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Abstract A clique-transversal set S of a graph G = (V,E) is a subset of vertices of
G such that S meets all cliques of G, where a clique is defined as a complete subgraph
maximal under inclusion and having at least two vertices. The clique-transversal number,
of G denoted by τC(G), is the minimum cardinality of a clique-transversal set in G. In
this paper we discuss the bound of clique-transversal numbers in several subclasses of
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©OL«ã�:8Ú>8. ã G ¥:�ê8¡�ã��ê. é V ′ ⊆ V §̂ G[V ′] L«d

V ′ ¤�Ñ�fã. éu: v ∈ V , N(v)L« v 3 G ¥¤k�Ø�8Ü. : v �Ýê½Â

�|N(v)|§P� dG(v) ½ö{P� d(v). d	§̂ δ(G) Ú ∆(G) ©OL«ã G ���Ý

Ú��Ý. é X,Y ⊆ V , E(X,Y ) L«:8 X Ú Y �m>�8Ü. Kn, Pn Ú Cn ©OL

«äk n �:���ã§́ Ú�. ã G ¥�� C3 ���ã G ���n�/. 3�©¥

ìL«ã¥���¹ 2 �:�4����fã. Ïd3ùp�á:Ø´ì. �� i-ìL

«äk i �:�ì. ã G �Õá8´�ã�üüØ���:�8Ü. �©¥�\`²�

Ù¦ÎÒÚ½Â�ë�©z[1].

ã G ���ìî08� G ���:f8 S§¦�ã¥�z��ìÑ��k��:

3 S ¥. ã�����ìî08´�¹:���ìî08. ã G�ìî0ê τC(G)´ã

���ìî08¤¹:�ê8. ã�ìî083�ä¯K¥kX­��A^. Äkw3

ÏÕ�ä¥���A^�.. z�ÏÕ�äþ�8(���ã§Ù¥ã�!:(º:)éA

�ä¥�¤
. ã¥�z��ì��L�|äk¯���&EUå�¤
ìN, �Ò´

ÏÕ�ä¥���àq. 3�äã¥§ã�ìî08|¤���ä��¥%§§Q�ÏL

&Eé���ä¢�i�q�±¦�z�àq¥��Pk����Ø%. du¤^'X§

¦�U/Ïéù���äk��¤
���¥%,�Ò´3ã¥é����ìî08. ,

���.5g�¬�ä. L«�¬�ä�ã�z�ì�L��äk,«�ÓA��ìN.

�3�¬�ä¥(½��/Ø%|�0§¦�z�ìNÑU
3d|�SPk��R §

ù�Ø%|�/¤ã���ìî08. ·��8�´(½ù����°{�Å�§�Ò

´��ìî08. ,	§ã�ìî08nØéu)ûã�/Ú¯K�kX­��nØ¿

ÂµKing[2]5¿�Ïéã G ���Õáìî083�O�{ã/Ú�{�äk'���

^.

Erdős�[3]5¿�3��ã¥¦)��ìî08¯K´ NP -J�. ¯¢þ§��ìî

08¯K3©lã[4]!�'�ã�Öã!²¡ã!�ãÚ�ã[5]þE,�NP -J¯K. Ø

L§<�®²uy��ìî08¯K3�'�ã[6]!ruã[4,5]!ål¢Dã[7]ÚHelly-�

lã[5]þ�3õ�ª�m�{. Ùg§<�3(½ã�ìî0ê�.�¡��
�
(

J. Erdós�[3]y²
Xe(Jµ(1)é?¿ n�ãÙìî0êØ�L n−
√

2n+ 3
2¶(2)e

ã GØ´ 5�:�Û�� G�z��ì��k (k+ 1)�:§Kã G�ìî0êØ�L

n−
√
kn; (3) �3ã G§¦� G �ìî0êA�%Cã��ê n§=k τC(G) > n− o(n)

¤á. Äu(3)�¯¢§éAÏãa�OÙìî0ê�.w�¹k¿Â. Andreae �[8]ïÄ


ìî0êØ�Lã��ê����ã, ¦�y²
ØÛ�	�¤këÏ�ãÙìî0

êØ�Lã��ê���¶Ó�y²
Ø 5 ���ã	¤k�ã�ÖãÙìî0êØ�

Lã��ê���. ã G ��� k-ì/Ú´�^ k «ôÚ�ã�:XÚ¦� G �z�

�ì��k 2 «ôÚ. w,§XJã G ´ 2-ì�/Ú�§@oã�z��ÚaÑ/¤ã

G ���ìî08§Ïdã G �ìî0êØ�Lã��ê���. Bacsó �[9]y²
Ø

¹ÛÉ�Ã9ã´ 2-ì�/Ú�§ù`²Ø¹ÛÉ�Ã9ãÙìî0êØ�L§��ê

���. Bacsó ÚTuza[10]?�Úy²
ØÛ�	§��Ý�õ� 4 �Ã9ã´ 2-ì�/

Ú�. 'uìî0êïÄ�?Ð�¹�ë�©z[7,11-17].

�©?Ø
AaÃ9ã�ìî0ê�.. ·�y²
naÃ9ã=cÎã�Öã(Ø

5-�	)!�Û���l«mãÚ Hex-ë�ã�ìî0êØ�L§��ê���.
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1 Ã9ãþ�ìî0ê

�!m©?ØcÎã�Öã!�l«mãÚHex-ë�ã�ìî0ê�þ..

1.1 cÎã�Öã�ìî0ê

3ãØ¥§ã G �¡�cÎã(prismatic)§XJé G �z��n�/ T , T �	�

z��: v 3Tn�/ T ¥Tk���Ø. Í¶|ÜêÆ;[Chudnovsky Ú Seymour

5¿�cÎã�Öã´�aÃ9ã¿�/ÏcÎã�Öã�Ñ
Ã9ã���(�©)

½n[18]. ùp·�y²
Ø 5-�	§z�cÎã�Öã�ìî0êØ�L§��ê��

�. �
�¤dy², Äk�Ñe�Ún.

Ún 1.1 �ã G ´��Ø¹n�/�ã� (X,Y ) ´ã�:8 V (G) ���y©.

e G ÷vXe^�µ

(i) X ´ G ���Õá:8¶

(ii) |X| = |Y | = m > 3¶

(iii) éu: x ∈ X, y ∈ Y , k d(x) > (m− 1) Ú d(y) > m,

K G ´äk�©a (X,Y ) ����Üã.

y² ·��Iy²ã G[Y ] Ø¹?Û>=�. b� G[Y ] ¥�3�^>§dã G Ø

¹n�/±9^�(i)Ú(iii), ���éz��: x ∈ X, 7k d(x) = m − 1. ,	§X

Jé X ¥�?¿ü: x1 Ú x2 Ñk N(x1) = N(x2), K Y \ N(x1) T¹k��:§P

� y. K y �õ� Y \ {y} ¥�:���l
 d(y) Ø�L (m − 1), � d(y) > m gñ.

Ïd�b½�3: x1, x2 ∈ X, k N(x1) 6= N(x2), Ø�� {y1} = N(x1) \ N(x2) ±9

{ym} = N(x2) \N(x1). d�, Ï� G Ø¹n�/§Kã G[Y ] �õ¹k�^> y1ym. q

d·��b�� G[Y ] ¥T�3�^> y1ym. d��Ä X � Y �m�>ê. ��¡Ï

éz��: x ∈ X 7k d(x) = m − 1, �� |E(X,Y )| = m(m − 1). ,��¡§: y1 Ú

ym 3 X ¥���k (m− 1) ��Ø
 Y ¥Ù¦:3 X ¥���k m ��Ø§l
�

� m(m− 1) = |E(X,Y )| > (m− 2)m+ 2(m− 1), �= m 6 2, � m > 3gñ. ¤± G[Y ]

¥vk>. u´�� G ´�����Üã� (X,Y ) �Ù:8��©a.

½n 1.1 � G ´�� n �cÎã�Öã� G Ø´ 5-�§K τC(G) 6 n
2 .

y² �ã G ´��cÎã�Öã§K G ´��cÎã. ·�©±e�¹y²T½

n.

�/1 G Ãn�/.

XJ G ´�ëÏ�§Kã G �z�ì�¹ G �z�©|�����:. � C ´ G

¥äk��:ê���©|§K V (C)7´ G���ìî08§l
k τC(G) 6 n
2 . XJ

G ´ëÏ�. � v ∈ V (G) �k dG(v) = δ(G). ·�½ÂµA0 = {v}¶A1 = NG(v)¶∀i > 2,

Ai = NG(Ai−1) \ (Ai−1 ∪ Ai−2). ´�8Ü Ai � G ¥�: v �ål� i �:��N. ù

�§é Ai, Aj , e |i− j| > 2, K3 G ¥ Ai � Aj �mvk>�ë, Ïd3 G ¥ Ai � Aj

�mk>�3. � d = max{i|Ai 6= ∅}.
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b½ d = 1,du G¥Ãn�/§¤± G[A1]vk>§Ï: v� G���Ý:,���

G = K2. ù¿�X G dü��á:|¤. du�á:Ø´ì§N´�Ñ τC(G) = 0 6 n
2 .

b½ d = 2, K G ¥�z�ì7�e��/��µ(i) d G[A1] |¤¶(ii) §d: v Ú

A2 �Ü©:|¤¶(iii) §d A1 �Ü©:Ú A2 �Ü©:|¤. XJ d = 2 � dG(v) = 1,

Kdu G ¥Ø¹n�/§l
 G ´��(ã. d�§w,k τC(G) = 1 6 n
2 . XJ d = 2

� dG(v) = δ(G) = 2, ·��Ä8Ü A2. XJ |A2| 6 2, Ï� G Ø´ 5-�§@o G 7´

ü� K2 �Ø�¿½ö´��n�/Ú�� K2 �Ø�¿, d�N´��(Ø¤á. XJ

|A2| > 3, du A0 ∪ A1 |¤ G ���ìî08§l
�� τC(G) 6 n
2 . XJ d = 2 �

dG(v) = δ(G) > 3,� u´ v 3 G����Ø.K´� A0∪A1 Ú {u}∪A2 Ñ´ã G�ì

î08. ek |A0∪A1| 6 n
2 ½ö |{u}∪A2| 6 n

2 ,K(Ø¤á. eØ,§K |A1| = |A2| > 3.

du v � G ���Ý:§Ïd�� G[A1 ∪ A2] ÷vÚn1.1. u´ G[A1 ∪ A2] ´���

��Üãl
´� τC(G) = 2 6 n
2 . (Ø¤á.

b½ d > 3, K3ã G ¥§A0 ∪ A1 ¥�z�:� Ai(i > 3) ¥�¤k:Ñ��. K

N´�y A0 ∪A1 Ú V (G) \ (A0 ∪A1) Ñ´ G �ìî08. Ïd τC(G) 6 n
2 .

�/2 G kn�/.

3ù«�/e§é G¥�z��n�/ T 9 G¥Ø3 T ¥�z��: v,·�k v

3 T ¥k��k���Ø.� T = [uvw]´ G���n�/§K8Ü S1 = NG(v)\{u,w},
S2 = NG(u) \ {v, w} ±9 S3 = NG(w) \ {u, v} ´üüØ��:8. ·��I©±e�¹

�Äã G �ìî08. b½ S1 = S2 = S3 = ∅, K G =dn��á:�¤§(Øw,¤

á. b½ S1 = S2 = ∅ � S3 6= ∅, K{u, v} ´ G ���ìî08§l
 τC(G) 6 n
2 . b½

S1 = ∅, S2 6= ∅±9 S3 6= ∅. d�§e |S2| = |S3| = 1,K´� τC(G) = 2,(Ø¤á. eÄ§

K {u, v, w} ´ G ���ìî08§l
E,k τC(G) 6 n
2 . b½ S1, S2, S3 Ñ���8§

Ø�b� 1 6 |S1| 6 |S2| 6 |S3|. d�§e |S3| 6 2, KN´�y τC(G) 6 n
2 . e |S3| > 3,

K S1 ∪ {u, v, w}´ G ���ìî08§l
k τC(G) 6 n
2 . (Ø�y.

1.2 �l«mã�ìî0ê

�lãÚ�l«mã´üa�.ØÓ�ã. §��½ÂXe. �lã´d�þ�X�

l/¤��ã. � I = {I1, I2, · · · , In}´� C þ��X�l�8Ü§K I ¤éA��lã
�ã G = (V,E), Ù¥ V = {I1, I2, · · · , In}, E = {(Ii, Ij)|Ii ∩ Ij 6= ∅}. d�·�¡ I ��
lã G �l�.. �I ′´�C��
«m�8Ü(ùp�«m´�Ó�u[0, 1]��þ�l

�Ø�3Ù¥�n�«mCX���C)
V´�Cþ�
k�:�8Ü.3ã G = (V,E)

¥§é u, v ∈ V , uv ∈ E��=�: u Ú v 3 I ′ �Ó�«m¥. ù��¤�ã¡��l

«mã¿�¡ I ′ Ú V ��l«mã G ��.. ChudnovskyÚSeymour[18,19]Äk�Ñ�

l«mã�½Â¿`²
�l«mã´�aÃ9ã. ¦+�lãÚ�l«mã´üa�

.ØÓ�ã§ChudnovskyÚSeymour[19]�Ñ�l«mã��lã���fa§=�l«

mã�3l�.. �XÚó¥¤J��§ã��� 2-ì/Ú´�^ 2 «ôÚ�ã�z�

�:XÚ§¦�ã G�z��ì��k 2«ôÚ. CerioliÚ Korenchendler[20] y²
µØ

Û�	§z��lã G ´ 2-ì�/Ú�. dué 2-ì�/Ú�ãz��ôÚaÑ�¤


ã���ìî08§ddá=��Xe�(Ø.

½n 1.2 eã G ´�� n ��l«mã��Û�§K τC(G) 6 n
2 .
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5 du n �ó���l«mã�ìî0ê τC(G) = n
2 , l
½n1.2 �.´;�.

1.3 Hex-ë�ã�ìî0ê

�ã G = (V,E), Ù¥ (V1, V2) ´ V ���y©. eéu i = 1, 2, �3��ã

Ai, Bi, Ci ⊆ G[Vi] �÷vXe5�µ

(1) é i = 1, 2§8Ü V (Ai), V (Bi), V (Ci) T/¤ Vi ���y©,

(2) Ø
 A1 Ú A2, B1 Ú B2 ±9 C1 Ú C2 �mvk>	§V1 Ú V2 �m�?Ûü

:´�ë�,

K¡ã G ´��Hex-ë�ã. Chudnovsky Ú Seymour 5¿�Hex-ë�ã´�aÃ9ã

¿�/ÏcÎã�Öã�Ñ
Ã9ã���(�©)½n[18].

éuHex-ë�ã�ìî0ê§·��ÑXe½n.

½n 1.3 e G ´�� n �Hex-ë�ã§K τC(G) 6 n
2 . AO/§e n = |V (G)| > 10,

K τC(G) 6 n
3 + 2.

y² dHex-ë�ã�(���µã G �z�ì C 7äkXe�y©/ª��µ

(1) V (C) = V (Ai)∪ V (Bj)½ö V (C) = V (Ai)∪ V (Cj)½ö V (C) = V (Bi)∪ V (Cj),

Ù¥ i 6= j¶

(2) V (C) = V (A′i) ∪ V (B′i) ∪ V (C ′i), Ù¥ V (A′i) ⊆ V (Ai), V (B′i) ⊆ V (Bi), V (C ′i) ⊆
V (Ci)¶

(3) V (C) = V (A′i)∪V (B′i)∪V (C ′j)½ö V (C) = V (A′i)∪V (C ′i)∪V (B′j)½ö V (C) =

V (B′i) ∪ V (C ′i) ∪ V (A′j), Ù¥ i 6= j.

e¡?Øã G �ìî08. eã G ��ê�õ� 9, KN´�yã G �ìî0ê

τC(G) 6 n
2 . e G ��ê��� 10, �Ø�b� |A1 ∪ A2| 6 |B1 ∪ B2| 6 |C1 ∪ C2|. Kk

|A1 ∪A2| 6 n
3 . � u ∈ B1, v ∈ C1, KN´�y A1 ∪A2 ∪ {u, v} ´ã G ���ìî08§

l
 τC(G) 6 n
3 + 2 6 n

2 . (Ø�y.

5 du 6 �ó��±w���Hex-ë�ã�ìî0ê τC(G) = n
2 , l
½n1.3 �

.´;�.

2 (ØÚÐ"

�©y²
AaÃ9ã�ìî0êØ�LÙ�ê���.3d�c§ØÛ�	§<�

®y²
AaÙ§Ã9aã�÷v§��ìî0êØ�LÙ�ê���[8−10,16]§
�8

cÿ�uy�Û��Ã9ãÙìî0ê�LÙ�ê���. ���©�(å§·�JÑ

Xe¯K.

¯K: é?¿�ê� n ��Û�ëÏÃ9ã G§§�ìî0ê´Ä÷v τC(G) 6 n
2 ?
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[3] Erdős P, Gallai T, Tuza Z. Covering the cliques of a graph with vertices [J]. Discrete Math,

1992, 108: 279-289.

[4] Chang G J, Farber M, Tuza Z. Algorithmic aspects of neighbourhood number [J]. SIAM J

Discrete Math, 1993, 6: 24-29.

[5] Guruswami V, Rangan C P. Algorithmic aspects of clique-transversal and clique-independent

sets [J]. Discrete Appl Math, 2000, 100: 183-202.

[6] Balachandhran V, Nagavamsi P, Rangan C P. Clique transversal and clique independence on

comparability graphs [J]. Information Processing Letters, 1996, 58: 181-184.

[7] Lee C M, Chang M S. Distance-hereditary graphs are clique-perfect [J]. Discrete Appl Math,

2006, 154: 525-536.

[8] Andreae T, Schughart M, Tuza Z. Clique-transversal sets of line graphs and complements of

line graphs [J]. Discrete Math, 1991, 88: 11-20.
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