¼ê, � q(x) � t Ã',

¤±

Lq = ∆q + 2∇f∇q, LB(t, ft) = ∂2
Y B|∇ft|2 + ∂Y BLft − ∂tB.

LB(t, ft) = ∂Y BLft − ∂tB = ∂Y B
(
− 2Rc(∇f,∇f) − 2〈Rc,∇∇f〉

)
− ∂tB. (1.3)

L(∂Y BR) = ∆(∂Y BR) + 2∇f∇(∂Y BR) − ∂t(∂Y BR)

= (∆∂Y B)R + ∂Y B∆R + 2∇∂Y B∇R + 2∇f
(
(∇∂Y B)R + ∂Y B∇R

)

− (∂t∂Y B)R − ∂Y B∂tR.

du B(t, Y ) 'u Y ´�5¼ê, ¤±

L(∂Y BR) = ∂Y B∆R + 2∂Y B∇f∇R − (∂t∂Y B)R − ∂Y B∂tR.
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Ï�3 Ricci 6e ∂tR = ∆R + 2|Rc|2, ¤±

L(∂Y BR)=2∂Y B∇f∇R − (∂t∂Y B)R − 2∂Y B|Rc|2, (1.4)

L(R)=∆R+2∇f∇R−∂tR = ∆R + 2∇f∇R − ∆R − 2|Rc|2 =2∇f∇R − 2|Rc|2. (1.5)

nÜª (1.1)—(1.5), ��

LF = L|∇f |2 − Lft − Lq − 1

2
LR − 1

2
L(∂Y BR) − LB(t, ft)

= 2|∇∇f |2 + 2〈∇f,∇q〉 + 2Rc(∇f,∇f) + 2〈Rc,∇∇f〉
− 2〈∇f,∇q〉 − ∆q − 〈∇f,∇R〉 + |Rc|2

− 1

2

(
2∂Y B∇f∇R − (∂t∂Y B)R − 2∂Y B|Rc|2

)

+ 2∂Y BRc(∇f,∇f) + 2∂Y B〈Rc,∇∇f〉 + ∂tB

= 2|∇∇f |2 + 2(1 + ∂Y B)Rc(∇f,∇f) + 2(1 + ∂Y B)〈Rc,∇∇f〉

+ (1 + ∂Y B)|Rc|2 − (1 + ∂Y B)∇f∇R +
R

2
∂t∂Y B − ∆q + ∂tB.

e ∂Y B > 0, ∆q 6 θ, |∇R| 6 k1, Rc > −k, K ∇f∇R 6 k1|∇f | 6 k1 + k1|∇f |2. ¤±,

LF = 2|∇∇f +
1 + ∂Y B

2
Rc|2 − (1 + ∂Y B)2

2
|Rc|2 + 2(1 + ∂Y B)Rc(∇f,∇f)

+ (1 + ∂Y B)|Rc|2 − (1 + ∂Y B)∇f∇R +
R

2
∂t∂Y B − ∆q + ∂tB

> 2|∇∇f +
1 + ∂Y B

2
Rc|2 − (1 + ∂Y B)2

2
|Rc|2 − 2k(1 + ∂Y B)|∇f |2

+ (1 + ∂Y B)|Rc|2 − k1(1 + ∂Y B) − k1(1 + ∂Y B)|∇f |2 +
R

2
∂t∂Y B − θ + ∂tB.

Ï� |Rc| 6 k, K |Rc|2 ≥ R2

n
, ¤±k |R| 6 nk.

qÏ� |∇∇f + 1+∂Y B
2 Rc|2 > 1

n
(∆f + 1+∂Y B

2 R)2, (1 + ∂Y B)2|Rc|2 6 (1 + ∂Y B)2k2, ¤±

LF >
2

n

(
∆f +

1 + ∂Y B

2
R

)2

− k2(1 + ∂Y B)2

2
− (2k + k1)(1 + ∂Y B)|∇f |2

+ ∂tB − (1 + ∂Y B)k1 +
R

2
∂t∂Y B − θ

=
2

n

(
|∇f |2 − ft − q − 1 + ∂Y B

2
R

)2

− k2(1 + ∂Y B)2

2
+ ∂tB

− (2k + k1)(1 + ∂Y B)|∇f |2 − (1 + ∂Y B)k1 +
R

2
∂t∂Y B − θ

=
2

n
(F + B)2 − (2k + k1)(1 + ∂Y B)|∇f |2 + ∂tB − k2(1 + ∂Y B)2

2

− (1 + ∂Y B)k1 − θ +
R

2
∂t∂Y B.

ÚÚÚnnn 1.2 � (Mn, g(t)) ´ n �46/, � |Rc| 6 k, |∇R| 6 k1, Rc, R ©O� Rc ­Ç

Úêþ­Ç. � u ´�§ (0.2) �),Ù¥ q(x) ∈ C2(M), q(x) 6 γ, ∆q(x) 6 θ, γ, θ, k, k1þ´�

K~ê. - G = tF , F ´XþÚn¤½Â�. K

∆G + 2∇f∇G − ∂tG >
G

t
.
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yyy ²²² - C(t, Y ) ´�§

{
∂tC + 2

n
C2 − 2k2(Y + C + k3) = 0,

C(0) = ∞,
(1.6)

�), Ù¥ k2, k3 ´�½��K~ê. ´�, � Y > −n
4 k2 − k3 �, d�§�)�

C(t, Y ) =
nk2

2
+

nb(t, Y )

4t
coth

b(t, Y )

2
,

Ù¥ b(t, Y ) = 4t
n

√
nk2

√
Y + nk2

4 + k3. ²O���

lim
Y →−

nk2

4
−k3

C(t, Y ) =
n

2
k2 +

n

2t
, lim
Y →−

nk2

4
−k3

∂Y C(t, Y ) =
2

3
k2t, lim

Y →∞

∂Y C(t, Y ) = 0.

� C(t, Y ) 'u Y 3 (−nk2

4 − k3, +∞) ´]¼ê. éu�½� Y > −n
4 k2 − k3,

∂t∂Y C(t, Y ) =
4K2[(b − 2)eb + (b + 2)]

(eb − 1)3
> 0(b > 0),

lim
t→0

∂t∂Y C(t, Y ) = lim
b→0

∂t∂Y C(t, Y ) =
2

3
k2, lim

t→∞

∂t∂Y C(t, Y ) = lim
t→∞

∂t∂Y C(t, Y ) = 0.

� ∂t∂Y C(t, Y ) 'u t ´4~�, �� Y > −n
4 k2−k3, k0 6 ∂t∂Y C(t, Y ) 6 lim

t→0
∂t∂Y C(t, Y ) =

2
3k2. é�½� Y0 > −n

4 k2 − k3, - B(t, Y ) = ∂Y C(t, Y0)(Y − Y0) + C(t, Y0). K B(t, Y ) ��

5¼ê. �

0 6 ∂Y B(t, Y ) = ∂Y C(t, Y0) 6
2

3
k2t 6

2

3
k2T. 0 6 ∂t∂Y B(t, Y ) = ∂t∂Y C(t, Y0) 6

2

3
k2.

du |R| 6 nk, 0 6 ∂t∂Y B(t, Y ) 6
2
3k2, ¤± R

2 ∂t∂Y B(t, Y ) > −nk
2 × 2

3k2 = −n
3 kk2 > −nkk2.

Ïd

LF >
2

n
(F + B)2 − (2k + k1)

(
1 +

2

3
k2T

)
|∇f |2 + ∂tB − nkk2

− (1 + 2
3k2T )2

2
k2 −

(
1 +

2

3
k2T

)
k1 − θ

=
2

n
(F + B)2 − (2k + k1)

(
1 +

2

3
k2T

)(
F + ft + q + B(t, ft) +

1 + ∂Y B

2
R

)

+ ∂tB − nkk2 −
(1 + 2

3k2T )2

2
k2 −

(
1 +

2

3
k2T

)
k1 − θ

>
2

n
(F + B)2 − (2k + k1)

(
1 +

2

3
k2T

)(
F + ft + γ + B +

1 + 2
3k2T

2
nk

)

+ ∂tB − nkk2 −
(1 + 2

3k2T )2

2
k2 −

(
1 +

2

3
k2T

)
k1 − θ.

- 2k2 > (2k + k1)(1 + 2
3k2T ), ��y k2 > 0, 7L T < 3

2k+k1

, Kk

LF >
2

n
(F + B)2 − 2k2

(
F + ft + B + γ +

1 + 2
3k2T

2
nk

)

+ ∂tB − nkk2 −
(1 + 2

3k2T )2

2
k2 −

(
1 +

2

3
k2T

)
k1 − θ.
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- k3 = γ +
1+ 2

3
k2T

2 nk + nk
2 +

(1+ 2

3
k2T )2

4k2

k2 +
(1+ 2

3
k2T )

2k2

k1 + θ
2k2

> 0, Kk

LF >
2

n
(F + B)2 − 2k2(F + ft + B + k3) + ∂tB

=
2

n
F 2 +

( 4

n
B − 2k2

)
F + ∂tB +

2

n
B2 − 2k2(ft + B + k3).

ò B(t, Y ) = ∂Y C(t, Y0)(Y − Y0) + C(t, Y0) �\. du

∂tB = ∂t∂Y C(t, Y0)(Y − Y0) + ∂tC(t, Y0).

2

n
B2 =

2

n

(
∂Y C(t, Y0)(Y − Y0) + C(t, Y0)

)2

=
2

n

(
∂Y C(t, Y0)(Y − Y0)

)2
+

4

n
C(t, Y0)∂Y C(t, Y0)(Y − Y0) +

2

n
(C(t, Y0))

2.

2k2

(
Y + k3 + B(t, Y )

)
= 2k2

(
Y − Y0 + Y0 + k3 + B(t, Y )

)

= 2k2

(
Y0 + k3 + C(t, Y )

)
+ 2k2(Y − Y0)(1 + ∂Y C(t, Y0)).

ò�§ (1.6) é Y ¦��� ∂t∂Y C + 4
n
C∂Y C − 2k2(1 + ∂Y C) = 0.

(Üª (1.6) k ∂tB + 2
n
B2 − 2k1(ft + B + k3) = 2

n

(
∂Y C(t, Y0)(ft − Y0)

)2
, ¤±

LF >
2

n
[F + ∂Y C(t, Y0)(ft − Y0)]

2 +
[ 4

n
C(t, Y0) − 2k2

]
F.

- G = tF , K

LG = −F + tLF =
2t

n
[F + ∂Y C(t, Y0)(ft − Y0)]

2 +
[ 4

n
C(t, Y0) − 2k2 −

1

t

]
G

>

( 4

n
C(t, Y0) − 2k2 −

1

t

)
G.

|^Ø�ª b + 2b
eb

−1 > 2, (b > 0) ��, LG >
G
t
. =

∆G + 2∇f∇G − ∂tG >
G

t
. (1.7)

Äu±þü�Ún, y²½n 0.1.

yyy ²²² y²½n 0.1, �Iy² G 6 0 =�. |^46/þ4���n, b� (x0, t0) ∈
Mn × [0, T ] ´ G ����:� G(x0, t0) > 0, d4���n��, 3 (x0, t0) ?k ∆G 6

0,∇G = 0, �\(1.7), K3 (x0, t0) ?k

0 > ∆G + 2∇f∇G >
G(x0, t0)

t
+ ∂tG(x0, t0) > ∂tG(x0, t0).

Ï� t = 0 �, G = 0, ¤±3 (x0, t0) ?, ∂tG > 0, ù� ∂tG 6 0gñ! ¤± G(x0, t0) 6 0. =

G(x, t) 6 0, ∀ (x, t) ∈ Mn × [0, T̃ ], T̃ = min{T, 3
2k+k1

}. Ïd F (x, t) 6 0, ∀ (x, t) ∈ Mn × [0, T̃ ].

d F �½Â�� |∇f |2 − ft − q − B(t, ft) − 1+∂Y B
2 R 6 0.

|∇f |2 − ft 6 q +
1 + ∂Y B

2
R + B(t, ft)

6 γ +
1 + 2

3k2t

2
nk + inf

Y0>−
nk2

4
−k3

(
∂Y C(t, Y0)(ft − Y0) + C(t, Y0)

)
.
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- Y0 → −nk2

4 − k3, K

|∇f |2 −
(
1 +

2

3
k2T

)
ft 6

n

2t
+

n

2
k2 +

2

3
k2T

(nk2

4
+ k3

)
+

nk

2
+

nk2k

3
t + γ.

- C = 1 + 2
3k2T > 1, C2 = max{nkk2

3 , 2
3k2T (nk2

4 + k3) + nk
2 + n

2 k2 + γ}, K |∇f |2 − Cft 6

n
2t

+ C2(1 + t), t ∈ (0, T̃ ], T̃ = min{T, 3
2k+k1

}. Ï� C > 1, ¤± 1
C
|∇f |2 − ft 6

n
2t

+ C2(1 + t).

- 1
C

= C1, K C1|∇f |2 − ft 6
n
2t

+ C2(1 + t).

íííØØØ 1.3 � (Mn, g(t)), t ∈ [0, T ] ´46/þ Ricci 6�), |Rc| 6 k, |∇R| 6 k1, k, k1

þ´�K~ê. u(x, t) ´ (∆ − ∂t)u(x, t) = 0, ∀ (x, t) ∈ Mn × [0, T ] ��), - f = log u, K

1

1 + nk1
|∇f |2 − ft 6

n

2t
+ C1(n, k, k1) +

nkk1

3
t, ∀ t ∈ (0, T̃ ]. T̃ = min

{
T,

3

2k + k1

}
.

yyy ²²² dud� q(x) = 0, ­Ec¡�L§=��díØ.

e¡y²½n 0.2.

yyy ²²² - γ(t) : [t1, t2] −→ Mn ´ë� γ(t1) = x, γ(t2) = y �ÿ/�, K

f(y, t2) − f(x, t1) =

∫ t2

t1

d

dt
f(γ(t))dt =

∫ t2

t1

(〈∇f,
.

γ(t)〉 + ft)dt

>

∫ t2

t1

{−|∇f || .
γ(t)|g(t) + C1|∇f |2 − n

2t
− C2(1 + t)}dt

>

∫ t2

t1

−
| .
γ(t)|2g(t)

4C1
dt − n

2
ln

t2

t1
− C2(t2 − t1) −

C2

2
(t22 − t21).

¤± log u(y,t2)
u(x,t1)

>

∫ t2

t1

−
| .
γ(t)|2g(t)

4C1
dt − n

2
ln

t2

t1
− C2(t2 − t1) −

C2

2
(t22 − t21). =

u(x, t1) 6 u(y, t2)
( t2

t1

)n

2

exp
{ ∫ t2

t1

| .
γ(t)|2g(t)

4C1
dt + C2(t2 − t1) +

C2

2
(t22 − t21)

}
.
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