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In some problems of mathematics and physics and physics, the following
nonlinear Volterra equation of convolution

u(x)=fa(x—5)9(u(5))ds+f(x) (1)
0

was given[!=3]

Because of requirement of real existence, the solution of (1) ought to satisfy u(0)
=0 ; u (x) >0, x>0 and be continuous. All known functions of (1) are
nonnegative. The existence of the solutions (1) has been studied =% | In this
paper, we consider more general equation as follows

u(x)=]g(x s u(s))ds+f(x) (2)

The theorem of existence of continuous solutions has been obtained, where solu-
tion u ( x) satisfies u ( x) >0, x>0.

Lemma Let u, fbe nonnegative, bounded and measurable functions on R*, g be
measurable on D=T x R* and g (x s, u) be a nonnegative, continuous and
nondecreasing function of u on R* for each (x, t) € T as well as bounded on T for
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eachu € R*, T={(x 5), 0< s< x<oo}. Let g(x u)be a stricty upper con-
vex and derivable function of u, for cach x € R*, where g(x u) =, S'P_
9(t, s, u) g(x s, 0) =0, f{x) >0, x>0

If u ( x) satisfies the following inequality

u(x)< | 9(x 3 u(s))ds+f(x) (3)
then u ()< f{x) +o;'(x), x€ R*, where, fix)= .38, A1)

=] =—=—
?- (% J(x)+3)

@ ! is the inverse function of ¢, .
Proof We define the functions f, g by

T(x)= 5% 1(1), §(x %)= 22, f(L, 5 u).

Then f{(x) and § (x, u) are nondecreasing in x. By (3), we have

u(x)< f(x) +fi(x, u(s))ds
For arbitrary fixed x € R*, we have
u(x)< f(x)+U(x), 0< x< X (4)
here U(x) =J-E(X. u(s))ds.
0
Then U(x)=g(X, u(x))< F(Xf(X)+U (x)), 0<=x< X
U'(x)
F XD Ty 1 0<x<X (5)
Set O (r) =J' ds
x L (X, J(X) +3)

Then, by (5), we have _
B0) <), 0<x<X
and ox(U(x))< x,0< x< X

In particular, for x=X, also have
O (U(X)) X
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Since X is arbitrary, rcplaang X by.x, we have |

Oy (U (x))< x"
Let @ ;! denote the inverse function of @ x, then we obtain
U(x)< p.(x), x€ Dom(o;")
By the known conditions, g (X, u) is strictly upper convex and derivable in x and

g( x,0) =0, so we see that for arbitrary u,>0, there exists a>0, such that g (x u)
<au, for u>u, . Then , for arbitrary fixed x>0, we have

7(x f(x)+s) <a(f(x) +s), >0,

: 0(r) = =i >| &

50 T TETx ) 7, () fas
d furth i o

an er , af(x) +as

Then, Qx(r) , F =00,

Since ® , () is increasing and oontmuous inr, the domam of value of ® .(r) is
[0,00), x& R™.
ie. Dom(®;')=R*', x€ R"

Thus Ux)<®.'(x), x€ R"
By (4), we have
| u(x)< f(x) +U(x)
SO u(x)< f(x)+0;'(x), x€ R".

The proof is completed.

Theorem Under the hypotheses of the lemma, suppose g (X, s, u) is a uniform-
ly continuous function of u for (x u) € (R*)*and g (x5 0)=0,(xs)ET;fis
- a continuous function on R* and f(0) =0; f(x) >0, x>0. Then the equation (2)
has a continuous solution u ( x) on R* and u (0) =0; u (x) >0, x>0.

Proof Define '

Tu(x) = | g (% 5 u(s) )ds+/(x)

uy=f(x)
=Ty x), n=0,12 (6)
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We obtain a sequence {u, (x)}. Now study the sequence

{ax
ul=T(u0(x))=J 6(x 5 f(s))ds+f(x)> f(x) =n
0

w=T (u (x)) =Jug(x, 5, 1 (x) )ds+f(x)> fg(x, 5, U (5) )ds+f(x) =y (x)

1]
By induction, we have

U, (x)> u,(x), n=01,2 -, x€ R

Le u(x)< |g(xsu(s))ds+f(x)

Jo

By the lemma, we see that
u (x)< f(x) +0' (x), x€ R".

It follows that {u, (x)} is monotonic and bounded.
Thus, there exists a u (x) such that

U, (x)> u(x), n—=oo.

By l.evin’s theorem and (6),

u(x) =J9(x, 5, u(s))ds+f(x).

0

This means that u (x) is a solution of ( 2).

Since g (x, s, u) is uniformly continuous in x for (s, u), we get that J. g(x s,
4]

1(s))ds is continuous function, and u (x) is continuous. According to the

nonnegative of g and f(x) >0, x>0; f(0) =0, we have u (x) >0, x>0; u (0) =0.

Thus, it follows that u (x) is the nonnegative continuous solution of (2).
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