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Abstract

Recently,l2,1 matrix norm has been widely applied to many areas such as
computer vision, pattern recognition, biological studylaic. As an extension
of 1, vector norm, the mixed, ; matrix norm is often used to find jointly sparse
solutions. Moreover, an efficient iterative algorithm haei designed to solve
l2,1-norm involved minimizations. Actually, computationalidies have showed
thatl,,-regularization ¢ < p < 1) is sparser thafy -regularization, but the exten-
sion to matrix norm has been seldom considered. This papsepts a definition
of mixedl2,, (p € (0, 1]) matrix pseudo norm which is thought as both generaliza-
tions ofl,, vector norm to matrix ané:,;-norm to nonconvex cas¢e < p < 1).
Fortunately, an efficient unified algorithm is proposed ttvesdhe inducedy, -
norm(p € (0, 1]) optimization problems. The convergence can also be uniform
demonstrated for app € (0, 1]. Typicalp € (0, 1] are applied to select features
in computational biology and the experimental results stimat some choices of
0 < p < 1 do improve the sparse pattern of usimg- 1.

1 Introduction

In many fields, such as computer vision, pattern recognittomputational biology
and etc., mixed, ; matrix norm has received increasing attention for its jsjparsity
pattern. In multi-task feature learning, The authors of @rtd [2] have proposed sim-
ilar models ad; ;-norm regularization to couple feature selection acrosksta But
the approach to solve this problem proposed. in [23] has navkrapnvergence rate.
Liu et al. [12] reformulate the nonsmooth,-norm regularized optimization to two
smooth convex optimization problems, then apply Nestsrawethod to solve them.
This algorithm analytical computes the solution or glopatbnverges to the solution
in linear time. Recently, a proximal alternating directiopthod is addressed in [26] to
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solvely 1-norm regularized least square problem for multi-taskueatearning. The
l2,1-norm involved minimization has also been successfully legggd in correlated
attribute transfer with multi-task graph-guided fusip@[[2nd nonnegative graph em-
bedding [30]. Moreover, the authors of [24] have used speodgression withs ;-
norm constraint to evaluate features jointly. The groupsbd20, 25] and the logistic
group-lassd[14] are constructed with; -norm regularization in many applications.

One major challenge @§ ;-norm minimization is how to efficiently solve this non-
smooth optimization problem. The authors|df [1] proposeedtly iterative algorithm
to solve the robusk; ;-norm minimization of both loss function and regularizatio
And the global convergence is proved in the same literatlihe algorithm has been
widely used in many applications for its efficient behaviadaonstruction, for ex-
ample in [28[ 28]. This algorithm has been modified to unsuped feature selection
[21,[31] and semi-supervised learning]l[13]. A spatial grepprse coding in image-
level taggingl[22] and multi-instance learning [17] alsopoy the similar technique.

On the whole, all the models and algorithms mentioned arstoocted in the con-
vex [1-norm framework. Actually, extensive computational sasdi4,[5/ 6/ 19] have
showed that using,-norm (0 < p < 1) can find sparser solution than usihgnorm.
Naturally, one can expedét ,-norm (0 < p < 1) based minimization to be a better
sparsity pattern thafy ;-norm. Recently, a similal, — [, (0 <p <1, 1 < ¢ < 2)
penalty for sparse linear and multiple kernel multi-taskriténg has been considered
in [32]. But the induced optimization problems have to bessafely solved by differ-
ent algorithms according to the convex£ 1) and non-convex(( < p < 1) cases.
This disadvantage brings computational difficulty to fyeery p andgq. In this paper,
we define a mixed. , (p € (0, 1]) matrix nornd and present a unified algorithm to
solve the involved, ,-norm based minimizations for all € (0,1] . To the best of
our knowledge, it is the first algorithm to uniformly solvaédispecially mixed convex
and nonconvex optimization problems. The presentatiosé&asral innovations as fol-
lows. 1) It is a generalization @§ ; —norm regularization to nonconvex cagg-norm
(0 < p < 1) is neither convex nor Lipschitz continuous, then the iratllg ,-norm
based optimization problem is nonconvex and non-Lipsatdttinuous yet. 2) Since
la p-norm p € (0, 1]) based functions are neither convex nor Lipschitz contirsuex-
cept forp = 1, efficiently solving the mixed problem is much more challiexggthan
purely ;-norm minimization. Here we extend the existing worklin [d]a unified al-
gorithm solving all thel, ,-norm (p € (0, 1]) optimization problems. Ip = 1, the
general algorithm is reduced to the caselof [1]0 I& p < 1, the unified algorithm
finds a local approximate solution to nonconvgx-norm minimization. Fortunately,
the convergence can also be uniformly proved fopadl (0, 1]. 3) Typicalp € (0, 1]
are tested ir, ,-norm based objective functions. The experiments in bainktics
study provide empirical evidence that sothe p < 1 are alternatives in constructing
sparsity patterns whilg = 0.5 obviously outperformp = 1.

- [l2,p (0 < p < 1) is not a valid matrix norm because it does not admit the grider inequality. Here
we call it matrix norm for convenience.



2 Notations and Definitions

We employ the notations as usual. Matrices are written adféce uppercase letters
while vectors are written as boldface lowercase letters.eikample,A = (a; ;)mxc
denotes areah x ¢ matrix,a’ € R°(i = 1,--- ,m) anda; € R™(i =1,--- ,c) are
thei—th row andj—th column ofA respectively.

For anyx € R™, several useful vector norms are defined as follows,

m m
lzllo =D l2il® llzlf =" leal?,  Jalli = lail, 1)
=1 =1

wherep € (0,1). Actually, neitheiiy norl, (0 < p < 1) is a well defined norm because
the former does not satisfy the positive scalability andl#teer does not satisfy the
triangular inequality. Here we call them norms for simplici

l2,1-norm of matrix was firstly introduced in[8] which is a striztatrix norm sat-
isfying the norm axioms,

1Allz, =) lla’ll2. (2)
=1

It is well known that]| - ||2,1 is convex with respect to matrix variable. Now we gener-
alize the definition of, ;-norm to mixed; ,-norm as follows

4]

2p=_lld’1%)7, pe(0,1]. €)
1=1

Obviously,l> ,-norm is reduced td, ; —norm whenp = 1. Note thatl, (0 < p < 1)
pseudo norm does not admit the triangular inequality?h then the corresponding
I3 p-norm is not a valid matrix norm because of

A+ Bllzp £ | Allzp + 1Bll2p, A, B € R™™.

Moreover,i, (0 < p < 1) vector norm is neither convex nor Lipschitz continuous,
sol, , matrix pseudo norm is not convex or Lipschitz continuous féiis properties
challenge researchers to uniformly solve the mixed convekreoncovexs ,-norm

(p € (0,1]) based optimization problems.

3 Iy ,-Norm Based Minimizations

Given observation dateu;, as, - - - ,a,} € R? and corresponding outp{it;, bo, - - - , b, } €
R¢, generally principled framework in many areas is consittgri

in losgX R(X 4
KDin los{X) + aR(X), (4)

where lossK) and R(X) denote loss function and regularization respectively; 0
is the regularization parameter. Different la¥3(and R(X) are chosen for a variety



of data distributions and practical applications. Theitradal least square regression
solves the following optimization problem to obtain the non matrixX € R%*¢:

: T . 1,12
Ir}%nZHX ai — bi||? + aR(X), (5)

i=1

whereX contains the projection matrix and bias vector for simplici
It is well known that the square-norm residual is sensitivetliers, hence Niet.
al. [1] propose to use robust ; —norm loss function

i T, _p.
Ir}%nZHX ai — billa + aR(X). (6)

i=1

Here we expect to use the generalized one

i To. —blIP
II}%H;HX a; — bi|5 + aR(X), pe(0,1]. (7)

For anyp € (0, 1], the noise magnitude of distant outlier i (7) is no more ttet in
(6). Thus the model{7) is expected to be more robust fHan (6).
Joint sparse regularization &f( X ) is usually chosen

d

d
Ra(X)= > [l2'3 or Re(X)=>_la']2. (8)
1=1

lz#ll27#0

Theoretically,RA (X) are mostly preferred for its desirable sparsity. But(X) is
practically chosen more often for the computational sakaded certain conditions,
Ry (X)-regularization is equivalent t& o (X)-regularization. Here we chose the in-
termediate betweely andi; in the sense

d
R(X)=)_ll"5, pe(0,1). (9)
=1

Hence thé, ,—norm based feature selection is reduced to a noncovex anbipschitz
continuous optimization problem

n d
min ) 1X7a; = bills +7 D 15, (10)
=1 i=1

wherea = ~? is the regularization parameter./{f;-norm based objective are unified
in (I0), it becomes a mixed minimization,

n d
H;}HZ X ai = bll5 ++7 > 5, p e (0,1]. (11)
=1 =1



Whenp = 1, problem [(1) is reduced to the popular-norm based minimization
proposed in([1]. But i) < p < 1, @) is non-convex, hence the algorithmlin [1] can
not be directly applied. As far as we know, very few schemeésented to uniformly
solve this specially mixed problem. Therefore, it is neaeg$o develop an unified
approach to efficiently solve problefn {11) for alE (0, 1].

DenoteA = [a1, a2, - ,a,] € R¥>" andB = [by,by,--- ,b,]T € R"¥¢, the
objective of problen(T0) can be written as

3

J(X): = Z:HXTaz—pr T R(X)
- al X —bl||5 +~P x5
S5 17X 7l 47 3 e w2

3

=ZH(ATX B)'[I5
—fjATx - B3, + " I1X15,p-

4 Main Results

Obviously, problem({11) is equivalent to
.1
min | ATX = BIE, + X5, (13)
LetE = %(ATX — B), then unconstrained optimization probléml(13) becomes

: p p
win | B3, + 11 X115,

, 14
stATX —~E = B. (14)
It can be easily proved thﬁt[ } 15, = 1XI5, + IE]5 - If we denote
X mXxc T nxm
Y = [ I ] €ER and M :=[A" —~I,) € R™™, (15)

wherem = d + n andI, is identity matrix, then probleni.(14) can be reformulated as

: p
min [V},

(16)
stMY = B.

Problem [(IB) is not a convex optimization problem exceptgfer 1, so the so-
lution to (I8) 0 < p < 1) is a local minimization. The Lagrangian function of the
minimization with linear constraints is

LY, N) =|[Y|}§, —Tr(A"(MY — B)). (17)

whereA € R™*¢ is Lagrangian multiplier matrix, andir(-) stands for trace operator.



Y* is the KKT point of problem[(16) if and only if there exists\a € R™*¢ such
that

OL(Y,N) __ 2D.V* — MTA* =0
oy “Mx =
{ MY* =B ’ (18)
where » » »
D, = diag{ —, — e, ————1 (29)
2llytl> " 2lly2l5 7" 2[ly™ 57"
is induced fromy™*. After simple reformulation[(18) is equivalent to
Y* = D7 AT (AD; 1 AT !B, (20)

If M has full-column rank, thelr™* satisfying [20) is a local minimization to problem

8).
Then an iterative algorithm to solve equatibnl(20) can bégdesl as follows.

Algorithm 4.1. (Solving Problem[(16))
1. Start: GivenM € R™"*™ andB € R"*¢
2. Setk = 0 and initialize Dy = I,,,
3. lterate: Fork = 1,2, --- until convergence do :

Y, =D, ' MT(MD;', MT)"1B,
Update Dy, with diagonal entries :

P :
. —1=1,2,---,m.
2lylI577” T ’

O

Remark 4.1. If D,Y are computed as in{19) and ([20), it can be easily derived that
Tr(YTDY) = §||Y||’2’7p.

Remark 4.2. If the yi = 0 happens in some iteration, thép, can not be well up-
dated and algorithn{4]1) breaks down. Here we employ sirtglehniques in[[1] to

i2—
overcome it. One choice is setting theth diagonal element olD,;1 to be%.
Another way is to give a perturbatiansuch thatdi! = ——L2—— £ 0.
yistog p VALY 7

Now, let us show the convergence of Algorithim {4.1). Actud|lv||; , monoton-
ically decreases with respect to iterations.

Lemma 4.1. If o(t) = 2t — prt% — 1, wherep € (0, 1], then for anyt > 0,
o(t) < 0.
Proof Taking derivative ofp(¢) with respect ta, and setting it to zero, that is

2

)= ——— (1 —t» ) =
@' (t) 2_p( ) =0,



then we have the unique stationary paint 1 on (0,400). It can be easily proved
thatt = 1 is just the maximum point. Hence

d

Lemma 4.2. Suppose thaj;, andy}'chl are thei—th row ofY}, andYj; generated by
algorithm [4.1) respectively, then fpre (0, 1]

— 5=
2 ||y]ch2 i

Equality in [21) holds if and only ify; |5 = [|y;.|[5-

T A
SHy;c”ZZ)__TaZ:L'”am' (21)
2l lly™

||y1ic+1H127 -

Proof Lett, = 1Wettlz jn o (p), thengo(”yi“,l)'g) <0, thatis

[FAH iz

2 ||y1ic+1H127_ p Hy;c+1||%_
2—=p llyels  2—pllyiall3

1<0. (22)

Note that]|y;,, |5 = ||y}||% is sufficient and necessary to let the equalityia (22) hap-
pen. Multiplying the two sides of formula{R2) with — 5)|y; ||, we have

i p Hylk 1”% Py
i ll5 = 57 2= < (1= S)lluillE, (23)
il
which is also an equivalent formula ¢f {21). O

Theorem 4.1. ||Y;|% , generated by algorithni{4.1) monotonically decreases weith
spect to iterationk. So it converges to th€KT point of problem[(16) which is also a
local minimization of[(16) if\/ has full-column rank.

Proof From remark[(4]1) and construction of algoritim {4.1), we easily verify

Yip1 = in Tr(YTD,Y). 24
k4l = arg min r( kYY) (24)
So we have
Tr(Y1 DeYes1) < Tr(Yy DiYa), (25)

which is to say

m i 2 m i2

ZPHCUH;E < pHyk!Ep- (26)

=1 2||y]ZgH2 i=1 2||ylZcH2

On the other hand, formula (1) in Lemma 4.2 shows

a i P p”%@-ﬂ”% o igp P ||y]ZcH%
S k3~ £ 1812y < Yo - kT (27)
=1 HkaQ i=1 ||yk||2



Combining equalities (26) and (27), we have

m m
D lyhralls <D llwils,
i=1 i=1

which is also||Yy.415,, < V%[5, Thus algorithm[(4]1) generates a monotonically
decreasing iterations which converge to T point of problem[(1b). Sincé <
p < 1, problem [I6) is not a convex optimization. 1§ has full-column rank, the

convergence point ofY } is a local minimization ofl(16). O

Remark 4.3. To some extent, algorithim 4.1 offers an alternative to shj\(@ < p <
1) regularized problems when the number of columngiis 1.

Remark 4.4. Algorithm[4.1 is a unified approach to solve probldm|(16) fay @ €
(0, 1]. This scheme provides algorithmic support to adaigt (0, 1] to improve sparsity
pattern for different data structure regardless of conver@nconvex cases.

It is worth to point out that algorithii 4.1 can be easily exkedi to solve other
general, , (p € (0, 1]) regularized minimization

min () + Z MY + Bill3, (28)
by iteratively solving the equivalent form
. T
min f(V) + Y Tr((M;Y + B)" Di(MY + By)). (29)

t

whereD;, = diag{

p p .
2|(MeY+B:)M3 7P 2 (MY +B:)2[37 77 ’
— P _______1 Especially consider
2“(MtY+Bt)m“§7p} P y

: Ty _ 12 P
win [A”Y = B} + al| V|, (30)

The lower bound of nonzero entries in solutions to prob[e@) (8expected to estimate
from the theory in[[7]. This possible result is useful to embea practical algorithm
solving problem[(3D).

5 Experimental Results

We apply algorithni_4]1 to feature selection in biologicaidst In our experiments,
four public data sets are used. Brief description aboutailh dets is given as follows.

ALLAML is Leukemia gene microarray data, originally obtained byuBet.al.
[1Q]. There are 7129 genes, containing two classes: acoghgcytic leukemia
(ALL) and acute mylogenous leukemia (AML).

GLIOMA contains four classes, caner glioblastomas (CG), nonecajioblastomas
(NG), cancer oligodendrogliomas (CO) and non-cancer digalrogliomas (NO).
There are totab0 samples and each class Has4, 7, 15 samples respectively.
Each sample hak2625 genes.



LUNG cancer data is available at [11]. There aB533 genes, totall81 samples
in two classes: malignant pleural mesothelioma (MPM) angihadarcinoma
(ADCA) of the lung.

Prostate-GE data set ha$2600 genes. There are 102 samples in two classes tumor
and normal.52 samples are tumor arid) samples are normal. The dataset is
available in[[16].

All data set are firstly performed the same preprocessing {8j.i Then the data sets
are standardized to be zero-mean and nomalized by staneldedidn. To demonstrate
the effect of different, , matrix pseudo norms in feature selection, typicat (0, 1]
are tested by algorithm 4.1. Here we implemgnt 0.25,0.5,0.75 and1 in I3 ,-norm
based optimization problems. Using t@f, 40, 60, 80 features, SVM classifiers are
individually performed on all data sets wifhi-fold crosses. The classification errors
are reported in tablés[1-2.

Table 1: Classification errof4) of differentl, , matrix norms

Top 20 features Top 40 features
p= 0.25 0.5 0.75 1 0.25 0.5 0.75 1
ALLAML 6.86 4 6.67 5.43 5.52 4.1 5.52 4.1
GLIOMA 0 0 0 2 2 0 0 2
LUNG 394 198 346 2.95 1.46 1.46 1.46 1.96
Pro-GE 4.9 3.9 6.81 5.9 8.71 6.71 8.71 9.71

Average 3.925 247 4235 4.07 4.4225 3.0675 3.9225 4.4425

Table 2: Classification errof4) of differentl, , matrix norms

Top 60 features Top 80 features
p= 0.25 0.5 0.75 1 0.25 0.5 0.75 1
ALLAML 6.86 5,52 6.86 8.29 857 571 8.57 8.57
GLIOMA 2 2 2 4 4 2 2 4
LUNG 933 7.37 8.37 10.3 0.99 0.99 1.48 1.48
Pro-GE 8.71 6.71 8.71 9.71 586 3.95 5.9 5.9

Average 6.725 54 6.485 8.075 4.855 3.1625 4.4875 4.9875

The experimental procedure indicates that flay-norm (p = 0.25,0.5,0.75 and
1) based minimizations do select different features, heaselt in distinct classifica-
tion performances. Parameter (0, 1] in [ , matrix norm balances the sparsity and
non-convexity of optimization probleri_(116). The closeltthe p is, the sparser the
representation is. While §f is near tol, the model is almost convex. The classification
error comparisons show that non-convex (0 < p < 1) matrix norms provide alter-
natives tol, ;-norm. Especiallyp = 0.5 empirically outperform® = 1 in choosing
better sparse pattern in various situations.

In order to validate the efficient performance of the unifigbeathm[4.1 solving
nonconvex, , (0 < p < 1) pseudo norm optimization problems as well as the convex
l2,1-norm based minimization, we employ the relative reductibobjective function



Yilly =Y IS .
Pk = % to estimate the convergence speed. Actually, the conveegen
2,p

behaviors for each ,-norm case are similar. We display the changg:ofvith respect
to iterative steps in the case & features (see Figure 1). All experiments on four data
sets uniformly get the expected accuracy within aro2meteps.

ALLAML GLIOMA

———p=02s
—*+—— p=05
———p=o07s oas|

—+——p=1

05 —e—p=025 9 o p-025
———p=0s oos
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Figure 1: The convergence performance of fy~norm based minimizations

6 Conclusions

In this paper, a kind of general , matrix norms are proposed which are usually used
in jointly sparse optimization problems. A unified algoniths designed to solve the
mixedls ,-norm(p € (0, 1]) based sparse model and the convergence is also uniformly
ensured. Experiment results on gene express data setatedhe unified performance

of the proposed method. Meanwhile, this approach providae whoices op € (0, 1]

to fit variety of jointly sparse structures.
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