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0 Introduction and definitions

Determining chromatic numbers of various kinds of colorings is a fundamental problem of

graph coloring. After the concept of vertex-distinguishing proper edge coloring of graphs was

presented in [1], international scholars did many studies in [2-4].

All graphs mentioned here are simple, undirected and finite. We denote the vertex set,

edge set, maximum degree, minimum degree, and edge chromatic number of a graph G by

V (G), E(G), ∆(G), δ(G), and χ′(G), respectively.

A proper k-edge coloring f of a graph G is an assignment of k colors, 1, 2, · · · , k, to edges

of G (or a mapping from E(G) to {1, 2, · · · , k}) such that no two adjacent edges receive the

same color. Given such a coloring f , for any vertex x ∈ V (G), let S(x) be the set of colors

assigned to the edges incident to x, i.e., S(x) = {f(xu)|xu ∈ E(G), u ∈ V (G)}, S(x) is called

the color set of vertex x. If for any two distinct vertices u and v of V (G), S(u) 6= S(v), then

we say that f is a vertex-distinguishing proper edge coloring of graph G (in brief k-VDPEC).

Let S(x) = {1, 2, · · · , k} \ S(x). S(x) is called the complementary color set of vertex x. The

minimum number of colors required for a vertex-distinguishing proper edge coloring of G,

denoted by χ′

s(G), is called the vertex-distinguishing proper edge chromatic number. A graph

with no more than one isolated vertex and no isolated edges is called a vdec graph. Obviously,

a graph G has the vertex-distinguishing proper edge coloring if and only if G is a vdec graph.

Let G be a vdec graph and nd(G) denote the number of vertices of degree d, δ(G) 6 d 6

∆(G). Set

π(G) = min{θ|
(

θ

d

)

> nd(G), δ(G) 6 d 6 ∆(G)}.

Clearly, the following lemma is true.

Lemma 1 χ′

s(G) > π(G).

Burris and Schelp got the vertex-distinguishing proper edge chromatic numbers of com-

plete graphs, complete bipartite graphs, paths and cycles in [4], and presented the following

Conjecture.

Conjecture 1 If G is a vdec graph, then χ′

s(G) = π(G) or π(G) + 1.

Lemma 2[3] For any vdec graph of order n, then χ′

s(G) 6 n + 1.

The composition of simple graphs G and H is the simple graph G[H ] with vertex set

V (G) × V (H), in which (u, v) is adjacent to (u′, v′) if and only if either uu′ ∈ E(G) or u = u′

and vv′ ∈ E(H). The notation (u, v)(u′, v′) indicates the edge between adjacent two vertices

(u, v) and (u′, v′) in G[H ].

Lemma 3[5] (i) If (u, v) ∈ V (G[H ]), then dG[H](u, v) = dG(u)|V (H)| + dH(v).

(ii) ∆(G[H ]) = ∆(G) · |V (H)| + ∆(H).

Let Kp[Sq] be the composition of complete graph Kp and star Sq, where Kp is a complete

graph of order p, Sq is a star of order q. Then there exist edge-disjoint spanning subgraph

K(p× q) and pSq of Kp[Sq], such that Kp[Sq] = K(p× q)
⋃

pSq, where K(p× q) is a complete

p-partite graph with equipotent parts and q vertices in each part, pSq is the disjoint union of p

graphs which are isomorphic to Sq.

Lemma 4 If p > 2, q > 4, then π(Kp[Sq]) = min{θ|
(

θ

pq−1

)

> p,
(

θ

pq−q+1

)

> pq−p} = pq.
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Proposition 1[6] If p > 3, q > 2, then χ′

s(K(p × q)) = (p − 1)q + 2.

Proposition 2[7] If n > 2, then χ′

s(Kn,n) = n + 2.

1 Main results

For convenience, let V (Kp[Sq]) = {(ui, vj)|i = 1, 2, · · · , p, j = 1, 2, · · · , q}.

Theorem 1 If p > 2, q > 4, then χ′

s(Kp[Sq]) 6 χ′

s(K(p × q)) + χ′(pSq).

Proof Firstly, we assign χ′

s(K(p×q)) colors to the edges of K(p×q) so that the resulting

edge coloring is proper and vertex-distinguishing. Then we assign χ′(pSq) new colors properly

to the edges of pSq. Combining these two colorings together gives the VDPEC of Kp[Sq] using

χ′

s(K(p × q)) + χ′(pSq) colors. This theorem follows.

According to Proposition 1, Proposition 2 and Theorem 1, the following theorem is obvious.

Theorem 2 If p > 2, q > 4, then χ′

s(Kp[Sq]) 6 pq + 1.

Theorem 3 If q > 4, then χ′

s(K2[Sq]) = 2q.

Proof By Lemma 1 and Lemma 4, χ′

s(K2[Sq]) > 2q. Set

E(K2[Sq]) = {(u1, vj)(u2, vl)|j, l = 1, 2, · · · , q}
⋃

(

2
⋃

i=1

{(ui, v1)(ui, vj)|j = 2, 3, · · · , q}
)

;

E(Kq,q) = {(u1, vj)(u2, vl)|j, l = 1, 2, · · · , q}.

By Proposition 2, we may give a (q + 2)-VDPEC ϕ of Kq,q. According to the proof

procedure of Proposition 2 in [7], we have

{

ϕ((u1, vj)(u2, vl)) = (q + j + l)q+2,

ϕ((u1, vq)(u2, vl)) = (q − 1 + l)q+2,
j = 1, 2, · · · , q − 1, l = 1, 2, · · · , q.

The above symbol (m)n denotes the number in {1, 2, · · · , n} which is congruent with m

modulo n. Note that if m is a multiple of n, then (m)n = n. For example, (5)5 = 5, (10)5 = 5,

(8)5 = 3, (2)5 = 2.

Under ϕ, the set of two colors which are not represented at vertex (ui, vj) is denoted by

A (ui, vj), i = 1, 2, j = 1, 2, · · · , q, we have

A (u1, v1) = {q, q + 1}, A (u1, v2) = {q + 1, q + 2},

A (u2, v1) = {q − 1, q + 1}, A (u2, v3) = {1, q + 1}.

Based on the coloring ϕ, we will color the edges of two Sq. This time we need color q + 1

and new colors q + 3, q + 4, · · · , 2q.

Let (u1, v1)(u1, v2) and (u2, v1)(u2, v3) receive color q + 1, (u1, v1)(u1, vj) receive color

q + j, j = 3, 4, · · · , q, (u2, v1)(u2, v2) receive color q + 3 and (u2, v1)(u2, vj) receive color q + j,

j = 4, 5, · · · , q. The resulting edge coloring of K2[Sq] is denoted by f . Then f is proper and

for this f , we have

S(u1, v1) = {q}, S(u1, v2) = {q+2}
⋃

I, S(u1, vj) = A (u1, vj)
⋃

(I\{q+j}), j = 3, 4, · · · , q;

S(u2, v1) = {q − 1}, S(u2, v2) = A (u2, v2)
⋃

(I \ {q + 3}), S(u2, v3) = {1}
⋃

I, S(u2, vj) =

A (u2, vj)
⋃

(I \ {q + j}), j = 4, 5, · · · , q; where I = {q + 3, q + 4, · · · , 2q}.
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Since ϕ is a VDPEC, A (ui, vj) 6= A (uk, vl), i, k = 1, 2, 1 6 j, l 6 q, (i, j) 6= (k, l).

It is easy to see that S(ui, vj) 6= S(uk, vl), i, k = 1, 2, 1 6 j, l 6 q, (i, j) 6= (k, l). Theorem

follows.

Theorem 4 If p > 3, then χ′

s(Kp[S4]) = 4p.

Proof By Lemma 1 and Lemma 4, χ′

s(Kp[S4]) > 4p. Set

E(Kp[S4])=
( p−1

⋃

i=1

p
⋃

k=i+1

{(ui, vj)(uk, vl)|j, l=1, 2, 3, 4}
)

⋃

( p
⋃

i=1

{(ui, v3)(ui, vj)|j=1, 2, 4}
)

.

Arrange clockwisely vertices (u1, v1), (u1, v2), (u1, v3), (u1, v4), (u2, v1), (u2, v2), (u2, v3),

(u2, v4), · · · , (up, v1), (up, v2), (up, v3) on the apics of a regular (4p − 1)-gon with center

point (up, v4). Note that all vertices of the regular (4p − 1)-gon and center point (up, v4)

together form the vertex set of Kp[S4]. At the same time, the three segments of connect-

ing (ui, v1) and (ui, v2), (ui, v1) and (ui, v4), (ui, v2) and (ui, v4) are not edges of Kp[S4],

i = 1, 2, · · · , p. Except these 3p segments, connecting segments between any two distinct

vertices can be viewed as edges of Kp[S4]. Let Mij be all edges in Kp[S4] which are perpen-

dicular to straight line connecting two vertices (up, v4) and (ui, vj) as well as (up, v4)(ui, vj),

i = 1, 2, · · · , p − 1, j = 1, 2, 3, 4; i = p, j = 3. Let Mpj be all edges in Kp[S4] which are

perpendicular to straight line connecting two vertices (up, v4) and (up, vj), j = 1, 2. Thus

M11, M12, M13, M14, M21, M22, M23, M24, · · · , Mp1, Mp2, Mp3 are matching and edge-

disjoint each other. Furthermore,

E(Kp[S4])=M11

⋃

M12

⋃

M13

⋃

M14

⋃

M21

⋃

M22

⋃

M23

⋃

M24

⋃

· · ·
⋃

Mp1

⋃

Mp2

⋃

Mp3.

We define a proper edge coloring ϕ of Kp[S4] using colors 1, 2, · · · , 4p−1 as follows: assign

color 4(i − 1) + j to edges in Mij , i = 1, 2, · · · , p − 1, j = 1, 2, 3, 4; i = p, j = 1, 2, 3.

Based on the coloring ϕ, now we recolor the edge (ui, v1)(ui, v3) by a new color 4p, i =

1, 2, · · · , p − 1. The resulting edge coloring is denoted by f . Clearly f is proper.

Case 1 p is even. For this f , we have

S(ui, v1) = {4i − 2, 4i + 2p − 3, 4i + 2p − 2}, i = 1, 2, · · · , p

2 ;

S(ui, v1) = {4i − 2p − 2, 4i − 2p − 1, 4i − 2}, i = p+2
2 , p+4

2 , · · · , p − 1;

S(up, v1) = {2p− 2, 4p− 3, 4p}.

S(ui, v2) = {4i − 1, 4i + 2p − 3, 4p}, i = 1, 2, · · · , p

2 ;

S(ui, v2) = {4i − 2p − 2, 4i − 1, 4p}, i = p+2
2 , p+4

2 , · · · , p − 1;

S(up, v2) = {2p− 2, 4p− 2, 4p}.

S(ui, v3) = {4i − 2}, i = 1, 2, · · · , p − 1; S(up, v3) = {4p}.

S(ui, v4) = {4i − 1, 4i + 2p − 2, 4p}, i = 1, 2, · · · , p

2 ;

S(ui, v4) = {4i − 2p − 1, 4i − 1, 4p}, i = p+2
2 , p+4

2 , · · · , p − 1;

S(up, v4) = {4p− 3, 4p− 2, 4p}.

Note that the numbers in each set S(ui, vj) are arranged in ascending order, i =

1, 2, · · · , p, j = 1, 2, 3, 4. We just need to prove that the complementary color sets of any

two distinct vertices of same degree are different from each other.

Obviously, S(ui, v3) 6= S(uk, v3), 1 6 i < k 6 p.
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Now we prove S(ui, v1) 6= S(uk, v1), by contradiction, suppose S(ui, v1) = S(uk, v1),

1 6 i < k 6 p.

For 1 6 i 6
p
2 , p+2

2 6 k 6 p−1, from 4i+2p−3 = 4k−2p−1 we know that k− i = p− 1
2 ;

for 1 6 i 6
p
2 , k = p, from 4i + 2p − 2 = 4p we know that i = p+1

2 ;

for p+2
2 6 i 6 p − 1, k = p, from 4i − 2 = 4p we know that i = p + 1

2 .

These are contradictions. Thus S(ui, v1) 6= S(uk, v1), 1 6 i < k 6 p.

Similarly, we can show that S(ui, v2) 6= S(uk, v2), S(ui, v4) 6= S(uk, v4), 1 6 i < k 6 p.

We will prove S(up, v1) 6= S(ui, v2), S(up, v1) 6= S(ui, v4). By contradiction, suppose

S(up, v1) = S(ui, v2), S(up, v1) = S(ui, v4), i = 1, 2, · · · , p − 1.

For 1 6 i 6
p
2 , from 2p − 2 = 4i − 1 we know that i = p

2 − 1
4 ; for p+2

2 6 i 6 p − 1, from

4p − 3 = 4i − 1 we know that i = p − 1
2 .

These are contradictions. Thus S(up, v1) 6= S(ui, v2), S(up, v1) 6= S(ui, v4), i = 1, 2, · · · , p.

The color 4p belongs to S(ui, v2) and S(ui, v4), but does not belong to S(uk, v1), i = 1, 2, · · · , p,

k = 1, 2, · · · , p − 1. Thus, S(uk, v1) 6= S(ui, v2), S(uk, v1) 6= S(ui, v4), i, k = 1, 2, · · · , p.

We will prove S(ui, v2) 6= S(uk, v4), by contradiction, suppose S(ui, v2) = S(uk, v4),

i, k = 1, 2, · · · , p.

For 1 6 i 6
p
2 , 1 6 k 6

p
2 , from 4i + 2p − 3 = 4k + 2p− 2 we know that i − k = 1

4 ;

for 1 6 i 6
p
2 , p+2

2 6 k 6 p − 1, from 4i + 2p − 3 = 4k − 1 we know that k − i = p−1
2 ;

for 1 6 i 6
p
2 , k = p, from 4i − 1 = 4p− 3 we know that i = p − 1

2 ;

for p+2
2 6 i 6 p − 1, 1 6 k 6

p
2 , from 4i − 2p − 2 = 4k − 1 we know that i − k = p

2 + 1
4 ;

for p+2
2 6 i 6 p − 1, p+2

2 6 k 6 p − 1, from 4i − 2p − 2 = 4k − 2p − 1 we know that

i − k = 1
4 ;

for p+2
2 6 i 6 p − 1, k = p, from 4i − 1 = 4p − 2 we know that i = p − 1

4 ;

for i = p, 1 6 k 6
p
2 , from 2p − 2 = 4k − 1 we know that k = p

2 − 1
4 ;

for i = p, p+2
2 6 k 6 p − 1, from 2p − 2 = 4k − 2p − 1 we know that k = p − 1

4 .

These are contradictions. Thus S(ui, v2) 6= S(uk, v4), i, k = 1, 2, · · · , p.

In summary, the above coloring is a 4p-VDPEC coloring of Kp[S4].

Case 2 p is odd. For this f , we have

S(ui, v1) = {4i − 2, 4i + 2p − 3, 4i + 2p − 2}, i = 1, 2, · · · ,
p − 1

2
;

S(u p+1

2

, v1) = {1, 2p, 4p− 1};

S(ui, v1) = {4i − 2p − 2, 4i − 2p − 1, 4i − 2}, i =
p + 3

2
,
p + 5

2
, · · · , p − 1;

S(up, v1) = {2p− 2, 4p− 3, 4p}.

S(ui, v2) = {4i − 1, 4i + 2p − 3, 4p}, i = 1, 2, · · · ,
p + 1

2
;

S(ui, v2) = {4i − 2p − 2, 4i − 1, 4p}, i =
p + 3

2
,
p + 5

2
, · · · , p − 1;

S(up, v2) = {2p− 2, 4p− 2, 4p}.

S(ui, v3) = {4i − 2}, i = 1, 2, · · · , p − 1; S(up, v3) = {4p}.

S(ui, v4) = {4i − 1, 4i + 2p − 2, 4p}, i = 1, 2, · · · ,
p − 1

2
;
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S(ui, v4) = {4i − 2p − 1, 4i − 1, 4p}, i =
p + 1

2
,
p + 3

2
, · · · , p − 1;

S(up, v4) = {4p− 3, 4p − 2, 4p}.

Note that the numbers in each set S(ui, vj) are arranged in ascending order, i =

1, 2, · · · , p, j = 1, 2, 3, 4. We just need to prove that the complementary color sets of any

two distinct vertices of same degree are different from each other.

The proof of Case 2 is similar to that of Case 1.

Theorem 5 If p(> 4) is even, then χ′

s(Kp[S5]) = 5p.

Proof By Lemma 1 and Lemma 4, χ′

s(Kp[S5]) > 5p. Set

E(Kp[S5]) = (
p−1
⋃

i=1

p
⋃

k=i+1

{(ui, vj)(uk, vl)|j, l = 1, 2, 3, 4, 5})
⋃

(
p
⋃

i=1

{(ui, v3)(ui, vj)|j = 1, 2,

4, 5}).

We define a proper edge coloring ϕ of Kp[S5] using colors 1, 2, · · · , 5p− 1 in the same way

as that of Theorem 4 as follows: assign color 5(i−1)+ j to edges in Mij , i = 1, 2, · · · , p−1, j =

1, 2, 3, 4, 5; i = p, j = 1, 2, 3, 4.

Based on the coloring ϕ, now we recolor the edge (ui, v3)(ui, v5) by a new color 5p, i =

1, 2, · · · , p− 1. The resulting edge coloring is denoted by f . Clearly f is proper and for this f ,

we have

S(ui, v1) =
{

5i − 2, 5i +
5

2
p − 4, 5i +

5

2
p − 3, 5p

}

, i = 1, 2, · · · ,
p

2
;

S(ui, v1) =
{

5i −
5

2
p − 3, 5i −

5

2
p − 2, 5i − 2, 5p

}

, i =
p + 2

2
,
p + 4

2
, · · · , p − 1;

S(up, v1) =
{5

2
p − 3,

5

2
p − 2, 5p− 4, 5p

}

.

S(ui, v2) =
{

5i − 2, 5i +
5

2
p − 4, 5i +

5

2
p − 2, 5p

}

, i = 1, 2, · · · ,
p

2
;

S(ui, v2) =
{

5i −
5

2
p − 3, 5i −

5

2
p − 1, 5i − 2, 5p

}

, i =
p + 2

2
,
p + 4

2
, · · · , p − 1;

S(up, v2) =
{5

2
p − 3, 5p− 3, 5p− 2, 5p

}

.

S(ui, v3) = {5i − 1}, i = 1, 2, · · · , p − 1; S(up, v3) = {5p}.

S(ui, v4) =
{

5i − 2, 5i +
5

2
p − 3, 5i +

5

2
p − 1, 5p

}

, i = 1, 2, · · · ,
p

2
;

S(ui, v4) =
{

5i −
5

2
p − 2, 5i −

5

2
p, 5i − 2, 5p

}

, i =
p + 2

2
,
p + 4

2
, · · · , p − 1;

S(up, v4) =
{5

2
p − 2, 5p− 2, 5p− 1, 5p

}

.

S(ui, v5) =
{

5i − 2, 5i − 1, 5i +
5

2
p − 2, 5i +

5

2
p − 1

}

, i = 1, 2, · · · ,
p

2
;

S(ui, v5) =
{

5i −
5

2
p − 1, 5i −

5

2
p, 5i − 2, 5i − 1

}

, i =
p + 2

2
,
p + 4

2
, · · · , p − 1;

S(up, v5) = {5p− 4, 5p− 3, 5p− 1, 5p}.

Note that the numbers in each set S(ui, vj) are arranged in ascending order, i =

1, 2, · · · , p, j = 1, 2, 3, 4, 5. We just need to prove that the complementary color sets of any two
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distinct vertices of same degree are different from each other.

The proof is similar to Case 1 of Theorem 4.

Theorem 6 If pq (p > 3, q > 5) is odd, then χ′

s(Kp[Sq]) = pq.

Proof By Lemma 1 and Lemma 4, χ′

s(Kp[Sq]) > pq. Set

E(Kp[Sq]) =
( p−1

⋃

i=1

p
⋃

k=i+1

{(ui, vj)(uk, vl)| j, l = 1, 2, · · · , q}
)

⋃

( p
⋃

i=1

{(ui, v q+1

2

)(ui, vj)| j =

1, 2, · · · , q, and j 6= q+1
2 }

)

.

Arrange clockwisely vertices (u1, v1), (u1, v2), · · · , (u1, vq), (u2, v1), (u2, v2), · · · , (u2, vq),

· · · , (up, v1), (up, v2), · · · , (up, vq) on the apics of a regular pq-gon with center point O. Note

that all vertices of the regular pq-gon form the vertex set of Kp[Sq]. At the same time, the seg-

ment of connecting (ui, vj) and (ui, vl) is not edge of Kp[Sq], i = 1, 2, · · · , p, j = 1, 2, · · · , q−1,

l = j + 1, j + 2, · · · , q and j, l 6= q+1
2 . Except these q2

−3q+2
2 p segments, connecting segments

between any two distinct vertices can be viewed as edges of Kp[Sq]. Let Mij be all edges in

Kp[Sq] which are perpendicular to straight line connecting O and (ui, vj), i = 1, 2, · · · , p, j =

1, 2, · · · , q. Thus M11, M12, · · · , M1q, M21, M22, · · · , M2q, · · · , Mp1, Mp2, · · · , Mpq are matching

and edge-disjoint each other. Furthermore,

E(Kp[Sq]) = M11

⋃

M12

⋃

· · ·
⋃

M1q

⋃

M21

⋃

· · ·
⋃

M2q

⋃

· · ·
⋃

Mp1

⋃

· · ·
⋃

Mpq.

We define a proper edge coloring f of Kp[Sq] using colors 1, 2, · · · , pq as follows: assign

color q(i − 1) + j to edge in Mij , i = 1, 2, · · · , p, j = 1, 2, · · · , q.

The color (2i−1)q+1
2 belongs to S(ui, vj), but (2i−1)q+1

2 does not belong to S(uk, vl), thus

S(ui, vj) 6= S(uk, vl), 1 6 i < k 6 p, j, l = 1, 2, · · · , q.

For i = 1, 2, · · · , p, let

I = {1, 2, · · · , pq}, Ii = {(i − 1)q + 1, (i − 1)q + 2, · · · , (i − 1)q + q},

Aij = {(i − 1)q + j+2
2 , (i − 1)q + j+4

2 , · · · , (i − 1)q + j+q−1
2 }, j = 2, 4, · · · , q − 1,

Bij = {(i − 1)q + j+1
2 , (i − 1)q + j+3

2 , · · · , (i − 1)q + j+q

2 }, j = 1, 3, · · · , q.

Of course, Aij ⊆ Ii, Bij ⊆ Ii. Moreover, Aij and Bij have q−1
2 and q+1

2 consecutive

natural numbers, respectively.

If i = 1, 2, · · · , p, q ≡ 1(mod 4), then

S(ui, vj) = Aij

⋃

Cij , Cij ⊆ I \ Ii, j = 2, 4, · · · , q − 1;

S(ui, vj) =
(

Bij \
{

(i − 1)q +
j + q+1

2

2

})

⋃

Cij , Cij ⊆ I \ Ii, j = 1, 3, · · · , q, j 6=
q + 1

2
;

S(ui, v q+1

2

) =
{

(i − 1)q +
q + 1

2

}

.

If i = 1, 2, · · · , p, q ≡ 3(mod 4), then

S(ui, vj) = Bij

⋃

Dij , Dij ⊆ I \ Ii, j = 1, 3, · · · , q;

S(ui, vj) =
(

Aij \
{

(i − 1)q +
j + q+1

2

2

})

⋃

Dij , Dij ⊆ I \ Ii, j = 2, 4, · · · , q−1, j 6=
q + 1

2
;

S(ui, v q+1

2

) =
{

(i − 1)q +
q + 1

2

}

.
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Thus for each i ∈ {1, 2, · · · , p} and each odd number q(> 5), we have that S(ui, vj) 6=

S(ui, vl), 1 6 j < l 6 q.

In conclusion, the above coloring is a pq-VDPEC coloring of Kp[Sq].
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