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·�3�©�Äõ¡N8eõ8I`z¯K�ε-k�)§�ÑÙAÏ�5�. äNS

NSüXe: 11!§�Ñ
Ä�VgÚ(Ø; 12!§y²
õ¡N8´co-radiant8§¿

ïÄõ¡N8eõ8I`z¯KCq)�AÏ5�.

1 Ä�VgÚ(Ø

�Rn´n-�îª�m§Rn
+L«�K��. Ú?XeÎÒµ

x < y ⇐⇒ y − x ∈ intRn
+;

x 6 y ⇐⇒ y − x ∈ Rn
+ \ {0};

x 5 y ⇐⇒ y − x ∈ Rn
+.

�ÄXeõ8I`z¯Kµ

min{f(x) : x ∈ S}, (1.1)

Ù¥§f : Rn → Rm, ∅ 6= S ⊂ Rn.

½Â1.1 �M ⊂ Rm, D ⊂ Rm´:àI.

(i) e (ȳ −D) ∩M = {ȳ}, ¡ȳ ∈M´8ÜM'uD�k�:¶
(ii) �intD 6= ∅, e (ȳ − intD) ∩M = ∅, ¡ȳ ∈M´8ÜM'uD�fk�:.

½Â1.2[7] eé¤k�d ∈ CÚα > 1kαd ∈ C, 8ÜC ⊂ Rm ¡�co-radiant8.


�§·�½ÂC(ε) = εC,∀ε > 0,

C(0) =
⋃
ε>0

C(ε).

e¡Ú?co-radiant:8��
5�.

Ún1.1[7,11] �C�co-radiant:8§K

(i) ∀ε > 0, C(ε) ´co-radiant:8¶

(ii) C(ε2) ⊂ C(ε1),∀ε1, ε2 > 0÷v ε1 < ε2¶

(iii) C(0)´:I¶

(iv) eC´à8§KC(0) + C(ε) ⊂ C(ε),∀ε = 0. AO/§C(0)´:àI¶

(v) eC´SÜ���à8§KC(0)´SÜ���:àI.

½Â1.3[7] �M ⊂ Rm, ε = 0, C ⊂ Rm´co-radiant:8.

(i) e (ȳ − C(ε)) ∩M ⊂ {ȳ}§¡ȳ ∈M´8ÜM'uC�ε- k�:.

(ii) �intC 6= ∅, e (ȳ − intC(ε) ∩M = ∅, ¡ȳ ∈M´8ÜM 'uC�ε-fk�:.

AE(M,C, ε)ÚWAE(M,K, ε)©OL«8ÜM'uC�ε-k�:Úε-fk�:�8Ü.

½Â1.4[7,11] �ε = 0, x̄ ∈ S, C ⊂ Rm´co-radiant:8.

(i) ef(x̄) ∈ AE(f(S), C, ε), =

(f(x̄)− C(ε)) ∩ f(S) ⊂ {f(x̄)},

¡x̄ ´¯K (1.1) 'uC�ε-k�)¶
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(ii) �intC 6= ∅, ef(x̄) ∈WAE(f(S), C, ε), =

(f(x̄)− intC(ε)) ∩ f(S) = ∅,

¡x̄´¯K(1.1) 'uC�ε-fk�)¶

(iii) e

cl cone(f(S) + C(ε)− f(x̄)) ∩ (−C(ε)) ⊂ {0},

¡x̄�¯K (1.1) 'uC�ε-ýk�).

AE(f, C, ε), WAE(f, C, ε)ÚPAE(f, C, ε)©OL«¯K (1.1)'uC�ε-k�)§ε-f

k�)Úε-ýk�)�8Ü.

½Â1.5[10] �A ∈ Rn×m, b ∈ Rn, KC = {x ∈ Rm : Ax = b}�õ¡N8. �b =

0�§C = {x ∈ Rm : Ax = b} �õ¡NI.

2 Ì�(J

�!·�ïÄõ¡N8eõ8I`z¯KCq)�5�.

Ún2.1 �A ∈ Rn×m, b ∈ Rn
+ \ {0}, C´dAÚb½Â�õ¡N8§=C = {x ∈

Rm : Ax = b}, K
(i) 0 /∈ C, C´co-radiant:à8.

(ii) intC = {x ∈ Rm : Ax > b}, clC(0) = {x ∈ Rm : Ax = 0}.
(iii) C(ε) = {x ∈ Rm : Ax = εb}, ∀ε > 0, C(0) ∪ {0} ⊂ {x ∈ Rm : Ax = 0}.
(iv) �ε > 0, A1, A2 ⊂ Rn×m, b1, b2 ∈ Rn

+ \ {0}, C1 = {x ∈ Rm : A1x = b1}, C2 =

{x ∈ Rm : A2x = b2}. eC1(ε) = C2(ε)§KC1 = C2.

y²(i) ´�0 /∈ C, �C´à8. e¡·�y²C´co-radiant:8.

b�x ∈ C ∩ (−C), Kb 5 Ax 5 −b, ù�b ∈ Rn
+ \ {0}gñ. Ïd§C´:8.

é?¿�λ > 1Úx ∈ C, A(λx) = λAx = λb = b. Ïd§C´co-radiant8.

(ii) Ú (iii) �y²w,.

e¡·�y² (iv). b�C1(ε) = C2(ε), ?�x ∈ C1, d (iii) ��εx ∈ C1(ε) = C2(ε).

ùL²x ∈ C2. ��C1ÚC2� ��y²,��¹'X. Ïd§(Ø¤á.

51 �C´dA ∈ Rn×mÚb ∈ Rn
+ \ {0}½Â�õ¡N8�§C(0) ∪ {0} = clC(0)�Ø

�½¤á. ë�±e~f.

~1 �A =

(
1 0

0 1

)
, b =

(
1

1

)
, KC = {x ∈ R2 : Ax = b} = {x ∈ R2 : x1 > 1, x2 > 1},

�C(0) ∪ {0} 6= {x ∈ R2 : Ax = 0} = clC(0).

~2 �D = Rn
+, q ∈ intRn

+, C = {q} + D, KC´co-radiant4à:8§�0 /∈ C.

�CØUL«¤Ý
A ∈ Rn×m Ú�þb ∈ Rn
+ \ {0}�õ¡N8. 
�§clC(0) = Rn

+,

C(0) ∪ {0} = intRn
+ ∪ {0}.

�é,
dÝ
A ∈ Rn×mÚ�þb ∈ Rn
+ \ {0}�Ñ�õ¡N8§±þ(J�U¤á.

~3 �A =

 1 1

1 0

0 1

 , b =

 1

0

0

, KC = {x ∈ R2 : Ax = b} = {x ∈ R2 : x1 + x2 >

1, x1 > 0, x2 > 0}. C(0) ∪ {0} = R2 = {x ∈ R2 : Ax = 0} = clC(0).
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Ún2.2 �A ⊂ Rn×m, b ∈ Rn
+ \ {0}, C = {x ∈ Rm : Ax = b}, K

(i) AE(f, C, ε) ⊂WAE(f, C, ε);

(ii) PAE(f, C, ε) ⊂WAE(f, C, ε).

y² dCq)�½Â´�Ñy².

52 3Ún2.2�b�ePAE(f, C, ε) ⊂ AE(f, C, ε)Ø�½¤á. ë�±e~f.

~4 �C = {(x1, x2)T : x1 > 0, x2 > 0, x1 + x2 > 1}. S = {(x1, x2)T : x1 = 0, x2 >

0 or x1 > 0, x2 = 0},f(x) : S −→ R2, f(x) = x. �x̄ = (0, 14 )T, ε = 1
4 , Kx̄ ∈ PAE(f, C, ε),

�x /∈ AE(f, C, ε). ¯¢þ§cl cone(f(S)− f(x̄) + C(ε)) = {(x1, x2)T : x1 > 0, x2 > −x1},
�cl cone(f(S)−f(x̄)+C(ε))∩ (−C(ε)) = ∅,ùL²x̄ ∈ PAE(f, C, ε). ,��¡§(0, 0)T ∈
f(S), (0, 0)T ∈ f(x̄)− C(ε), l
x̄ /∈ AE(f, C, ε).

Ún2.3[8] �b ∈ Rn
+ \ {0}, K = Rn

+ + b, KK´co-radiant8§�K(ε) = Rn
+ + εb.

3e¡�½n¥§·��A[Y ] = {Ay : y ∈ Y }, Ù¥§Y ⊂ Rm.

½n2.1 �A ⊂ Rn×m, b ∈ Rn
+ \ {0}, C = {x ∈ Rm : Ax = b}, K = Rn

+ + b, ε > 0, K

(i) A[
⋃

x∈AE(f,C,ε)

f(x)] = AE(A[f(S)],K, ε);

(ii) A[
⋃

x∈WAE(f,C,ε)

f(x)] = WAE(A[f(S)],K, ε);

(iii) A[
⋃

x∈PAE(f,C,ε)

f(x)] ⊂WAE(A[f(S)],K, ε).��§eu ∈ S, d = A(f(u)), A(f(S))−

A(f(u)) ∩ (−εb− Rn
+ \ {0}) = ∅, C(0) ⊂ {x ∈ Rm : Ax > 0}, Kd ∈ A[

⋃
x∈PAE(f,C,ε)

f(x)].

y² (i) ed ∈ A[
⋃

x∈AE(f,C,ε)

f(x)], K�3u ∈ AE(f, C, ε), ¦�d = A(f(u)). du ∈

AE(f, C, ε)��u ∈ S, �f(u)− f(x) /∈ C(ε), ∀x ∈ S \ {u}. Ïd§

A(f(u)− f(x)) � εb, ∀x ∈ S \ {u},

ùL²d ∈ AE(A[f(S)],K, ε).

��§ed ∈ AE(A[f(S)],K, ε), Kd ∈ A[f(S)], d − A(f(x)) /∈ (Rn
+ + εb). Ïd§�

3u ∈ S, ¦�d = A(f(u)), �(f(u)− f(x)) ∩ C(ε) = ∅, ∀x ∈ S \ {u}.
(ii) ed ∈ A[

⋃
x∈WAE(f,C,ε)

f(x)], K�3u ∈ WAE(f, C, ε), ¦�d = A(f(u)). du ∈

WAE(f, C, ε)��u ∈ S, �f(u)− f(x) /∈ intC(ε), ∀x ∈ S. Ïd§

A(f(u)− f(x)) ≯ εb, ∀x ∈ S \ {u}.

ùL²d ∈WAE(A[f(S)],K, ε).

��§ed ∈ WAE(A[f(S)],K, ε), Kd ∈ A[f(S)], �d − A(f(x)) /∈ int(Rn
+ + εb). Ï

d§�3u ∈ S, ¦�d = A(f(u)), �(f(u)− f(x)) ∩ intC(ε) = ∅, ∀x ∈ S.
(iii) ed ∈ A[

⋃
x∈PAE(f,C,ε)

f(x)], K�3u ∈ PAE(f, C, ε), ¦�d = A(f(u)). du ∈

PAE(f, C, ε)��u ∈ S, �cl cone(f(S)− f(u) + C(ε)) ∩ (−C(ε)) = ∅, ∀x ∈ S. Ïd§

cl cone(f(S)− f(u) + C(ε)) ∩ (−C(0)) = ∅, ∀x ∈ S.

ÏC(0) ∪ {0} = clC(0), �A(f(u) − f(x) − q) � 0,∀x ∈ S, q ∈ C(ε). dq ∈ C(ε)ÚAq = εb

��

A(f(x)− f(u)) � −εb,∀x ∈ S.
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ùL²d ∈WAE(A[f(S)],Rn
+ + εb).

��§·��y²u ∈ PAE(f, C, ε). b�u /∈ PAE(f, C, ε)K

cl cone(f(S)− f(u) + C(ε)) ∩ (−C(ε)) 6= ∅.

Ïd§�3q ∈ C(0), ¦�q ∈ cl cone(f(u)− f(S)− C(ε)). =�3λn > 0, xn ∈ SÚqn ∈
C(ε), ¦�

λn(f(u)− f(xn)− qn)→ q.

ÏC(0) ⊂ {x ∈ Rm : Ax > 0}, ��3n1 ∈ N , ¦�

A(f(u)− f(xn1
)− qn1

) > 0.

2dqn1
∈ C(ε)��A(f(u)− f(xn1

)) > εb, ù�b�gñ. Ïd§u ∈ PAE(f, C, ε).
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