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Abstract

We establish theoretical results concerning all local optima of various regularized M-
estimators, where both loss and penalty functions are allowed to be nonconvex. Our
results show that as long as the loss function satisfies restricted strong convexity and the
penalty function satisfies suitable regularity conditions, any local optimum of the compos-
ite objective function lies within statistical precision of the true parameter vector. Our
theory covers a broad class of nonconvex objective functions, including corrected versions
of the Lasso for error-in-variables linear models; regression in generalized linear models
using nonconvex regularizers such as SCAD and MCP; and graph and inverse covariance
matrix estimation. On the optimization side, we show that a simple adaptation of com-
posite gradient descent may be used to compute a global optimum up to the statistical
precision €., in log(1/e4a:) iterations, which is the fastest possible rate of any first-order
method. We provide a variety of simulations to illustrate the sharpness of our theoretical
predictions.

1 Introduction

The problem of optimizing a nonconvex function is known to be computationally intractable in
general [18, 24]. Unlike convex functions, nonconvex functions may possess local optima that
are not global optima, and standard iterative methods such as gradient descent and coordinate
descent are only guaranteed to converge to a local optimum. Unfortunately, statistical results
regarding nonconvex M-estimation often provide guarantees about the accuracy of global
optima. Computing such global optima—or even a local optimum that is suitably “close” to
a global optimum—may be extremely difficult in practice, which leaves a significant gap in
the theory.

However, nonconvex functions arising from statistical estimation problems are often not
constructed in an adversarial manner, leading to the natural intuition that the behavior of
such functions might be “better” than predicted by worst-case theory. Recent work [13] has
confirmed this intuition in one very specific case: a modified version of the Lasso designed for
error-in-variables regression. Although the Hessian of this modified Lasso objective always has
a large number of negative eigenvalues in the high-dimensional setting (hence is nonconvex),
it nonetheless resembles a strongly convex function when restricted to a cone set, leading to
provable bounds on statistical and optimization error.

In this paper, we study the question of whether it is possible to certify “good behavior,”
in both a statistical and computational sense, for nonconvex M-estimators. On the statistical
level, we provide an abstract result, applicable to a broad class of (potentially nonconvex)
M-estimators, which bounds the distance between and any local optimum and the unique
minimum of the population risk. Although local optima of nonconvex objectives may not
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coincide with global optima, our theory shows that any local optimum is essentially as good
as a global optimum from a statistical perspective. The class of M-estimators covered by our
theory includes the modified Lasso as a special case, but our results concerning local optima
are based on a much simpler argument than the arguments used to establish similar results
in previous work [13].

In addition to nonconvex loss functions, our theory also applies to nonconvex regularizers,
thereby shedding new light on a long line of recent work involving the nonconvex SCAD and
MCP regularizers [6, 4, 26, 27]. Various methods have been proposed for optimizing convex
loss functions with nonconvex penalties, including local quadratic approximation (LQA) [6],
minorization-maximization (MM) [10], and local linear approximation (LLA) [28]. However,
these methods are only guaranteed to generate local optima of the composite objective, which
have not been proven to be well-behaved. More recently, Zhang and Zhang [27] provided
statistical guarantees concerning global optima of least-squares linear regression with various
nonconvex penalties, and proposed that gradient descent initialized at a Lasso optimum could
be used to obtain specific local minima. In the same spirit, Fan et al. [7] showed that if the
LLA algorithm is initialized at a Lasso optimum that satisfies certain properties, then the
two-stage procedure produces an oracle solution for various nonconvex penalties. For a more
complete overview of existing work, we refer the reader to the survey paper by Zhang and
Zhang [27] and the references cited therein.

In contrast to these previous results, our work provides a set of regularity conditions under
which all local/global optima are guaranteed to lie within a small ball of the population-level
minimum, which ensures that standard methods such as projected and composite gradient
descent [17] are sufficient for obtaining estimators that lie within statistical error of the truth.
This eliminates the need to design specialized optimization algorithms that will locate specific
local optima, as prescribed by previous authors. In fact, we establish that under suitable
conditions, a modified form of composite gradient descent only requires log(1/e,..) iterations
to obtain a solution that is accurate up to statistical precision €g,,. Furthermore, our methods
are not restricted to least-squares or even convex loss functions, and cover various nonconvex
loss functions, as well.

Notation. For functions f(n) and g(n), we write f(n) 2 g(n) to mean that f(n) < cg(n) for
some universal constant ¢ € (0,00), and similarly, f(n) 7z g(n) when f(n) > ¢g(n) for some
universal constant ¢ € (0,00). We write f(n) < g(n) when f(n) 2 g(n) and f(n) = g(n)
hold simultaneously. For a vector v € R? and a subset S C {1,...,p}, we write vg € R to
denote the vector v restricted to S. For a matrix M, we write || M|, and || M]| to denote
the spectral and Frobenius norms, respectively, and write || M]| .. := max; j |m;;| to denote
the elementwise £oo-norm of M. Finally, for a function h : RP — R, we write VA to denote a
gradient or subgradient, if it exists.

2 Problem formulation

In this section, we develop the general theory for regularized M-estimators that we will
consider in this paper. We begin by establishing some notation and basic assumptions, before
turning to the class of nonconvex regularizers and nonconvex loss functions covered in this

paper.



2.1 Background

Given a collection of n samples Z]' = {Z1,...,Z,}, drawn from a marginal distribution P
over a space Z, consider a loss function £,, : RP x (Z)" — R. The value £, (5; Z]") serves as a
measure of the “fit” between a parameter vector 8 € R? and the observed data. This empirical
loss function should be viewed as a surrogate to the population risk function £ : RP — R,
given by

L(B) :==Ez[L.(8; Z])].

Our goal is to estimate the parameter vector 5* := arg én% L(p) that minimizes the popula-
cRP

tion risk, assumed to be unique.
To this end, we consider a regularized M-estimator of the form

3 € ar min Ln(8;27) + , 1
feag min (L.5:Z0) +pa(9)) )
where p) : RP — R is a regularizer, depending on a tuning parameter A > 0, which serves to
enforce a certain type of structure on the solution. In all cases, we consider regularizers that
are separable across coordinates, and with a slight abuse of notation, we write

pa(B) = pr(ﬁj)-
=

Our theory allows for possible nonconvexity in both the loss function £, and the regularizer
pr- Due to this potential nonconvexity, our M-estimator also includes a side constraint
g : RP — R, which we require to be a convex function satisfying the lower bound g(3) > ||8]/1,
for all g € RP. Consequently, any feasible point for the optimization problem (1) satisfies the
constraint ||3]1 < R, and as long as the empirical loss and regularizer are continuous, the
Weierstrass extreme value theorem guarantees that a global minimum B\ exists. Finally, we
allow for an additional side constraint 8 € €2, where () is some convex set containing (*.
For the graphical Lasso considered in Section 3.4, we take 2 = Sy to be the set of positive
semidefinite matrices; in settings where such an additional condition is extraneous, we simply

set = RP.

2.2 Nonconvex regularizers

We now state and discuss the conditions imposed on the regularizer, defined in terms of a
univariate function py : R — R:

Assumption 1.

(i) The function p) satisfies p)(0) = 0 and is symmetric around zero (i.e., px(t) = px(—t)
for all t € R).

(ii) On the positive real line, the function py is nondecreasing and subadditive, meaning
pa(s +t) < pa(s) + pa(t) for all s,t > 0.

(iii) For ¢ > 0, the function ¢ — ka(t) is nonincreasing in ¢.

(iv) The function py is differentiable for all ¢ # 0 and subdifferentiable at ¢ = 0, with
subgradients at ¢ = 0 bounded by AL.



(v) There exists > 0 such that the function pj ,(t) := p(t) + pt? is convex.

Conditions (i)—(iii) were previously proposed in Zhang and Zhang [27] and are satisfied
for a variety of regularizers, including the usual ¢;-norm and nonconvex regularizers such as
SCAD, MCP, and capped-¢;. However, conditions (iv)—(v) exclude the capped-¢; penalty; for
details on how a modified version of our arguments may be used to analyze capped-f1, see
Appendix F. Note that condition (v) is a type of curvature constraint that controls the level
of nonconvexity of py.

Many types of regularizers that are relevant in practice satisfy Assumption 1. For instance,
the usual ¢1-norm, py(8) = ||B||1, satisfies the conditions. More exotic functions have been
studied in a line of past work on nonconvex regularization, and we provide a few examples
here:

SCAD penalty: This penalty, due to Fan and Li [0], takes the form

Alt], for [t| < A,
pa(t) == ¢ —(t? — 2aM|t| + A2)/(2(a — 1)), for A < |t| < a, (2)
(a+1)\?/2, for |t| > al,

where a > 2 is a fixed parameter. As verified in Lemma 7 of Appendix A.2, the SCAD penalty

satisfies the conditions of Assumption 1 with L =1 and p = ﬁ

MCP regularizer: This penalty, due to Zhang [26], takes the form

pa(t) :==sign(t) A - /Olt <1 - %)Jr dz, (3)

where b > 0 is a fixed parameter. As verified in Lemma 8 in Appendix A.2, the MCP
regularizer satisfies the conditions of Assumption 1 with L =1 and p = %.

2.3 Nonconvex loss functions and restricted strong convexity

Throughout this paper, we require the loss function £, to be differentiable, but we do not
require it to be convex. Instead, we impose a weaker condition known as restricted strong
convexity (RSC). Such conditions have been discussed in previous literature [16, 1], and involve
a lower bound on the remainder in the first-order Taylor expansion of £,,. In particular, our
main statistical result is based on the following RSC condition:

lo
ar AR —n=2BJA},  forall [Alz <1 (4a)

(VL (B +A) = VL, ("), A) >

0al|Allo 7 [EL AL, for all A > 1, (4b)
where the a;’s are strictly positive constants and the 7;’s are nonnegative constants.

To understand this condition, note that if £, were actually strongly convex, then both
these RSC inequalities would hold with vy = a9 = o > 0 and 7, = 79 = 0. However, in the
high-dimensional setting (p > n), the empirical loss £,, can never be strongly convex, but the
RSC condition may still hold with strictly positive (o, 7;). On the other hand, if £,, is convex
(but not strongly convex), the left-hand expression in inequality (4) is always nonnegative, so



inequalities (4a) and (4b) hold trivially for Hi”; > /Tloi})gp and ”ﬁ”; > 2, [ Toep Tespectively.
Hence, the RSC inequalities only enforce a type of strong convexity condition over a cone set

of the form { Hﬁ”; <c, /logp}'

It is important to note that the class of functions satisfying RSC conditions of this type
is much larger than the class of convex functions; past work [13] exhibits a large family of
nonconvex quadratic functions that satisfy this condition (see Section 3.2 below for further
discussion). Finally, note that we have stated two separate RSC inequalities (4), unlike in
past work [16, 1, 13], which only imposes the first condition (4a) over the entire range of A.
As illustrated in the corollaries of Sections 3.3 and 3.4 below, the first inequality (4a) can
only hold locally over A for more complicated types of functions; in contrast, as proven in

Appendix B.1, inequality (4b) is implied by inequality (4a) in cases where L, is convex.

3 Statistical guarantee and consequences

With this setup, we now turn to the statement and proof of our main statistical guarantee, as
well as some consequences for various statistical models. Our theory applies to any vector § €
RP that satisfies the first-order necessary conditions to be a local minimum of the program (1):

(VL(B) + Vpr(B), B—5) >0, for all feasible 5 € RP. (5)

When E lies in the interior of the constraint set, this condition reduces to the usual zero
subgradient condition:

VL,(8) + Vpr(B) = 0.

3.1 Main statistical result

Our main theorem is deterministic in nature, specifying conditions on the regularizer, loss
function, and parameters, which guarantee that any local optimum [ lies close to the target
vector §* = arg min L(5).

B =arg min L(5)

Theorem 1. Suppose the regularizer p) satisfies Assumption 1, the empirical loss £,, satisfies
the RSC conditions (4) with oy > p, and 8* is feasible for the objective. Consider any choice
of A such that

2 . lo «
2 .max{uvznw s 021/ jp} <A< (6)
and suppose n > 16?2722 log p. Then any vector B satisfying the first-order necessary condi-

tions (5) satisfies the error bounds

~ Wk ~ 63\k
B < s, amd 1B S )

where k = [|5*||o.

From the bound (7), note that the squared fs-error grows proportionally with k, the
number of non-zeros in the target parameter, and with A\2. As will be clarified momentarily,

log p

choosing A proportional to |/ =>* and R proportional to % will satisfy the requirements of



Theorem 1 w.h.p. for many statistical models, in which case we have a squared-¢s error that
scales as kl‘;j, as expected.

We stress that the statement Theorem 1 is entirely deterministic. Corresponding proba-
bilistic results will be derived in subsequent sections, where we establish that, with appropriate
choices of (A, R), the required conditions hold w.h.p. In particular, applying the theorem to
a particular model requires bounding the random quantity ||£,,(8*)|| and verifying the RSC

condition (4).

Proof. Introducing the shorthand v := 5 — [B*, we begin by proving that ||7]2 < 1. If not,
then inequality (4b) gives the lower bound

(VLw(B) ~ VEL(B), ) > allFls — 72 EL . ®)

Since * is feasible, we may take = §* in inequality (5), and combining with inequality (8)
yields

~ 1
(Vor(B) = VLa(8), ) = allillz = o/ 22|71 (9)

By Holder’s inequality, followed by the triangle inequality, we also have

(Vor(B) = VL5, ) < {19 B)lloe + IV La(B) oo } 7]
(4)
< {rr+ 5 i

where inequality (i) follows since ||VLy(8%)]loe < 2L by the bound (6), and ||V px(8)]lee < AL

by Lemma 5 in Appendix A.1. Combining this upper bound with inequality (9) and rear-
ranging then yields

. v 3\L I 2R [ 3)\L I
HVHgﬁM SO | BE ) 2R ) [O8P )
a9 2 n a9 2 n

By our choice of A from inequality (6) and the assumed lower bound on the sample size n,
the right hand side is at most 1, so ||[V||2 < 1, as claimed.

Consequently, we may apply inequality (4a), yielding the lower bound

(VLA(B) = VLu(B%), P) = o |1 — 2L 5. (10)

Since the function py ,(8) := pA(B) + u||B]3 is convex by assumption, we have

pru(B%) = pau(B) = (Vpru(B), B* = B) = (Vpx(B) + 2uB, B* — B),
implying that

(Voa(B), B* = B) < pa(B*) — pa(B) + ullB — B7[3- (11)



Combining inequality (10) with inequalities (5) and (11), we obtain

logp

ar|[7]3 — =71} £ —(VLa(B"), D) + pa(B*) — pa(B) + 1]l B — B*|I3
(1)
< IVL(B) oo - 1711 + AL ([Fally = [Fac]l1) + |72

(i) 3AL AL
< S lPall = S lPacl + pllPlE, (12)

where inequality (i) is obtained by applying Holder’s inequality to the first term and Lemma 6
in Appendix A.1 to the middle two terms, and inequality (ii) uses the bound

17l < IZally + [[7ac]|1-

Rearranging inequality (12), we find that

log
0 < 2(a1 = w713 < BAL[Tally = AL|[Pac |1 + 4Rm —>= HVH

<3)\LHVAH1—)\LHVA0”1+C¥2\/ P15l

TAL
< —lvals - —IIVAclll, (13)

implying that ||74c||1 < 8||7a|l1. Consequently,
17l = 17ally + [Zaclly < 9llZally < OVE[IZall2 < OVE[7]l2. (14)

Furthermore, inequality (13) implies that

Wk

A ~
2(a1 — p)|I73 < - Pl < TH Vfa-

Rearranging yields the ¢3-bound, whereas the ¢;-bound follows from by combining the /¢5-
bound with the cone inequality (14). O

Remark 1. For convex M-estimators, Negahban et al. [16] have shown that arguments ap-
plied to ¢i-regularizers may be generalized in a straightforward manner to other types of
“decomposable” regularizers, including various types of norms for group sparsity, the nuclear
norm for low-rank matrices, etc. In our present setting, where we allow for nonconvexity in
the loss and regularizer, Theorem 1 has an analogous generalization.

We now turn to various consequences of Theorem 1 for nonconvex loss functions and
regularizers of interest. The main challenge in moving from Theorem 1 to these consequences
is to establish that the RSC conditions (4) hold w.h.p. for appropriate choices of positive
constants {(o;, Tj)}?zl.
3.2 Corrected linear regression

We begin by considering the case of high-dimensional linear regression with systematically
corrupted observations. Recall that in the framework of ordinary linear regression, we have
the linear model

yi = (8", ;) + €, fori=1,...,n, (15)
———
Z§:1 B;xiﬂ'



where $* € R? is the unknown parameter vector and {(z;,y;)}_, are observations. Following
Loh and Wainwright [13], assume we instead observe pairs {(z;,v;)}l~,, where the z;’s are
systematically corrupted versions of the corresponding z;’s. Some examples of corruption
mechanisms include the following:

(a) Additive noise: We observe z; = x; +w;, where w; € RP is a random vector independent
of x;, say zero-mean with known covariance matrix X,,.

(b) Missing data: For some fraction ¥ € [0,1), we observe a random vector z; € RP such
that for each component j, we independently observe z;; = x;; with probability 1 — 4,
and z;; = * with probability 9.

We use the population and empirical loss functions

1 1

L(B) = 58S — B78ap, and  La(8) = 5878 - 778, (16)

~

where (I',7) are estimators for (X;,¥;5*) depending only on {(z;,y;)}i_,. It is easy to see
that 8* = argming £(3). From the formulation (1), the corrected linear regression estimator
is given by

5 . L ors ~T
ﬁeamﬁﬁ&{gﬂfﬂ—vﬁ+pAM}- (17)

We now state a concrete corollary in the case of the additive noise (model (a) above). In
this case, as discussed in Loh and Wainwright [13], an appropriate choice of the pair (I",7) is
given by

~ 7Tz . zr
'=——-3%,, and yz—y.
n n

(18)

In the high-dimensional setting (p > n), the matrix T is always negative-definite: the matrix
@ has rank at most n, and then the positive definite matrix X, is subtracted to obtain

~

T. Consequfntly, the empirical loss function £,, previously defined (16) is nonconvex. Other
choices of T are applicable to the missing data (model (b)), and also lead to nonconvex
programs (see the paper [13] for further details).

Corollary 1. Suppose we have i.i.d. observations {(z;,y;)}I; from a corrupted linear model
with additive noise, where the z;’s are sub-Gaussian. Suppose (A, R) are chosen such that 5*
is feasible and

/
logp -\ ¢
n ~— R

C

Then given a sample size n > C max{R?, k}logp, any local optimum 3 of the nonconvex
program (17) satisfies the bounds

o * COA\/E
_ < AV
18 =Bl < () — 2

oAk

. YL
and |8 — %[ < o (%) — 2

with probability at least 1 — ¢ exp(—c log p), where [|5*|lo = k.

Remark 2. When p)(8) = Al|5]|1 and g(8) = || 5|1, then taking A < \/10% and R = bo\/k for
some constant by > ||5*||2 yields the required scaling n - klog p. Hence, the bounds of Corol-
lary 1 agree with bounds previously established in Theorem 1 of Loh and Wainwright [13].



Note, however, that those results are stated only for a global minimum B of the program (17),
whereas Corollary 1 is a much stronger result holding for any local minimum (.

_ Theorem 2 of Loh and Wainwright [13] indirectly implies similar bounds on || 8- B*|l1 and
I3 — B*|2, since the proposed projected gradient descent algorithm may become stuck in a
local minimum. In contrast, our argument here is much more direct and does not rely on an
algorithmic proof. Furthermore, our result is applicable to a more general class of (possibly
nonconvex) penalties beyond the usual ¢;-norm.

Corollary 1 also has important consequences in the case where pairs {(z;,y;)}~; from the
linear model (15) are observed cleanly without corruption and p) is a nonconvex penalty. In
that case, the empirical loss £, previously defined (16) is equivalent to the least-squares loss,
modulo a constant factor. Much existing work, including that of Fan and Li [6] and Zhang
and Zhang [27], first establishes statistical consistency results concerning global minima of
the program (17), then provides specialized algorithms such as a local linear approximation
(LLA) for obtaining specific local optima that are provably close to global optima. However,
our results show that any optimization algorithm guaranteed to converge to a local optimum
of the program suffices. See Section 4 for a more detailed discussion of optimization procedures
and fast convergence guarantees for obtaining local minima.

Our theory also provides a theoretical justification for why the usual choice of a = 3.7 for
linear regression with the SCAD penalty [(] is reasonable. Indeed, as discussed in Section 2.2,

we have 1
= —— x0.37
A
in that case. Since z; ~ N(0,I) in the SCAD simulations, we have Apin(2;) > 2 for the
choice a = 3.7. For further comments regarding the parameter a in the SCAD penalty, see

the discussion concerning Figure 2 in Section 5.

3.3 Generalized linear models

Moving beyond linear regression, we now consider the case where observations are drawn from
a generalized linear model (GLM). Recall that a GLM is characterized by the conditional
distribution

P(y; | #;,8,0) = exp {y,~<6, i) = (2 ) } :

where ¢ > 0 is a scale parameter and 1 is the cumulant function, By standard properties of
exponential families [15, 12], we have

V(2] B) = Ely; | 24, 0],

In our analysis, we assume that there exists «, > 0 such that ¢ (t) < «, for all t € R.
Note that this boundedness assumption holds in various settings, including linear regression,
logistic regression, and multinomial regression, but does not hold for Poisson regression. The
bound will be necessary to establish both statistical consistency results in the present section
and fast global convergence guarantees for our optimization algorithms in Section 4.

The population loss corresponding to the negative log likelihood is then given by

L(B) = —E[log P(z,y:)] = —E[log P(x;)] — TZ) “Elyi(8, zi) — (] B)),



giving rise to the population-level and empirical gradients

n

z:l

v.cw)=$-E[<¢'<w?ﬁ>—yi>xi1, and  VL,(8)

3|}—‘

Since we are optimizing over (3, we will rescale the loss functions and assume c(o) = 1. We
may check that if * is the true parameter of the GLM, then VL(8*) = 0; furthermore,

1 n
= ISl pyeial -
=1

so L, is convex.
We will assume that g* is sparse and optimize the penalized maximum likelihood program

§earg min {%Z(u}(z? 5)—yﬂfﬁ)+m(ﬂ)}- (19)

9(B)<R ]
We then have the following corollary, proved in Appendix B.3:

Corollary 2. Suppose we have i.i.d. observations {(z;,v;)};_; from a GLM, where the x;’s
are sub-Gaussian. Suppose (A, R) are chosen such that 5* is feasible and

log p d
<A< —.
N == R

Then given a sample size n > C'R?log p, any local optimum E of the nonconvex program (19)
satisfies

Co/\\/E
2= )\mln( x) - 2,“’

oAk

Hﬁ ﬁ H 1> m7

and |8 B <

with probability at least 1 — ¢ exp(—c log p), where [|5*|lo = k.

Remark 3. Although L, is convex in this case, the overall program may not be convex if
the regularizer py is nonconvex, giving rise to multiple local optima. For instance, see the
simulations of Figure 3 in Section 5 for a demonstration of such local optima. In past work,
Breheny and Huang [4] studied logistic regression with SCAD and MCP regularizers, but
did not provide any theoretical results on the quality of the local optima. In this context,
Corollary 2 shows that their coordinate descent algorithms are guaranteed to converge to a
local optimum B within close proximity of the true parameter 5*.

3.4 Graphical Lasso

Finally, we specialize our results to the case of the graphical Lasso. Given p-dimensional
observations {x;}I" ;, the goal is to estimate the structure of the underlying (sparse) graphical
model. Recall that the population and empirical losses for the graphical Lasso are given by

L(0) = trace(X0) — log det(©), and L£,(0) = trace(30) — log det(0),

10



where 3 is an empirical estimate for the covariance matrix ¥ = Cov(x;). The objective
function for the graphical Lasso is then given by

P

CRE i trace(30) — log det(© 0. 50
argg(@)?}lz{l(ato race(£0) — log det( )+j%::1/7,\( k) ¢ (20)

where we apply the (possibly nonconvex) penalty function py to all entries of ©, and define
Q::{GERPXP\@:@T, @tO}.

A host of statistical and algorithmic results have been established for the graphical Lasso
in the case of Gaussian observations with an ¢;-penalty [3, 8, 21, 25], and more recently
for discrete-valued observations, as well [14]. In addition, a version of the graphical Lasso
incorporating a nonconvex SCAD penalty has been proposed [5]. Our results subsume previous
Frobenius error bounds for the graphical Lasso, and again imply that even in the presence of
a nonconvex regularizer, all local optima of the nonconvex program (20) remain close to the
true inverse covariance matrix O*.

As suggested by Loh and Wainwright [14], the graphical Lasso easily accommodates sys-
tematically corrupted observations, with the only modification being the form of the sample
covariance matrix 3. Furthermore, the program (20) is always useful for obtaining a consis-
tent estimate of a sparse inverse covariance matrix, regardless of whether the x;’s are drawn
from a distribution for which ©* is relevant in estimating the edges of the underlying graph.
Note that other variants of the graphical Lasso exist in which only off-diagonal entries of ©
are penalized, and similar results for statistical consistency hold in that case. Here, we assume
all entries are penalized equally in order to simplify our arguments. The same framework is
considered by Fan et al. [5].

We have the following result, proved in Appendix B.4. The statement of the corollary
is purely deterministic, but in cases of interest (say, sub-Gaussian observations), the devia-
tion condition (21) holds with probability at least 1 — ¢; exp(—cy logp), translating into the
Frobenius norm bound (22) holding with the same probability.

Corollary 3. Suppose we have an estimate S of the covariance matrix ¥ based on (possibly

corrupted) observations {z;}!" ;, such that
1
< cor] 282 (21)
max n

Also suppose ©* has at most s nonzero entries. Suppose (A, R) are chosen such that ©* is

feasible and
log p d
2 A< =,
¢ n ~ ~ R

Then with a sample size n > C'slog p, for sufficiently large constant C' > 0, any local optimum
© of the nonconvex program (20) satisfies

o

When p is simply the ¢;-penalty, the bound (22) from Corollary 3 matches the minimax
rates for Frobenius norm estimation of an s-sparse inverse covariance matrix [21, 20].

I5-=]

DAV'3 . (22)
Py + 1) —p

11



4 Optimization algorithms

We now describe how a version of composite gradient descent may be applied to efficiently
optimize the nonconvex program (1), and show that it enjoys a linear rate of convergence
under suitable conditions. In this section, we focus exclusively on a version of the optimization
problem with the side function

oru(8) = 5 {a(9) + I}, (23)

which is convex by Assumption 1. We may then write the program (1) as

Bearg  min {(£a(8) — nlBI3) +A0r,(8)- (24)

9xu(B)SR, BEQ

Ly
In this way, the objective function decomposes nicely into a sum of a differentiable but noncon-
vex function and a possibly nonsmooth but convex penalty. Applied to the representation (24)
of the objective function, the composite gradient descent procedure of Nesterov [17] produces
a sequence of iterates {3'}:°, via the updates

t+1 ; 1 _ t Vzn(ﬁt)>
e M8 <R { 2 HB <ﬁ l

2

+in@}7 (25)
2 n

where L is the stepsize. As discussed in Section 4.2, these updates may be computed in a
relatively straightforward manner.
4.1 Fast global convergence

The main result of this section is to establish that the algorithm defined by the iterates (25)
converges very quickly to a d-neighborhood of any global optimum, for all tolerances § that
are of the same order (or larger) than the statistical error.

We begin by setting up the notation and assumptions underlying our result. The Taylor
error around the vector By in the direction 81 — (B2 is given by

T (B, B2) == Ln(B1) = Ln(B2) — (VL (B2), B1 — B2). (26)

We analogously define the Taylor error T for the modified loss function £,,, and note that
T(Br,B2) = T(B1, B2) — ullBr — Ball3. (27)
For all vectors 35 € By (3)NB1(R), we require the following form of restricted strong convexity:

logp
n

a1l — Ball5 — T 181 — Belli, for all |81 — B2l]2 < 3, (28a)

T (B, B2) =

lo

L1~ Bally,  for all |8y — Bollo > 3. (28D)

asl|f1 — B2ll2 — T2

The conditions (28) are similar but not identical to the earlier RSC conditions (4). The main
difference is that we now require the Taylor difference to be bounded below uniformly over

12



B2 € Ba(3) N By (R), as opposed to for a fixed f2 = f*. In addition, we assume an analogous
upper bound on the Taylor series error:

1
T(B1,82) < aslBy = Bolf + mo—ol By — Bull},  forall B freQ  (29)

a condition referred to as restricted smoothness in past work [1]. Throughout this section, we
assume «; > p for all 4, where p is the coefficient ensuring the convexity of the function gy ,
from equation (23). Furthermore, we define & = min{ay,as} and 7 = max{m, 2, 73}

The following theorem applies to any population loss function £ for which the population
minimizer 5* is k-sparse and ||3*||2 < 1, and under the scaling n > Cklogp, for a constant
C depending on the «;’s and 7;’s. Note that this scaling is reasonable, since no estimator of
a k-sparse vector in p dimensions can have low fo-error unless the condition holds (see the
paper [19] for minimax rates). We show that the composite gradient updates (25) exhibit a
type of globally geometric convergence in terms of the quantity

— S+ o(n,p k 1287} 182
K= 21 ( ), where ¢(n,p, k) := T
1—90(71,]),]{7) a— [

(30)

Under the stated scaling on the sample size, we are guaranteed that x € (0,1), so it is a
contraction factor. Roughly speaking, we show that the squared optimization error will fall

2
below 62 within 7' = °6/%) iterations. More precisely, our theorem guarantees d-accuracy

; ; log(1/k)
for all iterations larger than
$(8°)—9(B
T (5) = 2log (“7512) (14 982 og1eg (AL (31)
T log(1/k) log(1/k) &8\ 52 )

where ¢(8) 1= L,(5) + pa(B) denotes the composite objective function. As clarified in the
theorem statement, the squared tolerance 62 is not allowed to be arbitrarily small, which
would contradict the fact that the composite gradient method may converge to a local opti-
mum. However, our theory allows 62 to be of the same order as the squared statistical error
€2 .. =8 — B*||3, the distance between a fixed global optimum and the target parameter 3*.

From a statistical perspective, there is no point in optimizing beyond this tolerance.

With this setup, we now turn to a precise statement of our main optimization-theoretic result:

Theorem 2. Suppose the empirical loss £, satisfies the RSC/RSM conditions (28) and (29),
and suppose the regularizer p) satisfies Assumption 1. Suppose [ is any global minimum of
the program (24), with regularization parameters chosen such that

1 4 1
Ry 5L <eg, and A> —-max{”Vﬁn(ﬁ*)Hoo, T ng}.
n L n

2
Then for any stepsize parameter 1 > 2 - max{as — j, 1} and tolerance parameter §2 > Cfs_—‘;“,
we have

~ 2 &t k1
188 — B3 < p— <52 + — + 1287 :;gpeiat> , for all iterations ¢ > T%(0). (32)

13



Remark 4. As with Theorem 1, the statement of Theorem 2 is entirely deterministic. In
Section 4.4 below, we will establish that the required RSC and RSM conditions hold w.h.p.
for various GLMs.

Also note that for the optimal choice of tolerance parameter ¢ < eg,,, the error bound
appearing in inequality (32) takes the form (;i_"";t, meaning that successive iterates of the
composite gradient descent algorithm are guaranteed to converge to a region within statistical
accuracy of the true global optimum S. Concretely, if the sample size satisfies n 7 Cklogp
and the regularization parameters are chosen appropriately, Theorem 1 guarantees that that

€t = O <\ / klo%) with high probability. Combined with Theorem 2, we then conclude that

mas { 16" = B, 18" = 8°l} = O (x/’“j’fp> ,

for all iterations ¢ > T'(€yay)-

As would be expected, the (restricted) curvature « of the loss function and nonconvexity
parameter p of the penalty function enter into the bound via the denominator o — p. Indeed,
the bound is tighter when the loss function possesses more curvature or the penalty function
is closer to being convex, agreeing with intuition.

Finally, the parameter 7 needs to be sufficiently large (or equivalently, the stepsize must be
sufficiently small) in order for the composite gradient descent algorithm to be well-behaved.
See Nesterov [17] for a discussion of how the stepsize may be chosen via an iterative search
when the problem parameters are unknown.

4.2 Form of updates

In this section, we discuss how the updates (25) are readily computable in many cases. We
begin with the case {2 = RP, so we have no additional constraints apart from gy ,(8) < R. In
this case, given iterate (3, the next iterate BT may be obtained via the following three-step
procedure:

(1) First optimize the unconstrained program

2 7 (At
5€arg£${%“ﬁ_<ﬁt_%(ﬁ)>

2

T % -gk,uw)} | (33)

2

(2) If gu(B) < R, define 8+ = 5.

~

(3) Otherwise, if gy ,,(3) > R, optimize the constrained program

Bt € arg  min {1“5_<5t_w>

avu(B)<R | 2 n

2
} . (34)
2

We derive the correctness of this procedure in Appendix C.1. For many nonconvex regu-
larizers p) of interest, the unconstrained program (33) has a convenient closed-form solution:

14



For the SCAD penalty (2), the program (33) has simple closed-form solution given by

0 if0 < |2 < v,

R z—sign(z) - v\ ifvd <|z| < (v + 1)),

Fseap = 7z_5i1g_n(zy).% if (v+ 1A <z <al, (35)
z . if |z] > aA.

For the MCP penalty (3), the optimum of the program (33) takes the form

0 if 0 < |z] < v,
Buce = § TG if px < [z] < b, (36)
z if [z] > bA.

In both equations (35) and (36), we have

7 (pt
z = ! < t—V£n(5)>, and vi= 1/777
1+ 2u/n n 1+ 2u/n

See Appendix C.2 for the derivation of these closed-form updates.

More generally, when © C RP (such as in the case of the graphical Lasso), the minimum
in the program (25) must be taken over , as well. Although the updates are not as simply
stated, they still involve solving a convex optimization problem. Despite this more compli-
cated form, however, our results from Section 4.1 on fast global convergence under restricted
strong convexity and restricted smoothness assumptions carry over without modification, since
they only require RSC/RSM conditions holding over a sufficiently small radius together with
feasibility of 5*.

4.3 Proof of Theorem 2

We provide the outline of the proof here, with more technical results deferred to Appendix C.
In broad terms, our proof is inspired by a result of Agarwal et al. [1], but requires various
modifications in order to be applied to the much larger family of nonconvex regularizers
considered here. R

Our first lemma shows that the optimization error 8 — /3 lies in an approximate cone set:

Lemma 1. Under the conditions of Theorem 2, suppose that there exists a pair (7,7") such
that

$(8) —o(B) <m,  Vt>T. (37)

Then for any iteration ¢ > T', we have

16"~ Blls < 4VRIS ~ Bllo + 8VEIB — 712 + 2 min ({1, R).

Our second lemma shows that as long as the composite gradient descent algorithm is
initialized with a solution 3° within a constant radius of a global optimum £, all successive
iterates also lie within the same ball:

LemmAa 2. Under the conditions of Theorem 2, and with an initial vector 8° such that
18° — Bll2 < 3, we have ~
18" =Bl <3,  forallt>0. (38)

15



In particular, suppose we initialize the composite gradient procedure with a vector 5% such
that |39z < % Then by the triangle inequality,

18° = Bllz < 18112 + 118 — Bll2 + 18" ]l2 < 3,

where we have assumed that our scaling of n guarantees that |3 — 5|2 < 1/2.

Finally, recalling our earlier definition (30) of x, the third lemma combines the results
of Lemmas 1 and 2 to establish a bound on the value of the objective function that decays
exponentially with ¢:

Lemma 3. Under the same conditions of Lemma 2, suppose in addition that inequality (37)
holds and 32]“2& < 25E. Then for any t > T', we have

3

2 2
m (6 + estat)7

¢(8") — o(B) < kT (3(8T) — ¢(B)) +

where € 1= 8Vkeu, € := 2 - min (%,R), the quantities x and ¢ are defined according to
equations (30), and

1 2rlogp [a—p
= . . 2 k)+5). 39
ST e(n,p,k) n < m elmp k) + 39)
The remainder of the proof follows an argument used in Agarwal et al. [1], so we only

provide a high-level sketch. We first prove the following inequality:
#(B) — (B) < 6%, forall t > T*(d), (40)

as follows. We divide the iterations ¢t > 0 into a series of epochs [Ty, Ty4+1) and define tolerances
Mo > 71 > --- such that R
¢(8") — ¢(B) <@, V=T
In the first iteration, we apply Lemma 3 with 79 = ¢(8%) — qb(g) to obtain
£

11—k

6(8') ~ 6(B) < w' (6(8°) = 6(B)) + == (4R + @), vtz 0.

log(1/r)

Let 71 := %(4]%2 + €2), and note that for T} := {W—‘ , we have

4€

1—k

$(BY) — ¢(B) < i < max{4R? &},  forall t > T).

For ¢ > 1, we now define

. 25 2 -2 log(2]775/177€+1)
= —(e5 + and Ty = | ——F—"—F—| +1

where ¢, := 2min {/\ﬁ—‘L, R}. From Lemma 3, we have

3

1_[{(6%+€2), for all t > Ty,

6(8") — 6(B) < KT (6(8™) — 6(B)) +

16



implying by our choice of {(n,Ty)}¢>1 that

$(B) — ¢(B) < g1 < 14_—2 max{eZ, e}, VYt > Ty

Finally, we use the recursion

_ 46 2 2 IOg(ZZﬁO/ﬁZ)
< = Ty <04+ —=—— "7 41
Mogp1 < 1_ﬁmax{e£,e 1, y <+ log(1/r) (41)
to establish the recursion 3 _ R
_ e Ne+1
N1 < 2 L < 2 (42)

Inequality (40) then follows from computing the number of epochs and timesteps necessary

to obtain ’\f}l < 62. For the remaining steps used to obtain inequalities (42) from inequali-

ties (41), we refer the reader to Agarwal et al. [1].
Finally, by inequality (79b) in the proof of Lemma 3 in Appendix C.5 and the relative
scaling of (n,p, k), we have

O Ba B < oY) — o(B) + 28R (22 L, 2
2 2= T n AL ¢

logp (26%  \*
552+2T°gp< +‘> ,

n \M | ©
where we have set € = %. Rearranging and performing some algebra with our choice of A
gives the fo-bound.

4.4 Verifying RSC/RSM conditions

We now address how to establish versions of the RSC conditions (28) and RSM condition (29).
In the case of corrected linear regression (Corollary 1), Lemma 13 of Loh and Wainwright [13]
establish these conditions w.h.p. for various statistical models. Here, we focus on establishing
the conditions for GLMs when the covariates z; are drawn i.i.d. from a zero-mean sub-Gaussian
distribution with parameter o, and covariance matrix 3 = cov(x;). As usual, we assume a
sample size n > cklogp, for a sufficiently large constant ¢ > 0. Recall the definition of the
Taylor error 7 (f1, B2) from equation (26).

Proposition 1 (RSC/RSM conditions for generalized linear models). There exists a constant
ay > 0, depending only on the GLM and (o, X), such that for all vectors 52 € B2(3) NB;(R),
we have

B Zallogp
2000 M

«
S Al JAlR,  forall [Bi—fallz <3, (43a)

T(Br, 2) > :
O
E2)AlL

n

3a
Sl All2 — 3co, forall |8y — falla >3, (43b)

with probability at least 1 — ¢1 exp(—can). With the bound [|)"|| s < au, we also have

lo

3
T(51,82) < Gudmaa(%) <§||Au%+ gpuAn%), for all 1,5 € RY,  (44)

n

with probability at least 1 — ¢1 exp(—con).
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Proof. Using the notation for GLMs in Section 3.3, we introduce the shorthand A := ; — (2
and observe that, by the mean value theorem, we have

T(B1,82) = Zw" (Brs @) + il A, ) (A, 23)?, (45)

for some t; € [0,1]. The t;’s are i.i.d. random variables, with each ¢; depending only on the
random vector x;.

Proof of bound (44): The proof of this upper bound is relatively straightforward given
earlier results [14]. From the Taylor series expansion (45) and the boundedness assumption
1" |oo < vy, we have

n

T(B1,B2) < aw - ! > (A, z))?.

n“
=1

By known results on restricted eigenvalues for ordinary linear regression (cf. Lemma 13 in
Loh and Wainwright [13]), we also have

1 o 3 log p
2 (A 5P < dn() (F1A1 + <EL ).
=1

with probability at least 1 — ¢; exp(—can). Combining the two inequalities yields the desired
result.

Proof of bounds (43): The proof of the RSC bound is much more involved, and we provide
only high-level details here, deferring the bulk of the technical analysis to the appendix. We

define
L . " )‘mln(z)
= Qﬁgﬂ (t)> s

where T' is a suitably chosen constant depending only on Apin(X) and the sub-Gaussian
parameter o,. (In particular, see equation (89) below, and take T' = 37). The core of the
proof is based on the following lemma, proved in Appendix D:

Lemma 4. With probability at least 1 — ¢1 exp(—con), we have

log
T(B1,82) = ol A5 = cow | Allal| All2y/ =

uniformly over all pairs (31, 52) such that So € Bo(3) NB1(R), |1 — B2|l2 < 3, and

A
1Al _ o [T o
IAll2 = cor | logp

Taking Lemma 4 as given, we now complete the proof of the RSC condition (43). By the
arithmetic mean-geometric mean inequality, we have

logp c2o?logp
coz | AllfAll2y/— HAHz o 1A I,
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so Lemma 4 implies that inequality (43a) holds uniformly over all pairs ((1,82) such that
P2 € B2(3) NB1(R) and ||51 — B2]|2 < 3, whenever the bound (46) holds. On the other hand,
if the bound (46) does not hold, then the lower bound in inequality (43a) is negative. By
convexity of L, we have T (81, f2) > 0, so inequality (43a) holds trivially in that case.

We now show that inequality (43b) holds: in particular, consider a pair (f1,32) with
P2 € Bo(3) and |1 — B2||2 > 3. For any ¢ € [0, 1], the convexity of £,, implies that

En(ﬁ2 + tA) S tﬁn(ﬁ2 + A) + (1 - t)ﬁn(52)’

where A := 31 — B3. Rearranging yields

Lo+ A) — Lo(5y) > ZnlB2F1A) = £n(B2)

t )
" T A
ta,
T(6+4,5) > TR (47)
Now choose t = ﬁ € [0,1] so that |[tA[]; = 1. Introducing the shorthand oy := ¢ and
T = 62255”, we may apply inequality (43a) to obtain
T(B2+1tA,B2) _ [IA]2 <3HAII2>2 log p <3HAII1>2 logp || A7
> aq —T1 :3041HA||2—9T1 .
t 3 Al [Al2 [Al2
(48)
Note that inequality (43b) holds trivially unless 1AL < o " due to the convexity of

[Allz = 2cos \/ Togp’
L. In that case, inequalities (47) and (48) together imply

9 ap [logp

T(BQ + A7B2) 2 3041HA”2 - HA”17

2co, n

which is exactly the bound (43b). O

5 Simulations

In this section, we report the results of simulations we performed to validate our theoretical
results. In particular, we present results for two version of the loss function L,,, corresponding
to linear and logistic regression, and three penalty functions, namely the ¢;-norm (Lasso), the
SCAD penalty, and the MCP, as detailed in Section 2.2.

Linear regression: In the case of linear regression, we simulated covariates corrupted by
additive noise according to the mechanism described in Section 3.2, giving the estimator

R T T
8 € arg min {EBT <XnX — Ew> 8 — y Zﬁ—l—pA(ﬁ)}. (49)

gau(B<R (2 n

We generated i.i.d. samples x; ~ N(0,1) and set ¥, = (0.2)%], and generated additive noise
e ~ N(0,(0.1)%).
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Logistic regression: In the case of logistic regression, we also generated i.i.d. samples
x; ~ N(0,I). Since ¥(t) = log(1 + exp(t)), the program (19) becomes

uB)XR | N P

B earg min {l Z {log(1 + exp({B, =;)) — vi(B, zi)} + pA(B)} . (50)
=1

We optimized the programs (49) and (50) using the composite gradient updates (25). In
order to compute the updates, we used the three-step procedure described in Section 4.2,
together with the updates for SCAD and MCP given by equations (35) and (36). Note that
the updates for the Lasso penalty may be generated more simply and efficiently as discussed
in Agarwal et al. [1].

Figure 1 shows the results of corrected linear regression with Lasso, SCAD, and MCP
regularizers for three different problem sizes p. In each case, §* is a k-sparse vector with
k = |\/p], where the nonzero entries were generated from a normal distribution and the vector
was then rescaled so [|3*[|2 = 1. As predicted by Theorem 1, the three curves corresponding to
the same penalty function stack up nicely when the estimation error ||3—/3*||2 is plotted against
the rescaled sample size ﬁgp, and the fs-error decreases to zero as the number of samples
increases, showing that the estimators (49) and (50) are statistically consistent. The Lasso,
SCAD, and MCP regularizers are depicted by solid, dotted, and dashed lines, respectively. In
the case of linear regression, we set the parameter a = 3.7 for the SCAD penalty, suggested by
Fan and Li [6] to be “optimal” based on cross-validated empirical studies. We chose b = 1.5

for the MCP. The remaining parameters were set as A = 4/ 1"% and R = 1—)\1 - pA(8¥). Each
point represents an average over 100 trials. In the case of logistic regression, we set a = 3.7 for

SCAD and b = 3 for MCP, and took A = 0.5 10% and R = % -pA(B*). Each point represents

an average over 50 trials.

In Figure 2, we provide the results of simulations to illustrate the optimization-theoretic
conclusions of Theorem 2. Each panel shows two different families of curves, corresponding
to statistical error (red) and optimization error (blue). Here, the vertical axis measures the
ls-error on a logarithmic scale, while the horizontal axis tracks the iteration number. Within
each block, the curves were obtained by running the composite gradient descent algorithm
from 10 different initial starting points chosen at random. In all cases, we used the parameter

settings p = 128, k = [/p], and n = |20k log p], and took A = 4/ 198D and R = % pr(B%). As

n

predicted by our theory, the optimization error decreases at a linear rate (on the log scale)
until it falls to the level of statistical error. Furthermore, it is interesting to compare the
plots in panels (c¢) and (d), which provide simulation results for two different values of the
SCAD parameter a. We see that the choice a = 3.7 leads to a tighter cluster of local optima,
providing further evidence that this setting suggested by Fan and Li [6] is in some sense
optimal.

Finally, Figure 3 provides analogous results to Figure 2 in the case of logistic regression,

using p = 64,k = |\/p],n = |20k log p|, and regularization parameters A = 0.5/ 10% and R =

L)} - pa(B*). The plot shows solution trajectories for 20 different initializations of composite
gradient descent. Again, we see that the log optimization error decreases at a linear rate up
to the level of statistical error, as predicted by Theorem 2. Furthermore, the Lasso penalty
yields a unique local/optimum E, since the program (50) is convex, as we observe in panel
(a). In contrast, the nonconvex program based on the SCAD penalty produces multiple local
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comparing penalties for corrected linear regression 09 comparing penalties for logistic regression
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Figure 1. Plots showing statistical consistency of linear and logistic regression with Lasso,
SCAD, and MCP regularizers, at sparsity level k = |/p|. Panel (a) shows results for corrected
linear regression, where covariates are subject to additive noise with SNR = 5. Each point
represents an average over 100 trials. Panel (b) shows similar results for logistic regression,
where each point represents an average over 50 trials. In both cases, the estimation error
HB— B*|l2 is plotted against the rescaled sample size ﬁgp. Lasso, SCAD, and MCP results
are represented by solid, dotted, and dashed lines, respectively. As predicted by Theorem 1
and Corollaries 1 and 2, the curves for each of the three types stack up for different problem
sizes p, and the error decreases to zero as the number of samples increases, showing that our
methods are statistically consistent.

optima, whereas the MCP penalty yields a relatively large number of local optima, albeit all
guaranteed to lie within a small ball of 5* by Theorem 1.

6 Discussion

We have analyzed theoretical properties of local optima of regularized M-estimators, where
both the loss and penalty function are allowed to be nonconvex. Our results are the first to
establish that all local optima of such nonconvex problems are close to the truth, implying that
any optimization method guaranteed to converge to a local optimum will provide statistically
consistent solutions. We show concretely that a variant of composite gradient descent may
be used to obtain near-global optima in linear time, and verify our theoretical results with
simulations.

Future directions of research include further generalizing our statistical consistency results
to other nonconvex regularizers not covered by our present theory, such as bridge penalties or
regularizers that do not decompose across coordinates. In addition, it would be interesting to
expand our theory to nonsmooth loss functions such as the hinge loss. For both nonsmooth
losses and nonsmooth penalties (including capped-£; ), it remains an open question whether a
modified version of composite gradient descent may be used to obtain near-global optima in
polynomial time. Finally, it would be interesting to develop a general method for establishing
RSC and RSM conditions, beyond the specialized methods used for studying GLMs in this

paper.
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log error plot for corrected linear regression with Lasso

1 . . i log error plot for corrected linear regression with MCP, b = 1.5
—opterr 2 ‘ ‘ ‘ oot
0 ——staterr
—staterr
0

1t
—~, ~2f -2f
= -
@ g S -4t
-, |
<=8 -,
= -4t =3
=3 s 5
k=l s}

-5t =

-8r

_6,

-7t -10r

-8 - - . -12 . . . .

0 200 400 600 800 0 200 400 600 800 1000
iteration count iteration count

(a) (b)

log error plot for corrected linear regression with SCAD, a = 2.5

log error plot for corrected linear regression with SCAD, a = 3.7
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Figure 2. Plots illustrating linear rates of convergence on a log scale for corrected linear
regression with Lasso, MCP, and SCAD regularizers, with p = 128, k = [/p], and n =
|20k log p|, where covariates are corrupted by additive noise with SNR = 5. Red lines depict
statistical error log (||B — B*[|2) and blue lines depict optimization error log (||3* — B”Q) As
predicted by Theorem 2, the optimization error decreases linearly when plotted against the
iteration number on a log scale, up to statistical accuracy. Each plot shows the solution
trajectory for 10 different initializations of the composite gradient descent algorithm. Panels
(a) and (b) show the results for Lasso and MCP regularizers, respectively; panels (c¢) and
(d) show results for the SCAD penalty with two different parameter values. Note that the
empirically optimal choice a = 3.7 proposed by Fan and Li [6] generates local optima that
exhibit a smaller spread than the local optima generated for a smaller setting of the parameter
a.
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log error plot for logistic regression with Lasso log error plot for logistic regression with SCAD, a = 3.7
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log error plot for logistic regression with MCP, b =3
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Figure 3. Plots that demonstrate linear rates of convergence on a log scale for logistic regres-
sion with p = 64,k = /p, and n = |20k log p|. Red lines depict statistical error log (||3— 5*|2)

and blue lines depict optimization error log (||3* — 3 |2). (a) Lasso penalty. (b) SCAD penalty.
(¢c) MCP. As predicted by Theorem 2, the optimization error decreases linearly when plotted
against the iteration number on a log scale, up to statistical accuracy. Each plot shows the
solution trajectory for 20 different initializations of the composite gradient descent algorithm.

A Properties of regularizers

In this section, we establish properties of some nonconvex regularizers covered by our theory
(Section A.1) and verify that specific regularizers satisfy Assumption 1 (Section A.2). The
properties given in Section A.l are used in the proof of Theorem 1.

A.1 General properties

We begin with some general properties of regularizers that satisfy Assumption 1.
Lemma 5. Under conditions (i)—(ii) of Assumption 1, conditions (iii) and (iv) together imply

that py is AL-Lipschitz as a function of t. In particular, all subgradients and derivatives of
px are bounded in magnitude by AL.
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Proof. Suppose 0 < t; <t5. Then

pA(t2) — pa(t1) < pa(t1)
to — 1 - ’
by condition (iii). Applying (iii) once more, we have

pa(t1) < lim PA()
t t—0+

< AL,

where the last inequality comes from condition (iv). Hence,

0 < palta) — palts) < AL(t2 — ta).

A similar argument applies to the cases when one (or both) of ¢; and t, are negative. O

Lemma 6. For any vector v € RP, let A denote the index set of its k largest elements in
magnitude. Under Assumption 1, we have

pA(va) = pa(vac) < AL([lvally = Jlvaell1)- (51)
Moreover, for an arbitrary vector 8 € RP, we have
PA(BY) = pA(B) < AL([[vallr — [[vacll), (52)

where v := g — §* and [* is k-sparse.

Proof. We first establish inequality (51). Define the function f(t) := p%(t) for t > 0. By our
assumptions on py, the function f is nondecreasing in |t|, so

lvacll = D palws) - (1051 < Y oawy) - Flvaclloo) = pa(vac) - f (vaclloo) - (53)
jEAC jEAC
Again using the nondecreasing property of f, we have
pa(wa) - f([vaclloo) = D pa(vy) - fllvacllo) <D palws) - f([vil) = foalr- (54)
JEA jeA
Note that for ¢ > 0, we have
F(6) = lim_ f(s) = ki D >
im f(s)= lm ———— > —,
s—0T s—0t pa(s ) pa(0) = AL

where the last inequality follows from the bounds on the subgradients of py from Lemma 5
Combining this result with inequalities (53) and (54) yields

1
pr(v4) = pA(vac) < ————— - ([[lvalli = [[vacll1) < AL([[valli — [lvac|l1),
flvaelloo)

as claimed.
We now turn to the proof of the bound (52). Letting S := supp(5*) denote the support
of 8%, the triangle inequality and subadditivity of p imply that

Px(B%) = pa(B) = pA(BS) — pA(Bs) — pa(Bse)

< pa(vs) — pa(Bse)
= pa(vs) = pa(vse)
< pa(va) — pa(vac)

< AL(||lvalli = llvacll1),

thereby completing the proof. O
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A.2 Verification for specific regularizers

We now verify that Assumption 1 is satisfied by the SCAD and MCP regularizers. (The
properties are trivial to verify for the Lasso penalty.)

Lemma 7. The SCAD regularizer (2) with parameter a satisfies the conditions of Assump-
tion 1 with L =1 and p = aT11

Proof. Conditions (i)—(iii) were already verified in Zhang and Zhang [27]. Furthermore, we
may easily compute the derivative of the SCAD regularizer to be

0

(aA — [¢])
57 —

(t) = sign(t) - </\-]I{|t| <AF+ s o >/\}>, t£0, (55

a—1
and any point in the interval [—A, \] is a valid subgradient at ¢ = 0, so condition (iv) is
satisfied for any L > 1. Furthermore, we have gTQQpA(t) > a_Tll’ SO py,p is convex whenever
> ﬁ, giving condition (v). O

Lemma 8. The MCP regularizer (3) with parameter b satisfies the conditions of Assumption 1
withl L =1 and p = %.

Proof. Again, the conditions (i)—(iii) are already verified in Zhang and Zhang [27]. We may
compute the derivative of the MCP regularizer to be

i) =X -sign(t) - —%)+, (40, (56)

with subgradient A[—1,41] at ¢ = 0, so condition (iv) is again satisfied for any L > 1. Taking
anotlller derivative, we have gTépA(t) > =1, so condition (v) of Assumption 1 holds with
n=g- 0

B Proofs of corollaries in Section 3

In this section, we provide proofs of the corollaries to Theorem 1 stated in Section 3. Through-
out this section, we use the convenient shorthand notation

B.1 General results for verifying RSC

We begin with two lemmas that will be useful for establishing the RSC conditions (4) in the
special case where £,, is convex. We assume throughout that |Alj; < 2R, since * and *+ A
lie in the feasible set.

Lemma 9. Suppose L,, is convex. If condition (4a) holds and n > 4R%7¥log p, then

1
BPIAlL,  forall |Ally > 1. (58)

En(A) = ar||Afl2 — .
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Proof. Fix an arbitrary A € RP with ||A|l2 > 1. Since £,, is convex, the function f : [0,1] — R
given by f(t) := L,(8* +tA) is also convex, so f'(1) — f'(0) > f'(t) — f(0) for all ¢ € [0,1].
Computing the derivatives of f yields the inequality

En(A) = (VLL(B + A) — VL (BY), A) > 1 (VLo (B + tA) — VL, (B7), tA).

Taking ¢ = ” € (0,1] and applying condition (4&) to the rescaled vector AL A|| then yields
log p || All}
() 2 4l (a1 = 7
n o |IA[3
2R7 logp || Ay
> 4]l (o -
no Al
logp [|Allx
> [|Alle { o =
n (Al
log
= ]| Allz - Llajs,

where the third inequality uses the assumption on the relative scaling of (n,p) and the fact
that [|All2 > 1. O

On the other hand, if inequality (4a) holds globally over A € RP, we obtain inequality (4b)
for free:

Lemma 10. If inequality (4a) holds for all A € RP and n > 4R%7#log p, then inequality (4b)
holds, as well.

Proof. Suppose ||Alj2 > 1. Then

logp

logp
ar]|Al3 -7 A3 >01HAH2—2371 EPYALL > anl|Afls — /22| A,
n

again using the assumption on the scaling of (n, p). O
B.2 Proof of Corollary 1
Note that &,(A) = ATfA, so in particular,

En(A) > ATS,A — |AT(S, —T)A|.

to bound the second term, we

Applying Lemma 12 in Loh and Wainwright [13] with s =
have

log

)\mln C]‘ng
En(A) > Aumin(Sa) | AJ2 — (LHAHQ IIAH1>

)\min(gx) CIng
e =N I

a bound which holds for all A € RP with probablhty at least 1 — ¢; exp(—can) whenever
n - klogp. Then Lemma 10 in Appendix B.1 implies that the RSC condition (4a) holds. It
remains to verify the validity of the specified choice of A. We have

IVLA(B) oo = IITB* = Flloo = A = 2B + (B2 = 1)l
<NA = ZaB oo + (B — 1) B*|oo-
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As shown in previous work [13], both of these terms are upper-bounded by ¢ 4/ 1"% with high
probability. Consequently, the claim in the corollary follows by applying Theorem 1.

B.3 Proof of Corollary 2
In the case of GLMs, we have

n

ST (i, B+ A)) — ¢ (2, B7)) 2T A

i=1

En(A) =

1
n
Applying the mean value theorem, we find that
1 — N 2
i=1

where t; € [0, 1]. From (the proof of) Proposition 2 of Negahban et al. [16], we then have

log p
En(A) > ar|| A3 — 7 - Al IAfl2, VI[All2 <1, (59)

with probability at least 1 — ¢y exp(—con), where a3 < Apin(22). Note that by the arithmetic
mean-geometric mean inequality,

log
m

T2 logp
Zlajal. < ”AH2 11 1A,

and consequently,

72 logp
En (A)>—HAII2 11 1A,

which establishes inequality (4a). Inequality (4b) then follows via Lemma 9 in Appendix B.1.
It remains to show that there are universal constants (c, ¢y, c2) such that

P <HV£n(6*)HOO > ¢y 105p> < ¢1 exp(—cy logp). (60)

For each 1 <i <mnand 1 < j < p, define the random variable V;; := (¢/(z 8*) — y;)z;;. With
this notation, our goal is to bound max;—; __, ]% >, Vij|. Note that

max |_ZVZJ|>5 | A (61)

k) 7p n ] = 7 7p n

P []max ‘_ZVW‘ > 5] <PlA]+P

where A := { max {% Yo } < 2E[z; ]} Since the z;;’s are sub-Gaussian and n 2 log p,
]: 7"'7p

there are universal constants (c1, ¢2) such that P[A°] < ¢; exp(—con). The last step is to bound
the second term on the right side of inequality (61). For any t € R, we have

log E[exp(tVi;) | x;] = log [exp(tzi; (x] B*)] - E[exp(—tzi;y;)]
= ta ¥ (2] B*) + (V(—taij + 2l B%) — ¥(2] 5%)) |
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using the fact that v is the cumulant generating function for the underlying exponential
family. Thus, by a Taylor series expansion, there is some v; € [0, 1] such that

2.2

DL S T P
logE[exp(tV,j)]a:,] = Tw (z; B" —witxij) <

autzx?j
_— 62

) (62
where the inequality uses the boundedness of ¢”. Consequently, conditioned on the event A,

the variable %Z?:l Vi; is sub-Gaussian with parameter at most kK = o, - Hlan:Lm,pE[:E?j],

for each j =1,...,p. By a union bound, we then have
N nd?
Lo E00 =0 4] <pen (55)

The claimed ;- and £s-bounds then follow directly from Theorem 1.

B.4 Proof of Corollary 3

We first verify condition (4a) in the case where [|Afr < 1. A straightforward calculation
yields

VL, 0)=0"'ge =)’

Moreover, letting vec(A) € RP® denote the vectorized form of the matrix A, applying the
mean value theorem yields

En(A) = vec(A)T (V2L (0% +tA)) vec(A) > Auin (V2L (0F +tA)) |O]%,  (63)
for some t € [0,1]. By standard properties of the Kronecker product [9], we have
Aunin(V2La (0% +1A)) = |07 + tA;* > (171, + I All) ™ > (0%, +1) 7%,
using the fact that [|All, < [|A]l» < 1. Plugging back into inequality (63) yields
Ea(D) = (1671, + 1)~ IOl
which shows that inequality (4a) holds with a; = (||©*[l,+1)"? and 7, = 0. Lemma 10

then implies inequality (4b) with as = (||©*||, + 1)~ 2. Finally, we need to establish that
the given choice of \ satisfies the requirement (6) of Theorem 1. By the assumed deviation

condition (21), we have
1
< coy/ 282
max n

IVL(O) e = [|E -~ (097

=[5>

max

Applying Theorem 1 then implies the desired result.

C Auxiliary optimization-theoretic results

In this section, we provide proofs of the supporting lemmas used in Section 4.
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C.1 Derivation of three-step procedure

We begin by deriving the correctness of the three-step procedure given in Section 4.2. Let
ﬁ be the unconstrained optimum of the program (33). If g,\,u(ﬁ) < R, we clearly have the

update given in step (2). Suppose instead that 9&/1(3) > R. Then since the program (25) is
convex, the iterate 7! must lie on the boundary of the feasible set; i.e.,

au(B) = R. (64)

By Lagrangian duality, the program (25) is also equivalent to
2
2} 7

VL, (B
Bl carg  min { Hﬁ <ﬁt n(8 )>
for some choice of constraint parameter R’. Note that this is projection of 8¢ —

gau(B)SR n
LE';Z(B 0] onto

the set {8 € R? | g»,(8) < R'}. Since projection decreases the value of gy ,, equation (64)

implies that
VL, (B
(5w (Bt - n(IB )> > R.

In fact, since the projection will shrink the vector to the boundary of the constraint set,
equation (64) forces R’ = R. This yields the update (34) appearing in step (3).
C.2 Derivation of updates for SCAD and MCP

We now derive the explicit form of the updates (35) and (36) for the SCAD and MCP regu-
larizers, respectively. We may rewrite the unconstrained program (33) as

R
1 ar%%{% Jo- (i - T2

1
+ = pa(B) + ﬁnﬁu%}
o M

B : L p 2 AT L,(8)
—arg min { (542 ) 13 - 57 (50 - >+5 )|

= arg min {; Hﬂ — ﬁ <ﬁt n(ﬂt)> L A(ﬁ)} : (65)

1+ 2p/n
Since the program in the last line of equation (65) decomposes by coordinate, it suffices to
solve the scalar optimization problem

1
Z € argmin {5(95 —2)? + vp(z; )\)} , (66)
x
for general z € R and v > 0.
We first consider the case when p is the SCAD penalty. The solution T of the program (66)

in the case when v = 1 is given in Fan and Li [6]; the expression (35) for the more general
case comes from writing out the subgradient of the objective as

(x —2) +vA[-1,+1] ifz=0,
(x—2)+vA it0<a <A,
x—2)+uvp (e \) = _
( ) pla:d) :E—Z)+V(Z);1x) if A<z <al,
T —z if ¢ > al,
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using the equation for the SCAD derivative (55), and setting the subgradient equal to zero.
Similarly, when p is the MCP parametrized by (b, \), the subgradient of the objective
takes the form

(x —z)+vA[-1,+1] ifzx=0,
(z—2)+vp (@A) =S (z—2)+vA(1-%) if0<z<bA,
T —z if © > bA,

using the expression for the MCP derivative (56), leading to the closed-form solution given
in equation (36). This agrees with the expression provided in Breheny and Huang [4] for the
special case when v = 1.

C.3 Proof of Lemma 1
We first show that if A > £ |[V.L,,(8%)||s0, then for any feasible 3 such that

P(B) < o(6") + 1, (67)

we have

18 =Bl < 4VE|B = B*l2 +2 - min (7 R) (68)
Defining the error vector A := § — §*, inequality (67) implies
La(B" +A) +pA(B" + A) < La(B%) + pa(B7) + 17,
so subtracting (VL (5*), A) from both sides gives
T(B"+ A, %)+ pa(B" + 8) = pa(87) < =(VLu(B%), &) +17. (69)

We claim that \L
pa(B" +8) = pa(8) < S Al + 7 (70)

We divide the argument into two cases. First suppose [|A|l; < 3. Since L,, satisfies the
RSC condition (28a), we may lower-bound the left side of inequality (69) and apply Holder’s
inequality to obtain

log p . . . __ AL _
ar|| A3 —nTHAH?Hw +A) = p(B) < IVLA(B) oo - [[A]1 +7 < THAHl +7n. (71)

Since ||A|l; < 2R by the feasibility of f* and * + A, we see that inequality (71) together
with the condition AL > % gives inequality (70). On the other hand, when ||Alj2 > 3,
the RSC condition (28b) gives

lo . . AL _
| Allz = 72| =LAl + pa(8* + A) = pa(8%) < T2 AL +7,

n

By Lemma 6 in Appendix A.1, we have

so for AL > 4751/ 1282 we also arrive at inequality (70).

PA(B7) = pa(B) < AL([|AallL = [|Aac]l1),

30



where A indexes the top k& components of A in magnitude. Combining this bound with
inequality (70) then implies that

n 1 7
Agelly = [|A —|lA = —[|A e —[|A —
[Aselli = |Aafr < H h+~7 H aclli+ Sl Aalh + 57
and consequently,
21
Ayelr < 3||A .
1A4cll < 3l[Aall + 37

Putting together the pieces, we have

2n 2n
< —< .
1Al < 4Aalh+ 52 < WHAL + 5t

Using the bound ||All; < 2R once more, we obtain inequality (68).

We now apply the implication (67) to the vectors 3 and (‘. Note that by optimality of B )
we have

$(B) < 6(5"),
and by the assumption (37), we also have

$(B) < 6(B) +7 < ¢(B%) + 7.

Hence,
1881 <aVEIE -5, and 18— 8l < AVEIB — 7l + 2 min (51, R)
By the triangle inequality, we then have

18° = Bl < 118 = 87l + 118" — 871
<4k (1B = Blla+ 18 = 8ll2) +2- min (-,
<4k (28— 8l + 18" = Bllz) +2 - min (-,

as claimed.

C.4 Proof of Lemma 2

Our proof proceeds via induction on the iteration number t. Note that the base case t = 0
holds by assumption. Hence, it remains to show that if || Bt — B ll2 < 3 for some integer t > 1,
then |8+ — B|s < 3, as well.

We assume for the sake of a contradiction that ||gtT! — 3 l2 > 3. By the RSC condi-
tion (28b) and the relation (27), we have

log

T, B) = ol — 82 - 2118 = 8711 — ullB - B3, (72)
Furthermore, by convexity of g := g ,, we have
9(B") = 9(B) — (Vg(B), B = B) = 0. (73)

31



Multiplying by A and summing with inequality (72) then yields

BB+ — 6(B) — (Vo(B), B — B) 2 allB — B+ — /B2 B — g4y — B - 8|3

n
Combining with the first-order optimality condition <V¢(B), gt — B) > 0, we then have

~ ~ 1 - ~
$(BY) — 6(B) > allB — B |y — T/ —22||B — B Iy — pllB — B3 (74)

n
Since || B— B> < 3 by the induction hypothesis, applying the RSC condition (28a) to the
pair (8, 3') also gives

Ea(B) = Ea(8) + (VER(8), B— 5+ (o — ) - 118" — B3 — 22 5t — R,

Combining with the inequality

we then have
$(B) > Ln(BY) + (VL (BY), B — BY) + Ag(BT) + NVg(sh), 5 — B

- 1 ~
+(a—p)- 18" - BI3 - ~22 8 - B

> La(8') + (VEA(8), B~ 5 + Mg(8+) + A(Vg(8'+"), B — 51) — 82 5t — B2
(75)

Finally, the RSM condition (29) on the pair (8!, 3!) gives

B(8) < Ea(8) + (VEA(), B4 — 8+ Ag(8+) (76)
¥ (as — w8 — IR+ 7 B2 gt — gt

2
< La() + (VEA(B), 71— Y+ Ag(8 ) + Dot — gt + T2 o)

since 4 > ag — p by assumption, and |8 — BY|l; < 2R. Tt is easy to check that the

update (25) may be written equivalently as

fitl carg  min {En(ﬂt) +(VL.(8), B— ") + g”ﬂ - B3+ )\g(ﬁ)} )

9(B)<R, BeQ

and the optimality of 5!+ then yields

(VL (BY) +n(BTY = BY) + AVg(8HY), g1 — B) < 0. (78)

Summing up inequalities (75), (76), and (78), we then have

4R%*7log p

S(8) = 9(8) < DB — B3+ (8" — B4, 8 = B) + B gt - B3 +

AR?7logp

NI NS

= n = log p =
18" — BlI5 — §||ﬁt+1 - B3+ TTIW — Bl +
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Combining this last inequality with inequality (74), we have

/\

~ log n ~ i ~ 8R%7logp
allB = B2 =/ 2RNB = 8 < 218" = BB — (3 — w) 18 — B3 + ——=2E

9 8R*tlog p
<3 -3(3 - n) 18 = Bllo + =52,

since ||3* — B|l2 < 3 by the induction hypothesis and [|3+! — B||; > 3 by assumption, and
using the fact that n > 2u. It follows that

logp 8R?7logp
(o= 3) 15— 1) < 825 gy, 4 ST 08P

2
97774—2]% logp+8R 7 logp

n n
3
§3<a—3,u+?n>,

. : 1 8R271 .
where the final inequality holds whenever 2R7y/ =82 4 =8P < 3 (o — 3u). Rearranging
gives || — B||l2 < 3, providing the desired contradiction.

C.5 Proof of Lemma 3
We begin with an auxiliary lemma:
Lemma 11. Under the conditions of Lemma 3, we have

1
2 ng(e+€)2 and (79a)

2T log D

T8, B) >
o(BY) — 6(5) > —HB B3 -

(e + )2 (79b)
We prove this result later, taking it as given for the moment.

Define
$1(B) = Ln(B') + (VL.(8Y), B - B) + ﬁnﬁ — B3 + Ag(B),

the objective function minimized over the constraint set {g(3) < R} at iteration ¢. For any
v € [0,1], the vector 3y := 75 + (1 —7)B! belongs to the constraint set, as well. Consequently,
by the optimality of 3'*! and feasibility of B, we have

~ 2 o~
() < 6u(By) = Lnl) + (VE(8), 1B — 78") + T3 — 613 + Ag(5,).
Appealing to inequality (79a), we then have

_ — o~ 1
Gi(81) < (1= Ea(8) +7La(B) + 27 —2F

2
T
(E+Estat)2+ 2 ‘|B_5t‘|%+>\g(57)

—~
.
~

~ 2 ~
< 6(8") (08" — 6(B)) + 297 EL (e 4 ) + D5 - 513

~ 1 2
< B(8") ~H6(8") — 6(B)) + 2722 (e + ) + 1B — B3, (80)
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where inequality (i) incorporates the fact that

9(8,) < 19(B) + (1 = 7)g(8"),

by the convexity of g.
By the RSM condition (29), we also have

_ lo
T(8+,8) < 18 = B + 728 — 8|12,
since a3 — p < 7 by assumption, and adding Ag(B11) to both sides gives
_ lo
BB ) < LalB') +(VER(B"), B = 5) + 8 = 813 + 7 =P 8 = I 4+ Ag(5+)
lo
= 6u(B) + T =L g — B
n

Combining with inequality (80) then yields

8D (¢ 1 o).
(81)

~ 2 ~
BB < 6(8) —1(8(8) — 6(B)) + DB — 81 + TR gt — gty

By the triangle inequality, we have

2
1B = B < (1A 1+ [|A%h)

< 2 AT+ 2)aY,
where we have defined A? := 3¢ — E . Combined with inequality (81), we therefore have

R 2
B(BH1) < 9(8) = 1(8(8") — 6(B) + L1 A + 2 EL(IATE + | AUIR) + 26, p.),

._ log
where ¢ (n, p,€) == 752

(€ + €)%, Then applying Lemma 1 to bound the £;-norms, we have

N 2 1
B(84) < 6(8") = 1(9(8") = 9(8)) + LI A3 + 64k ==L (A3 + |A]3) + 109 (. p

= 6(8") = 1(6(8") — 6(B)) + <7 + 64kr logp> IAYB + 6akr E2 vt
+ 10¢(n, p,e). (82)

Now introduce the shorthand &; := ¢(5!) — ¢(§) and v(k,p,n) = k:TIO%. By applying
inequality (79b) and subtracting ¢(3) from both sides of inequality (82), we have

2
+ 128v(k,p,n 128v(k,p,n
il B2 (5, 4 2y, p, o)) + 1220 E:P)

S < (1—7)0¢ + - P

(0¢41 + 21p(n, p, €))
+ 10¢(n, p,€).

Choosing v = ; € (0,1) yields

(1_128U(k,p,n)>5t+1§(1_04—,u 128U/<;p, >

a—p
2560 (k

Lo (XM v( ;D5 1)
4n — i

; 5) (n,pse),
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or ;11 < ko + (e + €)%, where k and & were previously defined in equations (30) and (39),
respectively. Finally, iterating the procedure yields

(e + €)?

6 <KTTor+ e+ (M +r+ k24 +67T7Y < k7T60 + = (83)
as claimed.
The only remaining step is to prove the auxiliary lemma.
Proof of Lemma 11: By the RSC condition (28a) and the assumption (38), we have
T(8.8) > (a—p) 1B~ B3~ 225 - g3 (34)
Furthermore, by convexity of g, we have
A(9(8" = 9(B) = (Va(B). 8= B)) =0, (85)
and the first-order optimality condition for B gives
(Vo(B), B — B) > 0. (86)

Summing inequalities (84), (85), and (86) then yields

- ~ 1 ~
8(8") — 6(B) = (o — w) 1B - B3 - 7223 - 8.

Applying Lemma 1 to bound the term || B B2 and using the assumption W < =E

yields the bound (79b). On the other hand, applying Lemma 1 directly to 1nequal1; (84)
with 8% and 3 switched gives

l
T(B.8") = (= w1 - B3 — 722 (32K)1B — "I} + 2(c + &)?)
o7 1%( +8)%
This establishes inequality (79a).

D Proof of Lemma 4

For a truncation level 7 > 0 to be chosen, define the functions

u?, if Ju] < 3. w, if jul <7
pr(w) = QG =w?, 5 <l <7 and ar() = {of il > 7
0, if |u| > 7,
By construction, ¢, is 7-Lipschitz and
o-(u) < u? - I{|u| <7}, forallueR. (87)
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In addition, we define the trapezoidal function

Yr(u) =2 — 2|, ifF<|u <,
0, if |u| > T,

and note that ~; is %—Lipschitz and v, (u) < T{ju| < 7}.
Taking T' > 37 so that T' > 7||A||2 (since [|A||2 < 3 by assumption), and defining

Ly(T) = nf P (u),

we have the following inequality:
T(B+A,5)= Zw” ) Bt ti-af A) - (a A)?
> Ly(T) - Zn:(w?ﬁ)z I{[af Al < 7| Ao} - T{|a] B] < T}
i=1
%i rials (@i A) - r(af B), (88)
i=1

where the first equality is the expansion (45) and the second inequality uses the bound (87).
Now define the subset of RP x R? via

poi= {(.8): e BB, 8 B, I3 <5,

as well as the random variable

Z(0) == sup
(B,A)eA ”AHQ

Z%nAnz z; A) - yp(] 5)—E[<PT||A||2(%TA)’YT(%T5)]"

n

For any pair (8,A) € Ag, we have

=N
=

E[(z] A)? = @rap, (@] A) - yr (]

where we have used Cauchy-Schwarz and a tail bound for sub-Gaussians, assuming 5 € Bo(3).
It follows that for 7 chosen such that

C,T2 /\min E[:EZ:EZT]
co? exp <_ : ) Ao (Bfriey)) (89)
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we have the lower bound

i :EZ:ET
E [prjaf, (@ A) -yr(@i #)] > W A3 (90)

By construction of ¢, each summand in the expression for Z(§) is sandwiched as

2

0< Prjaly (@i A) - yr(i B) < -

- HAH
Consequently, applying the bounded differences inequality yields

P (Z(é) > E[Z(9)] + 1

) < ¢y exp(—can). (91)
Furthermore, by Lemmas 12 and 13 in Appendix E, we have

m 1
E[Z(8)] <2y/5-E| sup
2 (8,A)€As PNH

where the g;’s are ii.d. standard Gaussians. Conditioned on {z;} ,, define the Gaussian
processes

. Zgz (%nAnz( A)-w(ﬁﬁ))“ : (92)

T
Zgn =5 — 20l Prjaf (@ A) r(af B)),
"2 A (12t )

and note that for pairs (8, A) and (B, 5), we have
var (Z@A — ZB*&) < 2var (Z@A — ZEA) + 2var (ZEA — ZEE) ,
with

I T T 773
var (Z@A — ZEA) = m . ﬁ ;‘PTHAHQ(%’ A) . (’YT(%‘ 5) - ’YT(%‘ ﬁ))

1 -7 4 ~\2
<Y (f6-)
i=1

since < TAALE nd ~e- is 2-Lioschitz. Similarl
OrAlle = — 7 and 7 1s p-Lipschitz. Similarly,

11 T% T 7R\ 2
var (ZE,A - ZE,&) < A W ZW%(% B) - <<PT||A||2($¢ A) — orjal, (7 A))
i—1

1 « ~\2
AR L (Pfe-R)
=1

Defining the centered Gaussian process

2 n n
T 1 ~ T T 1 -~ T
Y, ;:_._E:.. ] ._E 2T A
B7A 2T n — gl xl ﬁ_‘_ ||AH2 n — gl :EZ 9

IN
—_
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where the g;’s and g;’s are independent standard Gaussians, it follows that
var (Z@A — Z§7£> < var (YB,A — YE,E) .

Applying Lemma 14 in Appendix E, we then have

E| sup Zga| <2-E| sup Yza (93)
(B7A)€A5 (B7A)€A5
Note further (cf. p.77 of Ledoux and Talagrand [11]) that
E | sup [Zgall <E[[Zn,l] +2E | sup  Zga (94)
(B7A)€A5 (B7A)€A5

for any (8o, Ag) € As, and furthermore,

2 1 2 T2
E[Z <y/=-4/ 7 < . \/7_. V.
H 50,Ao|] = \/; VaI‘( BO,AO) < H \ ”2 " In (95)

1« 1«
—Z@‘xi +T5'E[H—Z§ﬂi ]
"z i o

2 /1 1
< cT Ram ogp +erboy ogp (96)

by Lemma 16 in Appendix E. Combining inequalities (92), ( 94), (95), and (96), we then

obtain S
. [ 1
E[Z(5)] RU \/ ng—i—c T80, - | —2L. (97)

Finally, combining inequalities (90), (91), and (97), we see that under the scaling R 10% 31,

Finally,

E

IN

sup Y
(B,A)€As

we have

1 1 ¢ Amin E[xzsz] 2R0'x lOg lo log p
”AH2 n § ‘Pr||A||2(x;TFA) : ’YT(x;fﬁ) ( 1 d1do,
2 .

=1
)\min E i r
2 ( [‘T ‘TZ ]) _ C/T50'w logp’
8 n

v

(98)

uniformly over all (8, A) € As, with probability at least 1 — ¢1 exp(—can).
It remains to extend this bound to one that is uniform in the ratio NS which we do via
a peeling argument [2, 22]. Consider the inequality

1
1A]13

Amin (E[z;iz?])

1 T T i ity / |A[l1 [logp
- E ( AN . gy > RV 9 " \/ , 99
n — (‘DT||A||2(‘TZ ) ’YT('Z'Z B) = ] cTO || A H2 n ( )

as well as the event

16¢/ o, logp

xix-T
£ = {inequality (99) holds for all [|3]|; <3 and {5ft < Amin(Bleief)) [ }
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Define the function

)\min E a;,a;f 1 1 "
N S O C TG R ) )
3 N
along with
log p Ay
g(0) := 10,6 , and h(B,A) = .
) n B8 = Ay,
Note that inequality (98) implies
P ( sup  f(B,A;X) > g(5)> < cyexp(—cgn), for any § > 0, (101)
h(B,A)<6é

where the sup is also restricted to the set {(8,A) : 8 € Bo(3) NB1(R), A € By(3)}.

Since HAH1 > 1, we have

Amin (E[mzx?]) n

1< h(B,A) <
< WB,A) < 16¢/To, log p

(102)
over the region of interest. For each integer m > 1, define the set

Vi o= {(8,4) | 2" ' < g(h(B,4)) <2™u},

bsp . By a union bound, we then have

where p = 70,

M
P(E) < Y P(A(B,A) € Vi sit. £(B,A;X) > 29(h(B,A)))
m=1

where the index m ranges up to M := {log <c1 / logp) —‘ over the relevant region (102). By the
definition (100) of f, we have

Z P ( sup f(8,4;X) > 2’”#) 2 M -2exp(—can),

h(B,A)<g=(2mp)
where inequality (i) applies the tail bound (101). It follows that
n
P(E°) < crexp <—c n + loglo <—>> < cyexp (=dyn) .
(E)<a 2 glog | 10ep pexp (—chn)

Multiplying through by ||A||2 then yields the desired result.

E Auxiliary results

In this section, we provide some auxiliary results that are useful for our proofs. The first
lemma concerns symmetrization and desymmetrization of empirical processes via Rademacher
random variables:
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Lemma 12 (Lemma 2.3.6 in van der Vaart and Wellner [23]). Let Z1,. .., Z, be independent
zero-mean stochastic processes. Then

n

>l Zi(ti) — i)

1=1

<E

> s 320

where the ¢;’s are independent Rademacher variables and the functions u; : F — R are
arbitrary.

sup

—IE lsup D
te

teT

< 2E |sup
teT

We also have a useful lemma that bounds the Gaussian complexity in terms of the
Rademacher complexity:

Lemma 13 (Lemma 4.5 in Ledoux and Talagrand [l1]). Let Zi,...,Z, be independent

stochastic processes. Then
< sup 9

where the ¢;’s are Rademacher variables and the g;’s are standard normal.

n

> eiZilt)

E [sup
i=1

teT

We next state a version of the Sudakov-Fernique comparison inequality:

Lemma 14 (Corollary 3.14 in Ledoux and Talagrand [11]). Given a countable index set T,
let X (t) and Y (¢) be centered Gaussian processes such that

var (Y(s) =Y (t)) < var (X (s) — X(1)), V(s,t) € T xT.

Then
E [sup Y(t)] <2-E [sup X(t)} .
teT €T
A zero-mean random variable Z is sub-Gaussian with parameter o if P(Z > t) < exp(—3 )
for all ¢ > 0. The next lemma provides a standard bound on the expected maximum of N
such variables (cf. equation (3.6) in Ledoux and Talagrand [11]):
Lemma 15. Suppose Xi,..., Xy are zero-mean sub-Gaussian random variables such that

j:nllaxN | X]lpy < o. Then E Lgaxp \Xj]] < ¢poy/log N, where ¢y > 0 is a universal constant.

We also have a lemma about maxima of products of sub-Gaussian variables:

Lemma 16. Suppose {g;}"; are i.i.d. standard Gaussians and {X;}" ; C RP are i.i.d. sub-
Gaussian vectors with parameter bounded by o,. Then as long as n > cy/logp for some
constant ¢ > 0, we have

Proof. Conditioned on {X;}? ,, for each j = 1,...,p, the variable ‘l S gi Z-j| is zero-mean
and sub-Gaussian with parameter bounded by 2=, /3" | X?Z. Hence, by Lemma 15, we have

1n
E[_
nz:l

n

] < doy, log p

ZgiX

< Viogp,
n Jj=1,...p

Coo
X]< 072 | max

o0
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implying that

1 — lo
Ell=Y gx ] < coopr| 2L E (103)
n = . n
n 2
Furthermore, Z; := z:ﬁ Y is an i.i.d. average of subexponential variables, each with param-

eter bounded by co,. Since E[Z;] < 202, we have

conu

P (Z; — E[Z;] > u+202) < ¢1 exp <— > , forallu>0and 1 <j <p. (104)

Og

Now fix some t > /202. Since the {Z; };7:1 are all nonnegative, we have
o
E [ max \/Zj] §t—|—/ P< max /Z; >S> ds
jzlv"'vp t ]Zlvvp
p 00
§t+2/ P(N/Zj >s) ds
j=1""
00 2 2
-2
< t+clp/ exp <—M> ds
t Ox

where the final inequality follows from the bound (104) with u = s — 202, valid as long as

T
52 > t? > 202. Integrating, we have the bound

/ t2—2 2
E [.max \/Zj] <t+cpogexp <—M>.

]:17"'7p O’%

Since n = +/logp by assumption, taking t to be a constant implies E [maxj ,/Zj] = 0(1),
which combined with inequality (103) gives the desired result. O

F Capped-/; penalty

In this section, we show how our results on nonconvex but subdifferentiable regularizers may
be extended to include certain types of more complicated regularizers that do not possess
(sub)gradients everywhere, such as the capped-¢; penalty.

In order to handle the case when p) has points where neither a gradient nor subderivative
exists, we assume the existence of a function py (possibly defined according to the particular
local optimum f of interest), such that the following conditions hold:

Assumption 2.
(i) The function py is differentiable/subdifferentiable everywhere, and ||V (53)]|eo < AL.
(ii) For all 8 € RP, we have py(5) > pa(5)-

(iii) The equality py(8) = pa(B) holds.

(iv) There exists p; > 0 such that py(8) + p1]|8]3 is convex.
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(v) For some index set A with |A| < k and some parameter pug > 0, we have
PA(B") = PA(B) < ALIBa = Bl = AL|IBac = Biellr + piall 3 = 573

In addition, we assume conditions (i)—(iii) of Assumption 1 in Section 2.2 above.

Remark 5. When p)(3) + u1]|8]|3 is convex for some p; > 0 (as in the case of SCAD or
MCP), we may take py = p) and pe = 0. (See Lemma 6 in Appendix A.1.) When no such
convexification of p) exists (as in the case of the capped-f; penalty), we instead construct a
separate convex function py to upper-bound p) and take pu; = 0.

Under the conditions of Assumption 2, we have the following variation of Theorem 1:

Theorem 3. Suppose L,, satisfies the RSC conditions (4), and the functions py and p) satisfy
Assumption 1 and Assumption 2, respectively. With X is chosen according to the bound (6)

and n > IGRETE log p, then
a3z
. Wk ~ 63\k
— B*|l, < , and — B < .
18 =872 < d(aq — g — p2) 15 =&l 4(ay — p1 — p2)

Proof. The proof is essentially the same as the proof of Theorem 1, so we only mention a few
key modifications here. First note that any local minimum § of the program (1) is a local
minimum of £,, + p,, since

Ln(B) +pa(B) = Ln(B) + pA(B) < Ln(B) + pa(B) < Ln(B) + pr(B),

locally for all 5 in the constraint set, where the first inequality comes from the fact that B
is a local minimum of £, + py, and the second inequality holds because p) upper-bounds
px. Hence, the first-order condition (5) still holds with py replaced by py. Consequently,
inequality (9) holds, as well.

Next, note that inequality (11) holds as before, with py replaced by py and u replaced by
u1. By condition (v) on py, we then have inequality (12) with p replaced by py + pa. The
remainder of the proof is exactly as before. O

Specializing now to the case of the capped-f; penalty, we have the following lemma. For
a fixed parameter ¢ > 1, the capped-¢; penalty [27] is given by

pa(t) = min{)\;c, Ayty}. (105)

Lemma 17. The capped-{; regularizer (105) with parameter ¢ satisfies the conditions of
Assumption 2, with uy =0, o = %, and L = 1.

Proof. We will show how to construct an appropriate choice of py. Note that p) is piecewise
linear and locally equal to |t| in the range [—%, %], and takes on a constant value outside
that region. However, p) does not have either a gradient or subgradient at t = j:%, hence is
not “convexifiable” by adding a squared-¢5 term.

We begin by defining the function p: R — R via

NN PR TP Y
pat) = 2 . _
{%, it |t > %
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For a fixed local optimum 3, note that we have py(8) = djer AB;| + > jere %, where
T:= {j | 16;] < %} Clearly, py is a convex upper bound on py, with p\(8) = px(5). Fur-
thermore, by the convexity of py, we have

(Van(B), B = B) < (8 = n(B) = X (m8) —m(B)) - S mB). (106)

JjeT j¢T

using decomposability of 5. For j € T, we have pA(85) — pa(B;) = AB:| — AlB;| < A7,
whereas for j ¢ T', we have p)\(8;) — ﬁ,\(@) =0 < A|p;|. Combined with the bound (106), we
obtain

<VP>\( ) < Z)"V]’ - ZPA ﬂ]

Jjer j¢T
= A[Tslli = pa(B;)
igs
= Al = Al + 3 (M - pa(3) (107)
i¢T
Now observe that \
0 if |t < 22
)"t’ - p)\(t) - , 2c . - 2c,
At — 252, if Jt > 4,
and moreover, the derivative of & 2 — always exceeds A for [t| > /\c. Consequently, we have
At — pa(t) < t for all t € R. Substltutlng this bound into inequality (107) yields

(VA(B), B° — B) < Al — Al + - sl

which is condition (v) of Assumption 2 on py with L =1, A =S, and ps = % The remaining
conditions are easy to verify (see also Zhang and Zhang [27]). O
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