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EMBEDDING RIEMANNIAN MANIFOLDS BY THE HEAT
KERNEL OF THE CONNECTION LAPLACIAN

HAU-TIENG WU

ABSTRACT. Given a class of closed Riemannian manifolds with prescribed geo-
metric conditions, we introduce an embedding of the manifolds into £2 based
on the heat kernel of the Connection Laplacian associated with the Levi-Civita
connection on the tangent bundle. As a result, we can construct a distance
in this class which leads to a pre-compactness theorem on the class under
consideration.

1. INTRODUCTION

In [2], the following class of closed Riemannian manifolds Mg i, p with prescribed
geometric constrains are considered:

Ma.p = {(M,g)|dim(M) = d, Ric(g) > (d — 1)kg, diam(M) < D},

where Ric is the Ricci curvature and diam is the diameter. The authors embed
M € Mg, p into the space £2 of real-valued, square integrable series by considering
the heat kernel of the Laplace-Beltrami operator of M. A distance on Mg p,
referred to as the spectral distance, is then introduced based on the embedding so
that the class under consideration is precompact.

Over the past decades many works in the manifold learning field benefit from
this embedding scheme, for example, the diffusion map [3] and the manifold param-
eterizations [6]. Recently, a new mathematical framework, referred to as the vector
diffusion maps (VDM), for organizing and analyzing massive high dimensional data
sets, images and shapes was introduced in [7]. In brief, VDM is a mathematical
and algorithmic generalization of diffusion maps and other non-linear dimensional-
ity reduction methods. While diffusion maps are based on the heat kernel of the
Laplace-Beltrami operator over the manifold, VDM is based on the heat kernel of
the connection Laplacian associated with the Levi-Civita connection on the tangent
bundle of the manifold. The introduction of VDM was motivated by the problem of
finding an efficient way to organize complex data sets, embed them in a low dimen-
sional space, and interpolate and regress vector fields over the data. In particular,
it equips the data with a metric, which we refer to as the vector diffusion distance.
The application of VDM to the cyro-electron microscopy problem, which is aimed
to reconstruct the three dimensional geometric structure of the macromolecule, pro-
vides a better organization of the given noisy projection images, and hence a better
reconstruction result [5l @]. Furthermore, the VDM can be slightly modified to
determine the orientability of a manifold and obtain its orientable double covering
if the manifold is non-orientable [g].
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In this paper, we consider the same class of closed Riemannian manifolds Mg ;. p
and focus on the connection Laplacian associated with the Levi-Civita connection
on the tangent bundle. We analyze how the VDM embeds the manifold M €
Mg k. p into 02 based on the heat kernel of the connection Laplacian of the tangent
bundle. Based on the vector diffusion distance, we introduce a new spectral distance
referred to as vector spectral distance on Mg 1, p, which leads to the pre-compactness
result.

The paper is organized in the following way. We start from providing the back-
ground material in Section ] and then define the vector diffusion maps in Section
and discuss its embedding property. In Section ] we define a new metric in the
manifold set Mg p, referred to as the vector spectral distance. The key ingredi-
ents in this section are the generalized Kato’s type inequality comparing the trace
of the heat kernel of the Laplace-Beltrami operator and the trace of the heat ker-
nel of the connection Laplacian and a nice isoperimetric inequality for heat kernel
comparisons. With these key ingredients we show that the vector spectral distance
is a distance between isometry classes of Riemannian manifolds in Mg p. With
the vector spectral distance, in Section [ the pre-compactness of the manifold set
Mg, p is derived from the Rellich’s Theorem and the following Lemma:

Lemma 1.1. [2| Lemma 15] Let (E,J) be a metric space. Let F(E) denote the set
of non-empty closed subsets of E, equipped with the Hausdorff distance hs associated
with §. If the metric space (E, ) is precompact, so is the metric space (F(E), hs).

In fact, we view the vector diffusion maps of a given manifold in My p as
a point of a set consisting of all embedded manifolds in Mg p, and then apply
Lemma [[T] to show the pre-compactness of Mg i p.

2. BACKGROUND MATERIAL

Let (M, g) be a closed Riemannian manifold and 7'M the tangent bundle. Denote
C° (T M) the smooth vector fields and L?(T'M) the vector fields satisfying

/M<X’ X)(@)dV(z) < oo,

where dV is the volume form associated with g and (X, X)(z) = g(X (z), X (2)).
Denote V the Levi-Civita connection of M and P, , the parallel transport from y
to z via the geodesic linking them. Denote V? the connection Laplacian associated
V on the tangent bundle TM [4]. The connection Laplacian V? is a self-adjoint,
second order elliptic operator [4]. From the classical elliptic theory [4] we know that
the heat semigroup, etvz, t > 0, with the infinitesimal generator V? is a family of
self-adjoint operators with the heat kernel krp/(t, 2, y) so that

etsz(x) = /M kra (2, y) X (y)dV (y).

The heat kernel kpp (¢, z,y) is smooth in z and y and analytic in ¢ [4].

It is well known [4] that the spectrum of V? is discrete inside R~, the non-
positive real numbers, and the only possible accumulation point is —oco. We will
denote the spectrum of V2 as {—=X\;}2,, where 0 = X\g < A1 < Ag..., and its
eigen-vector fields as { X }7° ;. Notice that Ao may not exist due to the topological
obstruction. For example, we can not find a nowhere non-vanishing vector field on
S2. In other words, V2X; = — A\, Xy for all k = 1,2,.... It is also well known [4]
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that {X}}72, form an orthonormal basis for L?(T'M). Denote the heat kernel of
V2 by ks (t,x,y), which can be expressed as [4]:

oo

kram(t,z,y) = Z e A X (2) ® Xn(y)-

n=1

A calculation of the Hilbert-Schmidt norm of the heat kernel at (¢, x,y) gives

lkra(tz, )l s = T‘f{kTM(faway)kTM(f,w,y)

(1) — Z e_(>‘"+>‘m)t<Xn($),Xm(l')>m'

n,m=1

On the other hand, the classical elliptic theory [4] allows us to decompose
L3(TM) as L*(TM) = &°E), where Ej is the eigenspace of V? correspond-
ing to increasing eigenvalues, denoted as v,. Denote by m(vy) the multiplicity of
vg. It is also well known that m(vy) is finite. Denote B(Ej) the set of bases of
Ej, which is identical to the orthogonal group O(m(vy)). Denote the set of the
corresponding orthonormal bases of L2(T M) by

B(M,g) = II;Z, B(E}).
By Tychonoff’s theorem, we know B(M, g) is compact since O(m(vy)) is compact

for all £ € N. Also note that the dot products (X,,(z), X, (x)), where n,m € N,
are invariant to the choice of basis for T, M.

3. VECTOR DIFFUSION MAPPINGS

Based on these observations, given a € B(M,g) and ¢t > 0, the authors in [7]

dsli:]’line the vector diffusion mappings V,* which maps x € M to the Hilbert space (2
b .

(2) Ve s e Vol (M) (-t 2(X, (2), X ()~
n.m=1
where a = {X,,}22 ;. A direct calculation shows that
1 a a
3) lkrar(t, =, y)llEs = WWt (@), Vi ())e2

Fix a € B(M,g). For all t > 0, the following Theorem states that the vector
diffusion mapping V,* is an embedding of the compact Riemannian manifold M
into ¢2. The proof of the theorem is given in [7l Theorem 8.1].

Theorem 3.1. Given a d-dim closed Riemannian manifold (M,g) and an or-
thonormal basis a = {Xy}3, of L*(TM) composed of the eigenvector-fields of
the connection Laplace V2, then for any t > 0, the vector diffusion map V* is a
diffeomorphic embedding of M into 2.

It is Theorem [B.1] that allows the authors to define the vector diffusion distance
between z,y € M, denoted as dvpm,.(z,y), in [7]:

(4) dvom,t(z,y) = Vi () = Vi ()2,

INote that the basis @ and the volume of M are not taken into consideration in the definition
of the vector diffusion map in [7]. To prove the precompactness theorem, we need to take them
into consideration.
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which is clearly a distance function over M. We mention that by the following
expansion

dypa (2. y) = Vi (2) = Vi ()17
G Vol(M)? Y em AP (X,, (@), Xon (@) — (Xa(y), Xin(9)))*
n,m=1

= Vol(M)*[ Tr(kras (t, z, @) kras (t, z, )" )+
Tr(krar oy, v)kra (6, y, y)*) — 2 Te(kras (¢, @, 9) ke (8, 2,9) )],

the defined vector diffusion distance dypw,: does not depend on the choice of the
basis a. The following theorem shows that in this asymptotic limit the vector
diffusion distance behaves like the geodesic distance. The proof of the theorem is
given in 7, Theorem 8.2].

Theorem 3.2. Let (M, g) be a smooth d-dim closed Riemannian manifold. Suppose
x,y € M so that x = exp, v, where v € T,M. For any t > 0, when |[v]]* < t < 1
we have the following asymptotic expansion of the vector diffusion distance:

2
_d v _
Eronsal.y) = Vol (am) = Ly o)

4. VECTOR SPECTRAL DISTANCES

In this section and the next, we show that based on the vector diffusion map
V2, we can define a family of vector spectral distance di, t > 0, on the space of the
isometry classes in Mg i, p so that for any ¢ > 0 the space of the isometry classes
in Mg, p is di-precompact.

Denote the Laplace-Beltrami operator over (M, g) by Ajs and its eigenvalues
and eigenfunctions by —u; and ¢y, where k € {0} UN, that is, Apyrop = —pgdr, SO
that o =0 < 1 < po. ... Define the following partition functions

ZTM(t) = ZG_Ajt
j=1
and
Zyp(t) = Zef“jt,
j=0

which are related by the following generalized Kato’s type inequality [Il, p. 135]:
(6) ZTM(t) < dZy (t) for all £ > 0.
Then recall the following result:

Theorem 4.1. [1l p.108 C.26] Let (M, g) be an d-dimensional closed Riemannian
manifold. Define

Tmin (M) = inf{Ric(v,v) : |Jv]| = 1}
and the diameter of M by D(M). If (M, g) satisfies Tpmin(M)D(M)? > (d — 1)ea?
for e € {—=1,0,1} and a > 0, then

(7)) Vol(M)ka(t,z, ) < Vol(SU(R))ksa(t,y,y) = Zsam)(t) = Zgaq)(t/R?),
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where y € SYR), R = D(M)/a(d, e, ) and
aw;/d (2 foa/2 cosd_l(t)dt) if e=1
a(d, ¢, a) = (14 dwg)/? -1 if €=0
ac(a) if e=-—1,

where wg = Vol(S%)/Vol(S9~1) and c(a) is the unique positive root z > 0 of the
equation

z/ (cosh(t) 4 zsinh(t))?1dt = wy.
0

With inequalities (6) and (), we prove the following lemmas, which is essential
in showing the pre-compactness result. We omit the dependence on M to simplify
the statement of the lemmas and the proof.

Lemma 4.2. With the above notations, there exist positive constants A(d, k, D), B(d, k, D)
and E(d, k, D) that depend only on d,k and D such that for any (M, g) € Mak.p:

(a) \j > A(d, k, D)j?/4;

(b) NN :=#{j [ > 0, A; <A} < ed + B(d, k, D)XV2;

(c) for allz € M and o > 0, we have

_ E(d,k,D) o
" m @ t()\nJr)\m) Xn Xm 2 < s 'V F dt a—d
® 3 e (0 (0). Xon()* < TG Pl ==,
where
(9) F(a,d) =/ / (z + y)*atyde” TV dzdy.
o Jo

Proof. The proofs for (a) and (b) are almost the same as the proofs of Theorem
3 in [2] except that we apply (@). We provide the proofs here for completion. If
k>0, rminD?>0and if k <0, 7 D? > (d—1)kD. Thus we can apply Theorem
AT with € and « depending only on k and D. Thus,
Zrym(t) < dZpy(t) = d/ kar(t, z, x)da < dVol(M) sup ky (¢, z, )
M zeM
<dVol(S*(R))ksa(r)(t,y,y) = dZsa(r)(t) = dZsa(r(t/R?),
where y € S%(R). The trace of the heat kernel Z7 ), is thus uniformly bounded on
the set My p. Note that there exists a constant b(d), depending on d only, such
that for any ¢ > 0,
Zsaqy(t) — 1 < b(d)t= /2.

Also not that j < N(};), 7 € NU{0}, in general, and j = N()\;) when all eigenvalues
are simple. As a consequence, we have

JENW)<e Y e <eZru(1/A)
0<N; <A,

1
S edZSd(l) <W) S ed + edb(d)Rd)\;i/g

and hence

j—ed 2/d
vz () 2 @Ry



6 HAU-TIENG WU

Since R = a(d,e,a)D(M) < a(d,e,a)D and a(d, €, ) only depends on d, k and D,
this proves (1) and (2).
Next we prove (c). Define the positive measure u, on Ry x Ry by

d/’LCE = Z <Xn(x)7'Xm(x)>25>\n X 5>\7n
n,m>1
where ¢y, is the Dirac measure at A\, € Ry. By the Cauchy-Schwartz inequality:
(10) (X (2), X (2))? < (X (@), X (€)) (X (2), Xi (),
Thus, the left hand side of (8] can be bounded by:
D QA Am) e Ot (X (2), X (2))

n,m>1

= / / A+ )% TOMX, (2), Xon (2)) 2 djtg
R JR

(1) = / /ﬂgA + )2 O (X, (1), X (2)) (X (), X ()t

Define a L}

loc

(R) function:

N()‘) = Z <Xn(x)vXn($)>

n: 0<A, <A
Since t > 0, (A+v)e tA+¥) decays fast enough. So by the definition of the derivative
of a given distribution, ([l becomes
[ [0 me 0008, (), X, (0 (X 2 X))
R JR

= / / A+ ) e O (A 4 )t — oz)u()\)d)\—di(y)
R JR v

/ / [N+ v)? = 20t(A +v) + oo — 1)] x
o Jo

(A4 )22t O () () d Adw.
To finish the proof, we claim that:

(12) ie"\’“t<X;€(x),Xk(x)> < kpn(t, @, x).
k=1

Indeed, by Cauchy-Schwartz inequality and the positivity of the metric, for ¢ > 0
we have

e X (), X))

M+ 11

e~ MNX (@), Xk (2)) (X (2), Xu(x))

k=1

lferar (t 2, 2) s < ks (t, 2, @),

where the last quality holds due to the fact that ||kra (¢, 2, 2)||ns < ka(t, z, ) [2
pl37] for all t > 0 and = € M.
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Now we bound p(A\) when A > 0. By (@) and (I2) we have

pA) = Z (Xu(@), Xn(@) e Y e MNXa(x), Xa(2))
0< A, <A n: 0<A, <A
< eZe A/ M X (1), X (2)) < ekar(1/A, 2, x)
n=1
(13) < —  Za(1/AR?) < MXW
—  Vol(M) — Vol(M)
where R is defined in Theorem [ land C'(d, k, D) is an universal constant depending

on d,k and D. Thus we conclude

D7 Ot A% AN (2), X (7))

n,m>1
O\(/i,ll#/ / [N+ v)? = 20t(A +v) + oo — 1)] x
(A + )2 tOH N dgady
E(d,k,D)
Vol(M)?
where E(d, k, D) is an universal positive constant that depends only on d, k and D,
and F is defined in (@). O

F(a,d)t=> 4,

Recall that the vector diffusion map V,* depends on the choice of an orthonormal
basis a of eigen-vector fields. Given a finite dimensional Euclidean space E, we can
define the distance between R, Ry € O(dimFE) by

dg(R1, R) = |Ry'Ra — I ms.

It is clear that dp (R, R2) < 2v/dimE. As we discussed above, B(M, g) is a compact
set with respect to the product topology. This topology can be described by the
distance dp(nr,g) between a,b € B(M, g) defined as

(14) dp(ar.g) (a,b)? Zu dg, (a|g,,ble,)?,

where the series on the right hand side converges when N > d/2 due to Lemma
E2(a).

Lemma 4.3. Let (M, g) be a smooth d-dim closed Riemannian manifold. The map
V iRy x B(M,g) x M — (2 defined by V(t,a,x) := V,%(x) is continuous and
satisfies:

Vi () = V)7 < VOl(M)Q{HkTM(t z,7)|lms + |kra (s, y,9)llus

t+s
(15) -2 ‘ krar ( 5 , T y) H + 2dp(u1,g) (@, b)k( )( ,a:)l/zk(TJX}(s,y,y)l/Q}
where t >0, a,b € B(M,g), x,y € M, and

(16) k(o) = Y (/24 A2 tOntdn) (X0 (1), X8 (2))2.

n,m=1
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Proof. We denote the basis a € B(M, g) by {X2}2° ;. First we have

Vi () = V2 ()17

VOI(MR 3D (O (X0, X (@) — e (K0 ), X ()

n.m=1

:Vo1<M>2{||kTM<t,x,x>||Hs + llbrar(s,9,9) s

I T ) X () (XA ), X)) }

n,m=1
t+s
kTM (Tu‘ruy) H
HS

L2 Y et e ), X (@) ((Xhw), X0 ) — (Xaly), X)) }.

n,m=1

Vol { ks (t.2) s + (s o)l —|

where we denote the last summation on the right hand side as A. Denote the eigen-
vector fields inside the eigenspace FE,, by Xz(j) (y), where j = 1,...,m(v,), when the

basis of L?(T M) is chosen to be b € B(M, g). By definition, we have the following
relationship:

XoinW Z%kbaxa 0 ()

e} m(Vn)m(Vm)
A= Z e~ (t+s) (ntvm)/2 (X8 (@), X2y (@) %
n,m=1 k=1 [=1
m(vn) m(vm)
(XS W), X @) — vk, (b, @) (b, a) (X5 (), X5 (W)
i=1  j=1
00 m(vy) m(um)
= D et S Y L (X @), X (@)%
n,m=1 i,k=1 _],l:l

(Xt () Xy @) (Gridg — ai(b, a)a (b, a) )
where [dg, z]kl( Jl) is an m(v;) x m(v;) identity matrix. Note that

(Ok,i01,5 — au,i(b, @)au,j (b, a)) = ki (01,5 — cu,j(b,a)) + cu (b, a)(Ok,i — au,i(b, a))



VECTOR DIFFUSION MAP 9

which is bounded by dg, (a|g,,blE,) + dg,, (a|g,,,b|E,, ). Hence, by the Cauchy-
Schwartz inequality, A is bounded by

50 m(vn) m(vm) 1/2
|A| < Z ef(tJFS)(VnJFVm)/Q Z %(l)(x»z %
n,m=1 k=1 =1

1/2

m(vn) m(vp)

> Z oW Xapn @) | (ds, (als, bl,) + ds, (s, bl,))

< 2dp(ar, g (a,b) Z (V,ZIV/Q+yﬁ/2)e*(t+5)(”n+l’m)/2x
n,m=1
m(vn) m(vm) 1/2 m(vn) m(vm) 1/
Z Z n(k) 31(1)(17»2 Z Z n('L (3)(y)>2
k=1 I=1 i=1  j=1
o 1/2
< 2dp(n,g)(a; b) ( >+ Aﬁ/z’)e“A"“’“)<Xﬁ($),X%(I)>2> X
n,m=1
0o 1/2
( > P A%eS<A"“m><xs<y>,x;;<y>>2>
n,m=1
= 21,6y (0, D) (1 7,2) iy (s,9,9)2,
where k%@(t, x,x) is defined in ([I6). Due to Lemma[2]c), k%@(t, x,x) is bounded,
and thus the proof is finished. O

With the above preparation, we are ready to introduce the vector spectral dis-
tance. Recall the following definitions. Suppose (X, ¢) is s metric space, where ¢ is
the metric, and A, B C X. The distance between A and B is defined as:

h(A, B) := inf{6(a,b) : a € A,b € B}.
Denote the generalized ball of radius € > 0 around A:
N(Aye) :={x e X :h(z,A) <e}.

Given two subsets A, B C X, we can define the Hausdorff distance, denoted as HD,
associated with 0 by

D(A,B) =inf{e: AC N(B,¢), BCN(A,e)},

or equivalently

(17) HD(A, B) = max{ sup inf §(z,y), sup inf 0(z, y)}
z€AYEB yeBTEA
In the following, we focus on the metric space (€2, | - |l;z). Let HD denote the
Hausdorff distance between compact subsets of ¢? associated with || - ||,z. Given

two Riemannian manifolds M and M’ and ¢ > 0, we define a family of functions
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dt : Md,k,D X Md,k,D — R by

dy(M,M') := max{ sup inf  HD(V2(M), V& (M),
(18) aEB(]W,g)aIGB(]W,xQI)

sup inf  HD(V® (M’ V(M .
a’GB(M’,g’)GEB(Mg) ( t ( ) t ( ))

We justify that dy, t > 0, is a distance of the space of the isometry classes in
Ma kD, and call it vector spectral distance. The following lemmas are needed for
the justification.

Lemma 4.4. Let (M, g) be a smooth d-dim closed Riemannian manifold and { X, } nen
is an orthonormal basis of L?>(T M) constituted of the eigen-vector fields of the con-
nection Laplacian. Then

span {(X,,, X,,) : n,m € N, n#m} = L*(M)\{R},
that is, all L? functions over M without the constant functions.

Proof. Fix f € L*(M). If [, (Xn, Xm)(x)f(x)dz = [,,(f Xy, Xin)(z)dz = 0 for
all n # m, we show that f is constant. Since {X,},en is an orthonormal basis of
L?(TM), we can rewrite fX,, = > ken Qn,k Xk, and hence we have

0= / (X, Xon) fda = an,k/ (Xg, X;n)dT = v .
M M

keN

As a result, we know fX,, = ay, ,,X,,, which implies that f is constant. [l

Lemma 4.5. Let (M, g) be a smooth d-dim closed Riemannian manifold and {X,,} nen
is an orthonormal basis of L?(T M) constituted of the eigen-vector fields of the con-
nection Laplacian. For any xo € M, there exist d pairs of {(n;,m;)}%,, where
ni, m; € N, so that the gradient vectors V(X , Xm,)(xo) span Ty, M.

Proof. If not, there is a vector v € T, M perpendicular to span{V(X,,, X;)(20) }n,men-
It is well known that any function v € C*°(M) can be expanded by the eigen-
functions of the Laplace Beltrami operator, {¢;}32,, that is, u = Zf:_ol o; +
Zfi K Wi¢;, where K is the number of connected components, Ayr¢p; = 0 for all
j=0,1,...,K =1, and u; = [, u¢;dz for all i = K, K +1,.... Tt follows that
Vu(zo) = Y o e wiVi(20). Since any vector v € T,y M can be written as Vu(zo)
for some smooth function u, we know

v = Z UZV(bZ(Io)

i=K
for some constants v;. On the other hand, by Lemma 4], ¢;, i = K, K +1,..., can
be expanded by {(X,,, X;m) }n,meN,n£m, which leads to

v = sz‘ Z Wi n,m V{( Xy Xim)(w0) = Z < Uz‘wi,n,m> V{(Xn, Xm)(z0)
1=K n,m=1 nm=1 \i=K

for some constants w; , m,, which is absurd. Since dimT,,M is finite, we finish the
proof. O
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Theorem 4.6. For any fivzed t > 0, d; is a distance between isometry classes
of Riemannian manifolds in Mg p. In particular, two Riemannian manifolds
(M,g),(M',¢g") € Magp satisfy dy(M,M') = 0 if and only if M and M’ are
1sometric.

Proof. By definition, it is clear that dy(M,M") > 0, d¢(M,M’) = d,(M’', M) and
the triangular inequality holds. To finish the proof that d; is a distance we need
to show that di(M,M’) = 0 if and only if M is isometric to M’. If M and M’
are isometric, then it is trivial to see that di(M,M’) = 0. Now we consider the
opposite direction. Fix ¢t > 0. If d;(M, M’) = 0, we claim that M is isometric to
M'. By the definition of d;, we know

inf HD(V,*(M),V,* (M) =0
et (VM) Vi (M)

for a given a’ € B(M’,g'). Thus there exists a sequence a,, € B(M,g),n=1,2,...,
so that
lim HD(V, 2 (M), V* (M')) = 0.
n—oo
By the compactness of B(M, g), a subsequence {a,, }32, converges to ag € B(M, g),
that is,
]11120 dB(M,g) (a’nj ’ ao) = 07
and it follows that HD(V,% (M), V2 (M’)) = 0.
Let ap = { X, }nen and o' = { X/, }nen. From the definition of Hausdorff distance
and the compactness of V% (M) and V¢’ (M’), we have
(19) for all z € M, there exists y; € M’ s.t. for all n,m > 1
Vol(M)e CrtAm2(X, (@), X () = Vol(M)e™ Cn X 2(X] (), X7, (41)

for all 4y € M’, there exists ; € M s.t. for all n,m > 1
Vol(M)e™ At Am2(X, (ay), Xon(20)) = Vol(M')e™ Pt X2 (o), X),(y)

Because { (X, (), Xon(2)) }55m=1 (resp. {(Xn(y'), Xon(¥')) }5om=1) separate the points
in the manifold by Theorem Bl the point y; (resp. z:) is uniquely defined and
hence the corresponding map f; : x — y; (resp. hy 1y — x;) is well-defined, and
it is clear that f; and h; are inverse to each other. It is also clear that f; and h,
are continuous. Indeed, by Lemma [3.2] the geodesic distances between x,Z and
y, = fi(x), g, = f+(T) are related by:

(47T)d/2 at1

dg(fﬂ, CE) = mt 2 dVDM,t(Ia 1_7)(1 + O(t))
4rr)d/2 dt1 _ _
= dl/(T)l(M')t T dvom,e (Y, 91) (1 + O1)) = dyr (y;, 91) (1 + O(2)),

which implies the continuity of f;. Similarly we get the continuity of h;. Then, we
show that f; and hy are C™ diffeomorphism. Define a map F : M x M’ — R? by

F(z,y') = ((Xn, (€), Xim, (2)) = nm, (00X, (4), X0, (01,

where
— weo‘w +Am; 7>\21i 7>‘:”i /2

Cnimi(8) = Vol(M)
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Note that F(hi(y'),y’) = 0. Let yj = fi(xo). From Lemma 3] it follows that
the partial differentiation of F with related to the first variable at (zg,yo) is an
isomorphism and hence h, is locally smooth at y{, by the implicit function theorem.
It follows that h; is smooth. The same proof shows that f; is smooth, too.

Next, we show that Vol(M) = Vol(M’). Denote the induced volume form
(f1)«dVar by a;dVagr, where a; is smooth. Integrating the relation ([IJ), we ob-
tain for n # m, n,m € N:

0

Vol(M)e~ 4072 [ (X, (@), X, ) Vi ()

= Vol(a)em N2 [ (1)), X (0))Var )
M
= Vol(M)e N | (), X0 ()i (),

and similarly for n =m, n € N:

1

Vol(M)e= /M<Xn(:1:),Xn(x)>dVM(:1:)

= Vol(M’)e_X"t/M<Xé(ft(l’)),X{z(ft(x)»dVM(I)

— Vol(M')e Nt / (X1(y), X4 () ar(y)dVar (0).

’

In other words, we have when n # m,

(20) [ @) X1 @)a)avan () =0,

and when n = m,

21) | X X w)adVan () = 1.

We claim that from (20) and 2II), a; = 1. Indeed, since a; is smooth and {X;}7°
form an orthonormal basis of L2(TM), by Lemma 4 and @20) we conclude that
at(y) is constant from (20). From (21I), we know a:(y) = 1. Hence,

(22) Vol(M) = /

War(e) = [ (FdVarr(y) = Vol (01
M M’

Plug Vol(M) = Vol(M') into ([d). Integrating [[) gives e~ AnTAm)t/2 — g=(\utXn)t/2,
which implies e *»* = ¢=ut for all n > 1 and hence A, = N, for all n > 1.
So far, (@) becomes: for all n,m =1,2,..., A\, = X, and

(23) (Xn (@), Xm (@) = (X5, (fi(2)), X7n (fr(2)))-

We now show that f; is an isometry. Fix p € M. Note that since f; is a diffeomor-
phism, we can find an orthonormal frame {E;}% , around p and {E/}L , around
fi(p) so that dfi|p,Ei = a;(p)E}(f:(p)), where a;(p) > 0. To finish the proof, we
have to show that a;(p) = 1 for alli = 1,...,d. Choose a vector field Z € C(TM)
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so that

Z=%r X

Z(p)=0, VZ(p )—0, V2Z(p) =0
(24) Vi, Z(p) #0,

V5.2 0) + VE, 5,2(p) =0,
Vi, 5 Z(p)=0foralll=3,...,d

Construct Z' € C=(TM') by Z' = >"7°_ | @, X},. Denote the Levi-Civita connection
of M" as V'. We claim that

7 = Zn Lo X,

Z'(f(p)) = 0, V'Z'(fi(p)) = 0, V22 (fi(p)) = 0,
(25) V' £, 5 Z'(fi(p)) #0,

V' 2 ((P) + V', 5, 2/ (fulp) = O,

v E,Z’(ft( ) =0foralll=3,....d

By (23)), we know

(Z' (L), Z'(f(p) = > anen( X5 (fulp)), X[ (fe(p)))
k=1

oo

Z axar(Xi(p), Xu(p)) = (Z(p), Z(p)) = 0

and

(V2Z'(fu0), V22 (fup)) = D e (X (fu(p)), Xi (fo(p))

k=1
Y arvai{Xi(p), Xi(p)) = (VZ(p), V?Z(p)) = 0,
k=1

which implies Z’(fi(p)) = 0 and V"2Z'(fi(p)) = 0. Take v € T, M and a curve
v :[0,€) = M so that v(0) = p and 7/(0) = v. By extending v to V € T'(T'M) so
that V(y(t)) = 4/(t), we have

ol Z, 2)(3(1) = 2.5 =0l 2, 2)(3(1)

= 2((VvVvZ,2)(p) + (Vv Z, VvZ)(p)) =2(VvZ,VvZ)(p),
where the last equality holds since Z(p) = 0. On the other hand, by 23]) we have

ol 2)(2(1)

d2
i =02, Z)(f1 0 7(1)

= 2§|t:o<v’ft*vz’,z’>(ftO”Y(t))
= 2(( b vV 22N () + (VY v 2V, vZ")(f(p)))
= 2V}, vZ' V), vZ')(fi(p)),
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where the last equality comes from the fact that Z’(f;(p)) = 0. Thus, we have
< IJ"t*VZI7 /ft*VZI>(ft(p)) = <VVZ7 sz>(p) =0,

which implies V’, NUZ’ (ft(p)) = 0. Since f; is diffeomorphic and v is arbitrary, we

conclude that V'Z’'(f,(p)) = 0.
Next choose the same curve v and take the fourth order derivative:

d4
@It:o@, Z)(v(1))
= 2VyVyVyVvZ, Z2)(p)
+8(Vy Vv Vv Z, Vv Z)(p)
+6(Vy Vv Z, Vy Vv Z)(p)
= 6(VyVyZ, VyVyZ)(p)
= 6(V*vvZ+Vv,vZ VvvZ+Vy,vZ)(p)
= 6(VivvZ, VivvZ)(p)

where the second and the fourth equalities come from the fact that Z(p) = 0 and
VZ(p) = 0. Similarly, by the fact that Z'(f;(p)) = 0 and V'Z'(fi(p)) = 0 we have

d4
@ o2 2)(21)
d4

= @h:o@/, Z")(fr on(t))
= AV vV vV vV v 2 2 (i)

V5 vV vV v 2 NV 5 v 2 (i)

+6(V' 5 vV 5 vZ N vV 5 v 2N (i)
= 6V vV vZ V' vV vZ) (i)
= 6V v v Z AV v 2V v v 2 Y Y e v 20 ()

2 2
= 6<V/,t*v,ft*vZ/= V/ft*v,ft*vz/ﬂft(p))-

Since v is arbitrary, we have

<V2Ei,Eiza V2EEZ>(P) = <v/2t*Ei,ft*EiZ/u V'?ft*Ei,ft*EiZIXft(p))-

Thus, we have shown the claim (25]).

Next we claim that ai(p) = a2(p). Take another smooth vector field V' €
C>(TM) so that Y = > v, X,, and Y (p) # 0 and construct Y' € C>°(TM)
so that Y/ = "7 4,X/,. Then by taking the curve v so that 7/(0) = E;, where
i=1,...,d, we have

—

2

o lmolZ,Y)(7(1)
= (Vg VEZY)(p)+2(VE Z,VEY)(p) +(Z,VE VEY) (D)
= (V.5 Z+Vve5ZY)()p)

(26) = (VE.52 Y)(D)
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since Z(p) = 0 and VZ(p) = 0. On the other hand, by the same arguments as
those for (26), the construction of Z’ and E}, we have
2

o lmolZ,Y)(1(1)

d? ARV
= qul=olZY)(fon(t)

= <vli't*E'i7ft*Ei ZI’ Y/>(ft (p))

(27) = @iV 52, Y)(f(p)
From (26) and (27)), we have

2
(Vi.5.2,Y)p) = () (Vg 5 2, Y ') ([ ().
Hence, by the assumption of Z we have

0=(V’Z,Y)(p) =(Vi, 5, Z + Vi, 2,2, Y)(p)

= a1(p)X(V' oy 5, 2, Y ") (f2(P)) + a2(0)* (V' 1y iy 2/, Y ") (fo(p))
Since Y’/ (f¢(p)) is arbitrary, we know

(28) a1(p)*V' %y o Z'(fe(p)) + a2(p)* V' 5y 1, Z'(f2(p)) = 0.
Combining with the fact that

Vi Z' (i) + Vi 5, 7 (fe(p) = 0

in ([28), we know a1 (p) = a2(p).

By repeating the arguments from 24)) to (28], we conclude that a1 (p) = a2(p) =
... = aq(p). Denote the a(p) = a1(p). To finish the proof, we choose W € C*(T' M)
so that W =3, 31X, W(p) =0, VIW(p) = 0 and VZW (p) # 0. Construct W' =
Y2, BiX]. By the same argument, we know W’(f,(p)) = 0 and V'W’(f(p)) = 0.
The same arguments for (26) and 27)) hold for W, that is, when ~(¢) is a curve on

M so that v(0) = p and +/(0) = E;(p) we have
d2
1= W Y)((#) = (VE, W, Y) ()

and
2 2

oW, Y)(1(1)) = Sy lemol W, V)7 0(1)
= (VWY (0) = alp) (VoW Y Fulp))

Thus we have
d d
a(p)* (VW' Y') = a@)* (3 V' g W' Y) = (3 Vi, WY) = (VPWY).
i=1 i=1
On the other hand, the following equality holds due to the definition of W’ and Y”:

9 oo oo oo
<V/ W/aY/> = <Z ﬂl)‘ZXl/a ZVICXI/J = Z BlA27k<XZ7Xl;>
=1 k=1 k=1

oo

= > B (X, Xy) = (VW) Y),
1,k=1



16 HAU-TIENG WU

which gives us a(p) = 1 and hence f; is isometric. We have thus finished the
proof. (I
5. PRECOMPACTNESS OF Mg k. p

By Theorem [4.6] we have a distance, referred to as the vector spectral distance,
in the space of the isometry classes in Mgy p. We finally can state the pre-
compactness theorem. We need Lemma [[.T] to finish the proof.

Theorem 5.1. For any t > 0, the space of the isometry classes in Mgy p s
dg-precompact.

Proof. Fix t > 0. For any M € My p, a € B(M,g) and z € M, we have

V@7 = Vol(M)* Y (14 i 4 /e Mt X, (), X ()2
i,5>1
< A(dk, D)Vol(M)? Y~ (14X + Aj)e” M MUY (), X;())?
ij>1

< A(d,k,D)E(d,k, D)t~ 4(F(0,d) +t~1F(1,d)),

where the first inequality follows from Lemma E2(1) and the second inequality
follows from Lemma [L2(3). Since A(d, k, D), E(d,k, D), F(0,d) and F(1,d) are
universal constants, we know that the set

Ko = {V*(2)}oem,MeMar.p.acB(Mg) C h?

is bounded in k' C ¢2, which is hence relative compact inside £? by Rellich’s The-
orem. Denote the closure of Ky in 2 by K. Denote the set of all non-empty
closed subsets of K by F(K), equipped with the Hausdorff distance HD associated
with the canonical metric on ¢2. By Lemma [T} the metric space (F(K),HD) is
precompact.

By Theorem [B1] since M is compact, V,2(M) is compact inside ¢ for any a €
B(M,g) and M € Mgy p, and hence V,*(M) € F(K). Consider a subset E of
F(K) consisting of V,*(M), where M € Mgy p,a € B(M,g), that is,

E = {VH(M)}rmeMa s pacBrg C F ).

Note that E is precompact with related to the distance HD since closed subsets
of a compact set are compact. Given M € My p, define a subset V(M) of E
consisting of V*(M) for all a € B(M, g), that is,

(29) Vi(M) == A{V(M)}aenm,g) C E.

Here we view V,%(M) as a point in the set E. By Lemma 3] V;(M) is a closed
subset of F with related to the Hausdorff distance HD. Indeed, by the closeness of
B(M, g) and Lemma (3] we have

HD(V;* (M), V(M) < 2Vol(M)* i 5) (0, ) sup Ky (1,2, )
xe

which implies the closeness of V;(M). Then, consider F(E) the set of non-empty
closed subsets of F, equipped with the Hausdorff distance hgp associated with the
distance HD. By Lemma [[T] again, we conclude that F(E) is precompact with
related to the distance hpp. Finally, the set {V;(M)}rrem,,. ,» which is a subset
of F(E), is precompact with related to the Hausdorfl distance hyp.
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Notice that by the definition of the Hausdorff distance in (7)) and Theorem 6]
([I8) is nothing but the Hausdorff distance hup, that is,

di(M,M") = dup (V,(M), Vi(M'")),

and we conclude the proof.
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