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0 Ú ó

3ÃNþ�å��À�¯K¥§�½��8ÜÚ�r8Ü§m��
��÷v¤k

�r��¦¿¦���m�¤^Úë�¤^�Ú����. ÃNþ�å��À�¯K´

²;���À�¯K§§�1��~êCq'´dShmoys�[1]�Ñ§Cq'�3.16. �8

c��§Li[2] �Ñ
'ud¯K�Ð�Cq'1.488. ,��¡§GuhaÚKhuller[3]�Ñ


d¯K�e.�1.463§Ø�P = NP .

3�g�¨v���À�¯K¥§��ÑÖ��r8ÜS ⊆ C�3��¨v¤^h(S),

Ù¥h(S)�üNOg�¼ê. �½k�8NÚ½Â32Nþ���¢�¼êh, XJéuf

8X,Y ⊆ N§k

h(X ∩ Y ) + h(X ∪ Y ) 6 h(X) + h(Y )

¤á§K¡h�g�¼ê¶�?�Ú§XJ�X ⊆ Y§kh(X) 6 h(Y ),K¡¼êh´üNO

�. �h(S) =
∑
j∈S

pj§Ù¥pj��rj ∈ CØ�ÑÖ��)�¨v¤^§ù«�/��g�

¨v���À�¯K�A~. 'uù�A~§Charikar�[4]1�gJÑ§¿�Ñ��Äu

�©éó�3-Cq�{ (|Ü�{). [5, 6]©O¦^�55y�\Úéó[Ü\�8O2

�E|§rCq'U?�2+ 2
eÚ1.8526. Hayrapetyan�[7]1�gJÑ�g�¨v���À

�¯K§¿�Ñ��äk~êCq'�Cq�{§��ÃNþ�å��À�¯K�Cq

'�γ (��55ytµ'���)�§¦��Cq'�1+γ. ��§ChudakÚNagano[8]J

ø
���k���{§�´Cq'Ñ��
§� (1 + ε)(1 + γ). �C§Du�[9]�Ñ��

Äu�©éó�3-Cq�{.

�Å$Ñ-¥��ä�O¯K (�©¥§·�¡����ÅI¦���À�¯K) 3

øAó+n¥k�A^[10,11]. Shu�[12]�Ñ
d¯K�8CX5y/ª§¿|^�)

¤��{5¦)�55ytµ. �C§Li�[13]Äg�Ñ
�©éó3-Cq�{.

�©·��Ä�g�¨vÚ�ÅI¦���À�¯Kµ�½��8ÜF§�r8

ÜC§�r8Ü¥�z��rj ∈ Ck��I¦þdj , dj´�ÅCþ§§�þ��µj§�
��σ2

j . z���i ∈ FÑkm�¤^fi§r�rj ∈ Cë����i ∈ F�ü ë�¤

^�cij§F ∪ Cþü:m�ål½Â3Ýþ�mþ. éz���ik��¥�o¤^¼ê

�Hi

(∑
j∈Ci

σ2
j

)
, §´'u

∑
j∈Ci

σ2
j�üNO]¼ê, Ù¥Ci�d��iÑÖ�¤k�r

|¤�8Ü§�d¼ê���ê�3. ��i ∈ FÑÖ¤kë��§þ¡��r�§k�
�+n¤^Gi

(∑
j∈Ci

µj

)
, §´'u

∑
j∈Ci

µj�üNO]¼ê§Ù¥Ci�d��iÑÖ�

¤k�r|¤�8Ü.éuz�S ⊆ C§k��¨v¤^¼êh(S), h(S)´'uS�üNO

g�¼ê. ·��m��
��5÷vz��r�I¦§=r�rë����m���

�þ½ö�É¨v, ¦���m�¤^!ë�¤^!¥�¤^!+n¤^Ú¨v¤^�o

Ú����. �âT¯K�AÏ(�§÷^[9,13,14]�E|§·��Ñ
�©éó3-Cq

�{.

Ø©�(�Xeµ11!§�Ñ�g�¨vÚ�ÅI¦���À�¯K��.Úý�

�£; 12!§�Ñ�©éó�{; 13!§�Ñ�{�nØ©Û§y²
Cq'�3; ��

314!?1
?Ø.
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1 � .

- (i, S)L«��(/§§d��iÚ�rf8S ⊆ C|¤. Ú\��CþXi,S§L«

(/ (i, S) ´Ä�À¥§XJXi,S = 1, K (i, S) �À¥§=m���i�ÑÖ�r8ÜS¶

ÄK�0. Ó�§Ú\��CþZS , XJS�À�¨v��r8Ü§K�1¶ÄK�0. e¡

�Ñ�g�¨vÚ�ÅI¦���À�¯K��ê5y/ªµ

min
∑
i∈F

∑
S⊆C

Ci,SXi,S +
∑
S⊆C

h(S)ZS

s. t.
∑
i∈F

∑
S⊆C:j∈S

Xi,S +
∑

S⊆C:j∈S

ZS > 1, ∀j ∈ C, (1.1)

Xi,S , ZS ∈ {0, 1}, ∀i ∈ F, S ⊆ C,

Ù¥Ci,S = fi +
∑
j∈S

cijµj +Gi

( ∑
j∈S

µj

)
+Hi

( ∑
j∈S

σj
2
)

. 1�|�å^�L«z��rj ∈

C���3u���À¥�(/(i, S)¥½ö�¨v.

tµ�ê�å§·��� (1.1) ��5tµ5y§Ùéó5yXeµ

max
∑
j∈C

αj

s. t.
∑
j∈S

αj 6 Ci,S , ∀S ⊆ C, i ∈ F, (1.2)

∑
j∈S

αj 6 h(S), ∀S ⊆ C,

αj > 0, ∀j ∈ C.

3éó5y (1.2) ¥, αj�±w�z��rj ∈ C �ý�§^5|Gm���¤^!
ë�¤^!¥�¤^Ú+n¤^�o¤^½ö^5|G¨v¤^.

Ún 1.1 [12] -v : R → R �]¼ê§x ∈ R|X| ��"�þ. éz�S ⊆ X, ½

Âu(S) ≡ v
(∑

j∈S xj

)
, Ku�2Xþ�g�¼ê.

dGi(·) ÚHi(·)´]¼êÚÚn1.1��e¡Ún.

Ún 1.2 [12] é?¿�i ∈ F , S ⊆ C, Ci,S ´2Rþ�g�¼ê.

2 �©éó�{

�!�Ñ�g�¨vÚ�ÅI¦���À�¯K�äN�{§�{�g�Ì�ïá

3JainÚVazirani[14]ÚDu�[9]��©éó�{Ä:þ.

k�Ñ�{¥¦^��
ÎÒ.

Si: L«ë����i ∈ F��r8Ü¶
li: L«��i3�{¥�m��gê¶
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Si,li : L«��i3�{¥1lig�m��, #O\�ë��i��r8Ü¶

F̃ : L«6�m����8Ü¶

F̄ : L«�ªm����8Ü¶

Sp: L«�¨v��r8Ü¶

U : L«��ë����¨v��r8Ü¶

tj : L«�rjÄgë��,�m���½ö�¨v��m.

½Â 2.1 é,���i ∈ F̃ , XJ�3i′ ∈ F̃ , ¦�Si ∩ Si′ 6= ∅, K¡i′�i��Ø.

PNi�i��Ø|¤�8Ü.

�{ 2.1 �©éó�{

Ú½1 �Eéó�1)

Ú½1.1 Ú\�mt, Ð©zt := 0. é?¿�j ∈ C, i ∈ F , αj := 0, U := C, Si := ∅,
li := 0, Si,li := ∅, F̃ := ∅, F̃j := ∅, Sp := ∅.

Ú½1.2 ��j ∈ U�ý�±�Çµj��mtÓÚO�, =αj := µjt. O�t��e¡

�¯�u)µ

¯�1 �38ÜS ⊆ U , 8ÜQ ⊆ C\UÚ��i ∈ F , ¦�∑
j∈S

µjt+
∑
j∈Q

αj = Ci,S∪Q

¤á. XJi /∈ F̃ , -F̃ := F̃ ∪ {i}. éj ∈ S, -αj := µjt, tj := t, i(j) := i.

-U := U\S. é��i, -Si,li := S ∪Q, Si := Si ∪ Si,li , li := li + 1.

¯�2 �38ÜS ⊆ UÚ8ÜQ ⊆ C\U , ¦�∑
j∈S

µjt+
∑
j∈Q

αj = h(S ∪Q)

¤á. éj ∈ S, -αj := µjt, tj := t. -U := U\S, Sp := Sp ∪ S ∪Q.

�¯�1Ú¯�2Ó�u)�§?¿�1Ù¥��.

Ú½1.3 XJU 6= ∅, =Ú½1.2. ÄK§=Ú½2.

Ú½2 �E�©�ê�1)

Ú½2.1 ¨v�r rÚ½1(å��Sp���ª�¨v��r8Ü§=Sp¥¤k�

�rÑØ�ÑÖ§|G¨v¤^.

Ú½2.2 m���

Äk§-F := ∅, D := C\SpL«��¨v��r8Ü. S̃iL«��ë��

��iþ��r8Ü. �e5·�òS�/�1e¡�àaL§§(½�ªm�

��8Ü.

Ú½2.2.1 �F̃¥¦�(Hi)
′
−

( ∑
j∈Si

σi
2
)

((Hi)
′
−(·) L«Hi(·)��ê)�����,

P�i0, -F := F ∪ {i0}.
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Ú½2.2.2 é?¿���i′ ∈ Ni0 , =Si0 ∩ Si′ 6= ∅. ·�b���i′�m�mg,

O�

li0i′ := min
{
li′ ∈ {1, 2, · · · ,m} : Si′,li′ ∩ Si0 6= ∅

}
.

½ÂSi0i′ (l
i0
i′ ) := {j : j ∈ Si′\Si′,li0

i′ −1
}.

Ú½2.2.3 -F̃ := F̃\({i0} ∪ {i′ ∈ Ni0 |l
i0
i′ = 1}), D := D\ ∪i∈F Si. é?¿

�i′ ∈ Ni0 , -Si′ := Si′,li′i0−1
. éz�i ∈ F̃ , #O�y3�Ni.

Ú½2.2.4 XJF̃ 6= ∅, =Ú½2.2.1. ÄK§=Ú½2.3.

Ú½2.3 ���r

Uìe¡�ª���r.é?¿�i ∈ F , -S̃i := Si\Sp, Ù¥Si�i�À�
��m�����ë��Ùþ��r8Ü. é?¿�j /∈ (∪i∈F S̃i) ∪ Sp, �â
Ú½1.2¯�1§§1�gë�����´i(j), ù��3i ∈ FÚlii(j), ¦�j ∈
Sii(j)(l

i
i(j)), d�-S̃i := S̃i ∪ {j}.

5 2.1 �{2.1�Ú½2.2À�m�����K´µUì,«^S¦�NiØ��4�

Õá8. 5¿Ni3zgS��Ñ��#.

3 �{©Û

Äk§·�y²�{2.1 3õ�ª�mS�±ª�.

Ún 3.1 ®�Ú½1¥�c¯�(ü�¯���)u)���tc, K�±3õ�ª�m

Sé�e��¯�(ü�¯���)u)���tn.

y² 3�{2.1¥§-tcL«�c��§-UL«d���ë����¨v��r8

Ü§-F̃ L«d�6�m����8Ü. �U 6= ∅�§·�UYÚ½1��¯�1½ö¯

�2u). ¯�1�u)Ú¯�2�u)´ØÓ��/§·�©ùü«�/5�Oe���

�tn.

�/1 e��u)¯��¯�1, Ùu)���tn1.

3�{2.1¥§3��tc��§é?¿���i ∈ F ,ek¯�1u)§K�38ÜS ⊆ U ,

8ÜQ ⊆ C\U ¦��ª ∑
j∈S

µjt+
∑
j∈Q

αj = Ci,S∪Q

¤á§�n�t =
Ci,S∪Q−

∑
j∈Q αj∑

j∈S µj
. ·�F"Ïé�e���@���tn1, =¦

tn1 = min
i∈F,S⊆U,
Q⊆C\U

Ci,S∪Q −
∑
j∈Q αj∑

j∈S µj
.

�/2 e��u)¯��¯�2, Ùu)���tn2.

3�{2.1¥§3��tc��§é?¿���i ∈ F§ek¯�2u),K�38ÜS ⊆ U§
8ÜQ ⊆ C\U¦��ª ∑

j∈S
µjt+

∑
j∈Q

αj = h(S ∪Q)
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¤á§�n�t =
h(S∪Q)−

∑
j∈Q αj∑

j∈S µj
. ·�F"Ïé�e���@���tn2, =¦

tn2 = min
i∈F,S⊆U,
Q⊆C\U

h(S ∪Q)−
∑
j∈Q αj∑

j∈S µj
.

O�tn1Útn2�±8(�4�z��g�¼ê��¼ê�'�¯K§l�±3õ�

ª�mSO�[15]. -tn := min{tn1, tn2}, ¤±·��±3õ�ª�mSé�e��¯�
u)��tn.

�{2.1Ú½1�õkm�¯�u)§dÚn3.1��§�{2.1Ú½1�$1�m�õ�

ª�m; �{2.1Ú½2�õS�ng. u´§���{2.13õ�ª�mSª�.

�[9]¥Ún3.2y²�q§dg�¼ê�5��±y²e¡ü�Ún(·�Ñ�y²).

Ún 3.2[9] 3�{2.1¥Ú½1�?Û��t§ë����i ∈ F̃þ��r8ÜSiÚ�¨
v��r8ÜSpÑke¡��ª¤á∑

j∈Si

αj(t) = Ci,Si , ∀i ∈ F̃ ,

∑
j∈Sp

αj(t) = h(Sp),

Ù¥αj(t) L«t���αj, §�X�mtO����rj�ëþ½ö�¨v§,��±ØC.

dÚn3.2Ú�{2.1Ú½1��±eÚn.

Ún 3.3[9] 3�{2.1�Ú½1, ë����i ∈ F̃þ��r8ÜSiÚ�¨v��r8

ÜSp Ñke¡��ª¤á ∑
j∈Si

αj = Ci,Si , ∀i ∈ F̃ ,

∑
j∈Sp

αj = h(Sp).

3�{2.1Ú½1(å����|éó�1){αi}. 3�{2.1Ú½2(å�§��(1.1)�

�|�1). £�F�½Â§·��E�|�©�1)Xe,

Xi,S =

{
1, XJ i ∈ F , S = S̃i,

0, ÄK;
ZS =

{
1, XJ S = Sp,

0, ÄK.
(3.1)

þã)éA�8I¼ê��
∑
i∈F

C
i,S̃i

+ h(Sp).

e¡·��Ñz��rj ∈ C�ý�αj�e.. dÚn3.3¿^�y{�±��(·�

Ñ�y²)±eÚn.

Ún 3.4 3�{2.1�Ú½1?¿��, é?¿�i ∈ F̃ Új ∈ Si, ·�k

αj > cijµj +Gi

(∑
k∈Si

µk

)
−Gi

 ∑
k∈Si\{j}

µk

+Hi

(∑
k∈Si

σ2
k

)
−Hi

 ∑
k∈Si\{j}

σ2
k

 .
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Ún 3.5 b�v(·) ´(0,+∞)þ�]¼ê. �½xi (i = 1, 2, 3), �0 < x1 < x2 < x3,

k
v(x2)− v(x1)

x2 − x1
> v′−(x2) >

v(x3)− v(x2)

x3 − x2
,

Ù¥v′−(·) ´v(·)���ê.

,�§·��Ñi ∈ FÚ3�{2.1(å�ë��iþ��r8ÜS̃i/¤�(/(i, S̃i)�

¤^�þ.. e¡�y²�[13]�Ún3.3aq§��Ñ{�y².

Ún 3.6 3�{2.1�Ú½2(å�§é?¿�i ∈ F , �

Ci,S̃i\Sp
6
∑
j∈Si1

αj + 3
∑
j∈Si2

αj ,

Ù¥S̃i = Si1
⋃
Si2, Si1L«3Ú½2¥i�À�¥%��ë����iþ��r8Ü§Si2L

«3Ú½2¥=ë���iþ��r8Ü§Si1 ∩ Si2 = ∅, Si2 ∩ Sp = ∅.

y² dÚn3.3��§éui ∈ FÚSi1, kCi,Si1 =
∑
j∈Si1

αj ¤á. dCi,S�üN5§

�Ci,S̃i\Sp
6 Ci,Si1∪Si2 . �
y²�Ún§·��Iy

Ci,Si1∪Si2
− Ci,Si1

6 3
∑
j∈Si2

αj .

5¿�Ci,S�½Â§�Iy

∑
j∈Si2

cijµj +

Gi
 ∑
j∈Si1∪Si2

µj

−Gi
∑
j∈Si1

µj


+

Hi

 ∑
j∈Si1∪Si2

σj
2

−Hi

∑
j∈Si1

σj
2

 6 3
∑
j∈Si2

αj . (3.2)

éz�j ∈ Si2, �â�{2.1, �3i(j) ∈ Ni, Ù¥i(j)�j1�gë��m���, i(j)3i�

À�¥%�kj ∈ Sii(j)(l
i
i(j)) := {j : j ∈ Si(j)\Si(j),li

i(j)
−1}, ¦�Si1 ∩ Si(j),li

i(j)
6= ∅. �j′ ∈

Si1 ∩ Si(j),li
i(j)

, b�j′3��i(j)1lgm���ÿë��iþ, dj ∈ Sii(j)(l
i
i(j)) := {j : j ∈

Si(j)\Si(j),li
i(j)
−1}, Kl > lii(j), =jë����i(j)þ��m�'j

′ë����i(j)þ�. Ï

�i(j)´�rj1�gë��m���§¤±jë����i(j)þ��m�tj . �´j′1�g

ë���mtj′�'§ë����i(j)þ��m�@§u´�tj > tj′ . dÚn3.4, Ún3.5,

±9�{2.1Ú½2.2.1, �

αj = tjµj > ci(j)jµj +Hi

( ∑
k∈Si1

σ2
k + σ2

j

)
−Hi

( ∑
k∈Si1

σ2
k

)
,

αj = tjµj > tj′µj > ci(j)j′µj ,

αj > tj′µj > cij′µj +Gi

(( ∑
k∈Si1

µk

)
+ µj

)
−Gi

( ∑
k∈Si1

µk

)
.



8 � (§M�A 17ò

rþãn�ªf�\, ¿|^n�Ø�ª§·��

3αj > cijµj +Hi

( ∑
k∈Si1

σ2
k + σ2

j

)
−Hi

( ∑
k∈Si1

σ2
k

)
+Gi

( ∑
k∈Si1

µk + µj

)
−Gi

( ∑
k∈Si1

µk

)
.

þªéSi2¥¤k��r¦Ú§(ÜHi(·)ÚGi(·)�]5§��(3.2).

��, �Ñ�{2.1�Cq'.

½n 3.1 �{2.1´�g�¨vÚ�ÅI¦���À�¯K��©éó3-Cq�{.

y² Äk§�{2.1���|�©�1)(3.1), 8I¼ê��
∑
i∈F

Ci,S̃i\Sp
+ h(Sp). Ù

g, �Ä¤k�(i, S̃i\Sp), i ∈ F , dÚn3.6��

∑
i∈F

Ci,S̃i\Sp
6
∑
i∈F

∑
j∈Si1

αj + 3
∑
j∈Si2

αj


=
∑
i∈F

 ∑
j∈Si1\Sp

αj +
∑

j∈Si1∩Sp

αj + 3
∑
j∈Si2

αj

 .

dÚn3.3, � h(Sp) =
∑
j∈Sp

αj . u´,

∑
i∈F

Ci,S̃i\Sp
+ h(Sp) 6

∑
i∈F

 ∑
j∈Si1\Sp

αj + 3
∑
j∈Si2

αj

+ 2
∑
j∈Sp

αj 6 3
∑
j∈C

αj .

4 ? Ø

3©¥§·��Ä
�g�¨vÚ�ÅI¦���À�¯K§�Ñ
�©éó3-Cq

�{. e�Ú�±ïÄ|^Ù¦E|§~X�55y�\§ÛÜ|¢�5U?T¯K�C

q'.

ë � © z

[1] Shmoys D B, Tardos E, Aardal K I. Approximation algorithms for facility location problems

[C]//Proceedings of STOC, New York: Association for Computing Machinery, 1997, 265-274.

[2] Li S. A 1.488-approximation algorithm for the uncapacitated facility location problem [J].

Information and Computation, 2013, 222: 45-58.

[3] Guha S, Khuller S. Greedy strike back: improved facility location algorithms [J]. Journal of

Algorithms, 1999, 31: 228-248.

[4] Charikar M, Khuller S, Mount D M, et al. Algorithms for facility location problems with

outliers [C]//Proceedings of SODA, 2001, 642-651.

[5] Xu G, Xu J. An LP rounding algorithm for approximating uncapacitated facility location

problem with penalties [J]. Information Processing Letters, 2005, 94: 119-123.



2Ï �g�¨vÚ�ÅI¦���À�¯K 9

[6] Xu G, Xu J. An improved approximation algorithm for uncapacitated facility location problem

with penalties [J]. Journal of Combinatorial Optimization, 2009, 17: 424-436.

[7] Hayrapetyan A, Swamy C, Tardos E. Network design for information networks [C]//Proceedings

of SODA, 2005, 933-942.

[8] Chudak F A, Nagano K. Efficient solutions to relaxations of combinatorial problems with sub-

modular penalties via the Lovasz extension and non-smooth covex optimization [C]//Proceedings

of SODA, 2007, 79-88.

[9] Du D, Lu R, Xu D. A primal-dual approximation algorithm for the facility location problem

with submodular penalties [J]. Algorithmica, 2012, 63: 191-200.

[10] Daskin M S, Coullard C R, Max Shen Z J. An inventory-location model: formulation, solution

algorithm and computational results [J]. Annals of Operations Research, 2002, 110: 83-106.

[11] Max Shen Z J, Coullard C R, Daskin M S. A joint location-inventory model [J]. Transportation

Science, 2003, 37: 40-55.

[12] Shu J, Teo C P, Max Shen Z J. Stochastic transportation-inventory network design problem

[J]. Operations Research, 2005, 53: 48-60.

[13] Li Y, Shu J, Wang X, Xiu N, Xu D, Zhang J. Approximation algorithms for integrated dis-

tribution network design problems [J]. INFORMS Journal on Computing, DOI: 10.1287/i-

joc.1120.0522.

[14] Jain K, Vazirani V V. Approximation algorithms for metric facility location and k-median

problems using the primal-dual schema and Lagrangian relaxation [J]. Journal of the ACM,

2001, 48: 274-296.

[15] Fujishige S. Submodular functions and optimization (2nd ed.) [M]. Amsterdam: Elsevier, 2005.


