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1. Introduction

Let X;,...,X, be a sequence of independent identically distributed random variables with a
common Lebesgue density f : R — R. Suppose that we observe random variables Yi,...,Y,,
n € N, given by

}/j:Xj—FEj, j:l,...,n, (1)

where ¢; are i.i.d. random variables, independent of (X;) with the Lebesgue density f.. For 7 €
(0,1) the objective is to estimate the 7-quantile of the population X given by

¢r =arguiin [ pr(o - n)f(@)de with pr(a) = a(r - Uoco) 2)
ne —00
from the observations Y7,...,Y,. Note that with the above definition of p,, a finite first moment

of X; would be necessary. To avoid this assumption, p,(z,n) = 7((x = n)+ —24) + (1 —7)((z —
n)— —x_), for z,n € R, can be used instead of p,(z — 1) in (2) .
Assuming that the distribution of the measurement error is completely known, Carroll and Hall

(1988) have constructed a kernel density estimator based on the empirical characteristic function

on(u) =L Z?:1 e™Yi y € R. In practice, however, the distribution of the measurement error is

T n

usually not known. Instead, we assume that we have at hand a sample from f. given by

€Ty sy m € N. (3)

*This research was partly supported by the Deutsche Forschungsgemeinschaft through the FOR 1735 “Structural
Inference in Statistics”. Part of the work on this project was done during a visit of the third author to EURANDOM.


http://arxiv.org/abs/1303.1698v1
mailto:dattner@eurandom.tue.nl
mailto:mreiss@math.hu-berlin.de
mailto:trabs@math.hu-berlin.de

1. Dattner, M. Reifs and M. Trabs/Quantile estimation in deconvolution 2

Motivated from applications, we will not assume that the observations (¢}) are independent from
(Y;). In particular, our procedure applies to the experiment setup of repeated measurements, which
we will discuss below.

We define the Fourier transform of g € L*(R) U L*(R) by Fg(u) := [ e™*g(x)dz for u €
R. Based on the classical kernel estimator, Neumann (1997) has proposed the following density
estimator for unknown error distributions

fo(x) == F7* [%

}(x), z €R, (4)
where ¢ is the Fourier transform of the kernel K, b > 0 is the bandwidth and the character-
istic function of the error distribution ¢. is estimated by its empirical counterpart @g m,(u) =
ﬁ oy e’k u € R. Obviously, f, depends on the sample sizes n and m which is suppressed in
the notation. Applying a plug-in approach, our estimator for the quantile ¢, is then given by the
quantile of the estimated density

Grp = argmin My(n)  with M, (n) := /OO pr(z — ) folz) da. (5)

neR —00

Throughout the text we assume that ¢.(u) # 0,u € R. In particular, in this work we are
interested in error distributions for which the characteristic function decays polynomially in its
tails. As shown by Fan (1991), these so-called ordinary smooth errors lead to mildly ill-posed
estimation problems.

Although the literature on deconvolution problems is extensive, the problem of adaptive
deconvolution with unknown measurement errors was only recently addressed. We refer to
Comte and Lacour (2011); Johannes and Schwarz (2010) and Kappus (2012) for adaptive decon-
volution of densities with unknown error distributions in the model selection framework. Minimax
results and other properties for non-adaptive methods are given in Neumann (1997), Meister
(2004), Neumann (2007), Delaigle, Hall and Meister (2008), Johannes (2009) among others. To
the best of our knowledge, the problem of quantile estimation in deconvolution was considered
only in Hall and Lahiri (2008). They constructed a non-adaptive quantile estimator for the case of
known error distributions. Unlike the estimator (2), their estimator is based on directly inverting
the distribution function estimator. Indeed, following the classical M-estimator analysis, the error
of the quantile estimator ( refeq:quantile) is directly related to that of the distribution function
estimator (cf. the error representation (8) below). However, the analysis of the later was not clear
until recently.

Fan (1991) constructed an estimator for the distribution function by integrating the density
deconvolution estimator. In order to perform an exact analysis of its variance a truncation of
the integral was required in the estimation procedure. This resulted in a non-optimal estimation
method for the case of ordinary smooth errors. Trying to circumvent this problem, Hall and Lahiri
(2008) as well as Dattner, Goldenshluger and Juditsky (2011) constructed a distribution decon-
volution estimator based on a direct inversion formula for distribution functions. Applying the
Fourier multiplier approach by Nickl and Reif (2012), S6hl and Trabs (2012) have shown that the
integrated density estimator can estimate the distribution function with \/n-rate under suitable
conditions. Still, they do not cover all cases where a parametric rate should be expected. So even
with a known error distribution, a rigorous answer to the following question was left open: can the
canonical plug-in estimator be used for minimax optimal distribution function estimation? Can
quantiles be estimated optimally by the plug-in approach, too?

To show that the answer to these question is ’yes’, we combine an exact analysis like the one by
Dattner, Goldenshluger and Juditsky (2011) together with abstract Fourier multiplier theory as
in Sohl and Trabs (2012). This combination yields the required minimax optimal results for the
distribution function and for quantiles. This closes the gap reported by Fan (1991) for distribution
deconvolution in the ordinary smooth case. Moreover, we show that the minimax optimal rates
still hold if the error distribution is unknown and has to be estimated, which is mathematically
challenging. Since the deconvolution operator F _1[1 /<] is not observable, we have to study the
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estimated counterpart F~'[ox (bu)/pe.m(u)]. As a random Fourier multiplier it preserves the
mapping properties of the deterministic 7~ *[1/¢.], but its operator norm turns out to be (slightly)
larger.

We can summarize our main contributions as follows:

(i) The case of unknown error distributions is studied and minimax rates of convergence of
the estimator ¢-; are established. Unlike previous studies, we do not assume that the ob-
servations (e}) are independent from (Y;). Moreover, all results carry over to the case of
deconvolution of distributions and quantiles under a known error distribution.

(ii) Using the Lepskil (1990) method, an adaptive version of the estimator ¢ is constructed
whose convergence rates lose only a logarithmic factor compared to the oracle estimator.

(iii) Compared to previous results, the conditions on the density f are significantly weaker. In a
natural way, the rates depend only on the local Holder smoothness of the density f around
the true quantile and the decay rate of ¢.. Neither tail conditions nor global smoothness
conditions on f are needed.

The rest of this paper is organized as follows. In Section 2 we establish the minimax properties
of the quantile estimator for both the known and unknown error distribution cases. The adaptive
estimation is developed in Section 3. In Section 4 we apply our estimation procedure in simulations
and a real data example. The proofs are postponed to the appendix.

2. Convergence rates

Before we start with the error analysis, let us describe the class of densities we are interested
in. Denoting (a) as the largest integer which is strictly smaller than o > 0, we define for some
function g and any possibly unbounded interval I C R the Holder norm

(a) (@) ()
g r)—9g Y
lgllcem =D g™l + sup =) a*(a>( )
=0 zy€l:x#ty |'r - y|

(6)

and with R > 0
C°(I,R) == {g € C°(D)|llgllcer) < R},

where CO(I) is the space of all continuous and bounded functions on the interval I. Let F(R)
denote the set of all probability densities on the real line which are uniformly bounded by some
constant R > 0. Throughout, we consider for finite positive constants R, r, ( and the smoothness
index « > 0 the class

CH*(R,r () = {f € ]-"(R)‘f has a T-quantile ¢, € R such that
f€C(lar — ¢ g+ ¢} R) and flgr) > 7}

Note that the quantile ¢, is unique given the assumption f(g,) > 0. Taking the derivative in (5)
and restricting to a growing interval, the estimator g » can be defined as solution of the estimating
equation

0= Mj(n) = /_77 fol@)dz — 7 for some 7 € [~U,, U] (7)

Throughout, let (U,) be a sequence of positive real numbers with U,, — oo and which are of
the order logn. In view of finite computational time, any algorithm has to restrict to a bounded
interval. Since ¢, is fixed for f € C*(R,r,(), the true quantile will be contained in this interval
for n sufficiently large. Equation (7) illustrates the relation to the approach by Hall and Lahiri
(2008) who invert the distribution function. However, without further assumptions f, will not be
integrable in general. As a key result in our analysis we state the following lemma. In particular,
it will be used to show that the integral in (7) is finite (cf. decomposition (10) below).
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In the sequel we use the Landau notation O and Op. For two sequences A,,(9), B, (¥) depending
on a parameter 9, A, () = Op(B,(¢)) holds uniformly over a parameter set ¢ € © if there is for
all ¢ > 0 some C' > 0 such that supycg Py(An(¥) > CB,(9)) < c. If A, (9)/B,(9) converges in
probability to zero, we write A, () = op(Bn(9)).

Lemma 2.1. Let E[e}|*] < 0o and assume for BT > 3 >0
o= ()| T = O((1+ [u)?)  and |¢L(u)] = O((1 +[u]) =771

as well as mb*Ptt — co. Then there exists a random variable & = (’)p(l V W) such that
for any s >0 and for any f € C*+A" (R)

Pe,m(u)

H 71 [@K(bu)} . ‘ ot m)-

cr®) H - [%IJC(“)}HCs(R) < & f]

To prove this lemma, we will show that the linear map C+8" R) > f &
F ' ok (bu) F f(u)/¢em(u)] € C*(R) is bounded. More precisely, the operator norm of the ran-
dom Fourier multiplier ¢k (bu)/@e,m(u) can be bounded by the random variable &,. The condition
on the derivative ¢, is natural in the context of Fourier multipliers.

Given the assumptions of the lemma the right-hand side of (7) is finite and of course it is
continuous in 1. Hence, the estimating equation always has a solution for Uy, large enough. It does
not have to be unique since f, is not necessarily non-negative. Nevertheless, any choice converges to
the true quantile, assuming the latter is unique. Recalling that we write ¢, := F f., the conditions
in Lemma 2.1 motivate the definition of the class of error densities f.

D(R,7) = { f. € Floo) | J(1+ [u) ™" <| F fow)] < RO+ Ju)) ™7,
(F L) )] < RO+ [u) 77, 2 f(@) 10 < R

for some moment v > 0 and we use the same constant R as above for convenience. The upper
bound for |p.(u)| in D?(R, ) is only necessary for the adaptive estimation.
We will need some properties of the kernel to construct our estimator.

Assumption 1. Let the kernel K € LY(R) satisfy

(i) supp F K C [-1,1] and
(ii) K has order L € N, i.e., fork=1,...¢

/ K(z)dz =1, /ka(x) dz=0 and / |K (x)]|z]T! dz < oo.
R R R

To control the estimation error of ¢, ;, we follow the classical M-estimation approach, or more
precisely the Z-estimator approach (cf. van der Vaart (1998)). Let M(n) be the deterministic

counterpart of Mb(n) defined in (5). The quantities ¢-p and ¢, are given by the roots of the
derivatives M and M’, respectively. From the Taylor expansion 0 = M{(¢-») = M{(q:) + (¢rp —
q-)M] (g%) for some intermediate point ¢} between ¢, and ¢-;, we obtain

S (fo(@) = f(@))da
2fv(qz)
Hence, the error ¢ — ¢; is affected by the numerator and the denominator in this representation.
We now present two propositions that deal with these two terms. These propositions are intrinsic to
our analysis, but may also be of interest of their own. The first proposition deals with the numerator
in (8) and essentially establishes minimax rates of convergence for distribution deconvolution with

unknown error distributions. All convergence rates are determined by the minimum of the sample
size n of the observations Y; and of the sample size m of the observed errors ¢j,. Therefore, we

(8)

gT,b —qr =

suppose n < m throughout. Note that the quotient in (8) might explode if fvb(q;i) becomes very
small for large stochastic error. Hence, we establish convergence rates as Op results.
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Proposition 2.2. Suppose that Assumption 1 holds with { = {(a) + 1 and let b =
=V Rat2BVI/24D) - Then for any o > 1/2, B, R,7,¢ > 0 and v > 4 we have uniformly over
feCR,r¢) and f. € D?(R,~) as n — oo,

’ /_q;o(ﬁ?;: () — f(z)) dﬂ?‘ = Op(¢n(e, B)),

where
n=1/2, for B €(0,1/2),
VYn(a, B) := < (logn/n)'/?, for B=1/2, 9)
p(a+1)/Qat2B+1) for B >1/2.

In view of the lower bounds stated in Fan (1991), as long as n < m, the rates above are optimal
and estimating the distribution function by integrating a density deconvolution estimator is a
minimax optimal procedure. Hence, this proposition closes the gap reported in Fan (1991) and
further extends the results to the case of unknown error distributions. In the studies of density
estimation with unknown error distribution, for instance Neumann (1997); Johannes (2009), the
sample size m of the error (¢}) can be of smaller order than the number n of the observations
(Y;) to obtain optimal rates. This is because the risk of estimating of . profits from the decay of
the characteristic function of X;. Assuming local regularity on f only, its Fourier transform will
not decay fast in general such that this effect does not occur. Consequently, it is natural that the
minimax rates are indeed determined by n A m (cf. the analysis of (27) below).

Next we would like to understand better the denominator of (8). Lounici and Nickl (2011)
proved uniform risk bounds for the deconvolution wavelet estimator on the whole real line. How-
ever, on a bounded interval, which is sufficient for our purpose, uniform convergence of the decon-
volution estimator f; can be proved more elementarily. Note that with b, = (logn/ n)l/ (2a+26+1)
the following proposition yields the minimax rate (log n/n)o‘/@‘“‘w"’l) of the L>°-loss.

Proposition 2.3. Grant Assumption 1 with { = («). For any o, 3, R,7,¢ > 0 and v > 0 we have
uniformly over f € C*(R,r,¢) and f. € D?(R,v) as n — oo,

= logn \1/2
sup |fo(z +¢r) — flz+q7)| = Op (0" + (557 :
2€(—¢,0) ( (nb25+1) )

In particular, if b, — 0 and nb2*1/logn — oo asn — oo, fbn is a uniformly consistent estimator.

The density deconvolution estimator is then locally uniformly consistent. The two propositions
above are the building blocks for the first main result of this paper established in the following
theorem.

Theorem 2.4. Suppose that Assumption 1 holds with £ = (a)+1. Let ¢ be the quantile estimator
defined in (5) associated with b = n~Y/Get2BVY2+N) Then for any o > 1/2, B, R,7,¢ > 0 and
v = 4 we have uniformly over f € C*(R,r,() and f. € D?(R,~) as n — oo,

Gr: — ar| = Op (Ynle, B))
where ¥y, (a, B) is given in (9).
Remarks 2.5.

(i) Although we do not provide the lower bounds for quantile estimation, it is clear that the
above rate is the optimal. It is the same rate as the one achieved in Proposition 2.2 which
deals with the estimation of the distribution function. A better rate cannot be expected (cf.
the case of no measurement errors).

(ii) In order to prove the theorem, we apply a smooth truncation function as to decompose the
error into

/ " (o) — f(x)) da

— 00
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qr

= [7 o @) = s@) ot [ e+ a) Gole) — Kix f@) o

—o0 —o0
deterministic error singular part of stochastic error
qr ~
[ - ad g (i) - Ko f@) do (10)
—o0

continuous part of stochastic error

with the usual notation Kj(-) = b=1K(-/b). The function as can be chosen such that it has
compact support and satisfies (1(_n,0) — as) € C*°(R). Similar to the classical bias-variance
trade-off, the deterministic error and singular part of the stochastic error will determine the
rate. The continuous part, however, corresponds to the estimation error of a smooth (but
not integrable) functional of the density. If the error distribution would be known, it would
be of order n~'/2. For unknown errors we use Lemma 2.1.

(iii) Dealing with unknown error distributions leads to the requirement of v > 4, i.e., that f.
possesses at least 4 moments. In view of the analysis by Neumann and Reifl (2009) this
assumption also implies uniform convergence of ¢ ,,. As seen in Lemma 2.1, our estimate
of the operator norm of the random Fourier multiplier F~'[ox (bu)/ @z m(u)] is of order
Op((nbP+1)=1). This might be larger than the operator norm of the unknown deconvolution
operator F 1/, (u)] which is uniformly bounded. Yet, for o > 1/2 the additional error that
appears in the continuous part of stochastic error in (10) is negligible. More generally, the
continuous part is of smaller or of the same order as the singular part whenever n=1b; 26/1—2
is bounded.

We finish this section by providing the minimax rates for estimating the distribution function
and the quantiles for the case of known error distributions. As above the estimators are given by
plug-in, using the classical density estimator

Folz) = F! %&;(l’“) (z), z€R. (11)

Due to the known (. the mathematical analysis is simpler and thus we need weaker assumptions.

Corollary 2.6. Suppose that the error distribution is known. Let Assumption 1 hold with £ = (a)+
1. Let @-p be the quantile estimator based on the density deconvolution estimator (11) associated
with b}, = n =1/ Qat2(BVI/2+D) - Then for any o, B, R,7,¢ > 0 and v > 0 we obtain uniformly over
f€CR,r¢) and f. € D’(R,~) as n — oo,

[ Gzt = 5@ s] = Op (00 ).
|Z]\T,b;§ - QT| =0p (1/)11(04, ﬂ))a

where Py (av, B) is given (9).
Remarks 2.7.

(i) We want to stress again that the only global condition on the density f is uniform bound-
edness. A tail condition similar to the one of Fan (1991) is not necessary. In contrast to
Dattner, Goldenshluger and Juditsky (2011), the smoothness is measured locally in a Holder
scale and not globally by decay conditions of the Fourier transform of f. The former is more
natural since both, the distribution function and the quantile function are estimated point-
wise.

(ii) Using the known ¢., we do not need to estimate the deconvolution operator and thus there
is no additional error. Consequently, we do not need a moment assumption on the error
distribution and the continuous part of the stochastic error in (10) is of order n~ /2 implying
that the minimax convergence rates hold true for all o > 0.



1. Dattner, M. Reifs and M. Trabs/Quantile estimation in deconvolution 7
3. Adaptive estimation

The choice of the bandwidth b is crucial in applications. Therefore, we develop a fully
data-driven procedure to determine a reasonable bandwidth. We follow the approach which
was originally stated by Lepskil (1990). More precisely, we use the version proposed in
Goldenshluger and Nemirovski (1997).

To this end, we consider the family of estimators {q:,b € B,,} where gr is defined in (5) and
B, is a finite set of bandwidths. Typically, the bandwidths are chosen geometrically growing. In
view of the error representation (8) it is important that f(gr ) is a consistent estimator of f(g,)
for all b € B,,. Therefore, conditions on the bandwidth as in Proposition 2.3 are necessary for the
whole set B,,. Moreover, we keep to the assumption o > 1/2 such that the additional error due
to bounding the random Fourier multiplier is negligible. We will prove convergence rates for the
adaptive procedure under the following

Assumption 2. Let the set B,, := {b,j,j =1, ..., N,,} consists of a monotone increasing sequence
of bandwidths such that by, j1+1 /by ; is uniformly bounded in j =1,...,N,, andn > 1. For n — oo
suppose

nbff;&

N,, < logn, (logn)2bp N, — 0 and — 00.

Moreover, the optimal bandwidth b = n~1/Cet2BVI/24D) has to be contained in the interval
[bn,lvbn,Nn]-

Obviously, Assumption 2 depends on the true but unknown degree of ill-posedness 3. Note that
in our case the lower bound for the bandwidth is not determined by the variance of the quantile
estimator itself but by the variance of the density estimator and the minimal smoothing which
results from « > 1/2. Inspired by Comte and Lacour (2011), we propose the following construction
of a feasible set B,,.

Lemma 3.1. Defining for A, := {1,1/v/2,...,1/\/n}

~ . 1 logny /2 (/b .
L= L= < m <
by, min := min {b e, 5 ( ) / [0 m (u)| ™" du 1} (12)

n —1/b

and L,, := (fl;nymm(log n)?’)*l/logn, let By, be given by
N, =|logn] and by1="bnmin, bnj=Llbp1, j=2,...,Np.

Then, B, satisfies Assumption 2 for all f € C*(R,r,¢) and f- € D?(R,~) with a > 1/2 and 3 > 0

Given the bandwidth set, the adaptive estimator is obtained by selection from the family of
estimators {g,p,b € B,}. As proposed by Lepskii (1990) the adaptive choice should mimic the
trade-off between deterministic error and stochastic error. The adaptive choice will be given by the
largest bandwidth such that the intersection of all confidence sets, which corresponds to smaller
bandwidths, is non-empty. As discussed above it is sufficient to consider the singular part of the
stochastic error in (10) only. To estimate the variance of ¢, corresponding to the latter, we define
for some 6 > 0

5, (V2 4 6)y/Toglog n max,,>p, 5, x + (6 logn)® max,>p, 7,
| [Fol@rs)]

with the truncation function as from decomposition (10) and

O'bX =z Z (/ [%} (x + Grp) dx)2 and

1/b /b Faulu
- d b ‘7‘ du.
ba 47T2m/ Spam ‘ u/l/bhaK( u)| Spam u u

; (13)
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Note that we apply a monotonization in the numerator of ib by taking maxima of 5, x and 7, ..

With ¥, at hand the adaptive estimator is given according to the following rule. Define for any
be B,

Uy = [Grb = Sbs G + ). (14)
The adaptive estimator is given by

Gr == q, 5. Wwith EZ ‘= max {b e B,

N U # (2)}. (15)

u<b,n€By

Note that b7, is well-defined since the intersection in (15) is non-empty for b = b, 1. The following
theorem shows that this estimator achieves the minimax rate up to a logarithmic factor. As
usual the proof relies on a comparison with an oracle-type choice of the bandwidth. However, all
ingredients have to be estimated and without assuming independence of Y; and €, which requires
special attention.

Theorem 3.2. Grant Assumptions 1 and 2 with £ > («a)+ 1. Then for any o > 1/2, 8, R, 7, >0
and v = 4 the estimator q. as defined in (15) satisfies uniformly over f € C*(R,r,() and f. €
DP(R,v) as n — oo,

|Gr — q-| = (’)p(( loglogn + (10gn6)3)wn(a,6))),

where Py (o, B) is given in (9).
Remarks 3.3.

(i) Since Y; and ¢} are not independent, we have to bound the stochastic error of g;; with
use of the Cauchy—Schwarz inequality to separate the error terms. To estimate the remain-
ing factors, we take into account the term (logn?)3. If the error density were known, this
term would not appear. The y/loglogn is the additional loss for O p-adaptivity which seems
unavoidable.

(ii) To estimate the distribution function, a very similar procedure can be employed because the
bias-variance trade-off is determined by the estimation of the distribution function anyway.
The only difference will be to replace the denominator of ¥, by 1/2 which results in

(22 + 6)+/log lognmggc Gux + (6logn)? max Tpes
nz nz

for some 0 > 0. The proof for an analogous result as Theorem 3.2 follows easily.

4. Numerical results
4.1. Simulation study

We now illustrate the implementation of the adaptive estimation procedure of Sections 3. Our
small simulation study serves as a proof of viability of our proposed method.

We run 500 Monte Carlo simulations for four experimental setups. The sample size is set to
n = 1000 and the external sample of the directly observed error is set to m = 1000 as well
(here the external sample is independent of the main one). We consider I'(1,1) and I'(2,1) for
the distribution of X where I'(k,n) denotes the gamma distribution with shape parameter k& and
scale n such that its density is (I'(a)n*)~'2*~! exp{—2/n}1{,>0}. Note that the shape k of the
gamma distribution determines the global smoothness of the density while our convergence rates
depend on local smoothness a which may be larger. For the error distribution we consider standard
Laplace distribution (8 = 2) and the convolution of a standard Laplace with itself (8 = 4).



1. Dattner, M. Reifs and M. Trabs/Quantile estimation in deconvolution 9

TaBLE 1
Empirical root mean square error (RMSE) of the adaptive and naive (in parenthesis) estimators for estimating
qr for T =0.25,0.5,0.75, based on 500 Monte Carlo simulations with n = m = 1000.

k=1,p=2 k=2p5-2 k=1,0=-4 k=273-41

7 =0.25
RMSE  0.279 (0.296)  0.146 (0.239)  0.295 (0.651)  0.169 (0.516)
7=0.5
RMSE  0.233 (0.170)  0.187 (0.143)  0.246 (0.239)  0.202 (0.204)
T=0.75

RMSE  0.453 (0.541)  0.245 (0.436)  0.470 (0.923)  0.256 (0.761)

The target quantiles of interest are ¢, with 7 = 0.25,0.5,0.75. A kernel with flat-top Fourier
transform was chosen for the estimator (see e.g., McMurry and Politis (2004)) and the adaptive al-
gorithm was implemented on a geometrically growing grid. Usually, applying this adaptive scheme
requires an additional tuning of the algorithm (see e.g. Spokoiny and Vial (2009)). However, for
the specific setup considered here the adaptive procedure seems to be robust and was implemented
exactly as defined in (14)-(15). In the real data example in the next subsection we compare the
adaptive estimator to the "naive” quantile estimator given by the inverse of the empirical distribu-
tion function of the observations Y. Thus we also applied the naive estimator in our simulations.
The results of this simulation study are given in Table 1. We can see that the results support
the theory - the empirical root mean squared error (RMSE) is higher for § = 4 than for § = 2.
Also, we can see that the RMSE is lower for £k = 2 than for £k = 1 since the gamma distribution
with larger shape parameter is smoother in our context. For median estimation the naive seems
to perform quiet well in this experimental setup.

4.2. Real data example

High blood pressure is a direct cause of serious cardiovascular disease (Kannel et al. (1995)) and
determining reference values for physicians is important. In particular, estimating percentiles of
systolic and diastolic blood pressure by sex, race or ethnicity, age, etc. is of substantial interest.
However, blood pressure is known to be measured with additional error which needs to be ad-
dressed in its analysis (see e.g., Frese, Fick and Sadowsky (2011)). Therefore, measurement errors
should be taken into account, otherwise quantile estimates based on the observed blood pressure
measurements would be biased.

The resulting adaptive distribution and quantiles estimates are displayed in Figure 2. We illus-
trate our method using data from the Framingham Heart Study (Carroll et al. (2006)). This study
consists of a series of exams taken two years apart where systolic blood pressure (SBP) measure-
ments of 1,615 men aged 31 — 65 were taken. These data were used as an illustration for density
deconvolution by Stirnemann, Comte and Samson (2012) and for distribution deconvolution by
Dattner and Reiser (2013). We denote by Y; 1 and Y} 2 the two repeated measures of SBP for each
individual j at two different exams and denote by X; the long-term average SBP of individual j.
Then we assume that

Yiin=X;+¢€j1, Yjo =X;+¢€j.,

for individuals j = 1,...,n. Following Carroll et al. (2006), we use the average of the two exams
Y] = (Yj1 +Yj2)/2, so that the model in our case is

Y] =X; +¢, (16)

where E;— = (€j71 + Ej_]z)/Z.

Taking advantage of the repeated measures setup, we can avoid parametric assumptions regard-
ing the distribution of the errors. The only assumption we will make is that the distribution of the
measurement error is symmetric around zero and does not vanish. We then set ¢ = (Y1 —Yj2)/2
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FI1G 1. Average systolic blood pressure Y’ (left) and the errors €* (right) over the two measurements from the two
visits of 1,615 men aged 31 — 65 from the Framingham Heart Study.
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F1G 2. Distribution function estimation (top) and quantiles estimates (bottom) for systolic blood pressure of 1,615
men aged 31 — 65 from the Framingham Heart Study. Solid line for the adaptive estimator and dashed line for the
naive estimator.
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and note that under the symmetry assumption it is distributed as 53—. We emphasize the fact that
our theoretical results do not require that the sample €7 will be independent from that of the Yj’ .
Thus, we estimate the characteristic function of the error ¢’ by

1 & .,
Cerm(u) = — Zexp(zuaj).
j=1

Histograms of Y’ and e* are presented in Figure 1.

With the adaptive chosen bandwidth, the Fourier transform of the kernel function Kj is sup-
ported on [—0.1, 0.1] for both distribution and quantiles estimation. It seems that there is no much
difference between the naive and adaptive estimates for smaller quantiles. However, the observed
differences are larger for larger quantiles. Although further analysis of the data may and should
be done for inference purposes, we do not pursue them here since our goal is merely to show the
applicability of the adaptive procedure to real data.

Appendix A: Proofs for Section 2

In the sequel we will use the deterministic Landau symbols O and o. For convenience we will
write A, (V) < Bp(9) if A,(¥) = O(B,(¥)) as well. For a better readability we throughout assume
B # 1/2. In the special case 3 = 1/2 the order of the stochastic error will be (logn/n)'/? which
can be easily seen below in the bounds (28) and (30). For the sake of clarity of our arguments
we distinguish between n and m in this section. However, all rates are governed by n A m. The
subscript n at the bandwidth will be omitted.

Since 1/¢e m might explode for large stochastic errors we need the following lemma. The moment
assumption on f. corresponds to the condition 7 > 2 on the set D?(R, ).

Lemma A.1l. Suppose E[|e}|**°] < oo for some § > 0. Let T, — 0o be an increasing sequence
satisfying m'/? inf,e_m, 1.1 [0e(u)| Z (logTm)?, then for any p < 2

P(ue[—i%,fl,Tm} |pe,m (u)| < m_l/Q(long)p) =o(1) as m — occ.

Proof. The triangle inequality, the assumption on T, and Markov’s inequality yield for some
constant D > 0 and for m as well as T}, large enough

P(u i;lf

—1/2 1 T P
T ]|(P8,m(u)| <m (Og m) )

mydm

<P(3u € [T, T ¢ 192 () = e ()] > | ()] = m /2 (10g T,0)")

<P s Jpe(w) = pem(@] > i fpe(u)] = m 3 (10g T))
WE[—T o, Ton ] UE [T, Tm]

<P( s mp.(w) = pem(w)] > D(ogT)* — (log Tn)")
WE[—Tp,, Thm ]

2
< IE{ sup m1/2<pu—<pmu]
D(logTm)?* ~ Luci—1,, 10 e () e (0

Noting Ij_7,, 7,,)(u) < w(u)/w(Ty) for w(u) := (log(e + |u])) /27" for some n € (0,1/2), the
above display can be bounded by

2
Dw(T,)(log T)?

E | sup m/w(w)]pe(u) — pem(w)]] S (l0gTn) /%7 (17)

where the expectation is bounded by applying Theorem 4.1 in Neumann and Reif} (2009). O
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To ensure consistency of the density estimator, we have to assume frequently (nAm)b?#+1 — oo,
Since this implies m'/? inf e (_1 /5178 [@=(w)| Z [logb|® for f € D?(R, ) and any bandwidth which
increases polynomially in n, Lemma A.1 can be applied to T,,, = 1/b. Hence, under this assumption
the probability of the event

— : > = 1/2 3/2
Bv) = {,_ inf e = m? logh? (18)

tends to one. Therefore, it is sufficient to control terms on B.(b) only. Frequently, the weaker
estimate |@. m(u)| = m~1/? for |u| < 1/b will be enough.

A.1. Proof of Lemma 2.1

Note that the assumptions on ¢, imply [(¢Z!) (u)] < (1 + [u])?~! as well as |- (u)] < (1 +

|u[)?,u € R. On these assumptions S6hl and Trabs (2012) have shown that (1 4 iu)~?/p.(u) is

a Fourier multiplier on Besov spaces. Due to the regularization with the kernel, @x (bu)/@em(u)

behaves basically like 1/¢. and thus we can derive mapping properties of the random Fourier

multiplier

-BPK (bu)
Pe,m (u)’

Y(u) == (1 +1du) uelR.

On B.(b), as defined in (18), we will check Hormander type conditions and derive an upper bound
for the operator norm of ) (u). More precisely, we apply Corollary 4.13 by Girardi and Weis (2003)
with p = 2, [ = 1. Hence, we have to determine a suitable constant A, > 0 satisfying

1/2
D)2 d <A d
e /H 40 () du) 4 an

1-1/2 OYNE 1/2 (19)
max sup 1" / P (u)]” du < Ay
1e{0,1} 7¢0,00) ( Tg\u|g4T| W) ) v
To find Ay, we note that
1 p Plpe,m(u) — - (w)[P
< : , forped{l,2 20
e @F <T@l T e @pem ()P .2} (20)
and thus on B.(b)
1 1+ A (u) mt/?
S s Amuzzicp)mu—cpu,
e @] < Totw] ()= Tiogpprz pem() = welv)
By f. € D?(R,~) we conclude
bu)|(1+ A, (uw
()] < L2 A () (g A )y ). (21)

(1 + u?)P72 e (u)]

Concerning the derivative, we estimate b < 2(1+ |u|)~! for |u| < 1/band b < 1/2 and consequently
by |oL(u)/pe(u)] < (1 +[ul)™*

"(u u2)—(B+1)/2 P (bu) u2)—B/2 @l (bu)
0/ (w)] < (B4 1)(1+u2) s0877n(u)]+17<1+ ) —%)m(u)}

2| Pem (W) pi (bu) ‘
Pe,m (u) Pe,m (u)

©rm(u) ‘

‘Ps,m(u)

+ (1 +u?)

- )
~ 1A |y

+ [ (w)
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1 +Am(U)( Pean () _pe(u) Dﬂ[—l/b,l/b] (u)

Y1+ QL) Pem(u)
(14 A (u))? |02 m (1) — L (u)]
R e T G =1 g AT
2 u
< 1 ont) Tfm ) (1 + (14 ul) L (1) — wé(U)l)ﬂ[—l/b,l/b] (u). (22)

With these bounds at hand we can show now (19). For [ = 0 the estimate (21) and 1/7 < (1+]u|)~*
for |u| < 4T yield

2 2
/ WWWdUS/‘G+A%WDm4mUMde
-2 -2

1
[ wwPdis g (1 4+ A%, () a1y (u)
T<|u|<AT T u|<4AT

Sl =

1/b
<1 —|—/ (14 u]) "rAZ (u) du
—1/b

Hence, the conditions (19) for [ = 0 are satisfied for A, of the order
1/b 1/2
(1+ [+ 8% () du)
“1/b
For | = 1 we verify by (22) and T' < (1 + |u]) for |u| > T
2 2
[P aus [0 ah@) 0+ 0+ )P (0) = L) du and

—2

T/ 1 () 2 du
T< u|<4T

T du Vb A4 (u)
< 74—/ AL (14 AL (w)(1+ |[u)) Pl (u) — ol(u)]?) du
LMMMHWW 7MQ+M ( (W)(1+ Ju)* L (1) = o) 2)

+ [ul

< Yo AL () Al 26+1), ./ — (w2 d
S1+ o + (14 A% W) (1 + [u)™ T el (w) = L (w)]” ) du.
Therefore, we find a constant A’ > 0, depending only on R, 3, such that (19) holds for

A2 (u) + A (1)
Ay =A'(1 m m
v (+/M( T+

AL )L+ )P ) — L) an) @)

Now, the conditions (19) imply that ¢ is indeed a Fourier multiplier on B (b) and thus by Theorem
4.8 and Corollary 4.13 by Girardi and Weis (2003) there is a universal constant C' > 0 such that
for all p > 0 and f € C*HF+1(R)

ECP

el =1 [ 7l

‘Ps,m(u)
< CAwH F +iu)ﬁ]-"fH

CS

Cs+n '

Since the Fourier multiplier (1 +4u)? is an isomorphism from C*T#(R) onto C*(R) (Triebel, 2010,
Thm. 2.3.8), there is another universal constant C’ > 0 such that the first assertion of the lemma
follows:

b
H]-"l [M ff]HCS <& fllgerarn with & = C'Ay.

Pe,m(u)
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To bound &,, we apply Markov’s inequality on A, from (23). The inequality by Rosenthal (1970)
yields

E [m?/2]o0),,(w) — o0 ()| ] < o0

foril=0and p € Nas well asl =1 and p € {1,...,4}. Combined with the Cauchy—Schwarz
inequality, we obtain

c1/2

ml/2pB+1 A1 })
cl/2

= P(Ba(b) N {Aw > C'(m2bATI A T) })

<O (mb* 2 AN E [Af g, )]

P(Ba(b) N {& >

1 28+2 1/6 —1 2 4

—mb 2 A (1 [ (U )T ELA () + A, ()]

c —1/b

EW+AMWO+MW“MmM—%WWDM)

mb28+2 A 1 1/b 1/b 1
< 1+ / / (1 + |u))?du) < -, 24
~ c ( ogbl® J_1, 1+ |u| 1/1, ful) “) ~ e (24)

which completes the proof. O

A.2. Proof of Proposition 2.2
The following lemma establishes a bound for the bias term of the estimator for the distribution
function.

Lemma A.2. Let Assumption 1 hold with £ = (o) +1, a > 0 and f(e + ¢r) € C*([-¢, (], R).

Then we have
qr qr
sup ‘ Ky f(x)da — f(x) dx‘ < Dbyt
f(o+gr)eC*([—¢CLR) '/ —o0 —00
where D = (R/(<a> + DM 2¢ YK (2) 2 1

Proof. Let F(x f f(y) dy. Twofold application of Fubini’s theorem yields
qr qr B (b'LL) .
Ky f(x)dx = FL 8RO iy (g dy dz
R s@ar= [ B @) ) ay
= / Kp(x)F(qr — x)dx, (25)

where K(z )

= b1K(z/b),z € R. Therefore, the bias depends only locally on f. Note that
F(' + Q‘r) att (

[—¢,¢]) by assumption. A Taylor expansion of F' around ¢, yields for |bz| < ¢

FUDHD (g — kbz)
({(a) + 1)! ’

where 0 < k£ < 1. Using the fact that [2*K(z)dz =0 for k = 1, ..., (a) + 1 and the properties of
the class, we obtain

‘/qofo (Kb « f(z) — f(x)) d:v‘ = ‘ /0:0 K(z)(F(qT —bz) — F(QT)) dz‘

((a)+1) _ _ p{e)+1)
:‘/ K(z)(—bz)<a>+1F (4 —rb2) 'F (gr) dz
|z]<¢/b ((@) +1)!

F(gr —bz) — F(qy) = —bzF'(qr) 4 - - - + (—bz)(®*!
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+ [ IRGIFG -2 - Fao)ldz
|z12¢/b

ploy+1 0
<o [ E@I el @ ez [ g s
() + D 2> /b
ba—i—lR b\ o+l o
<[ — 2( = K a—i—ld
((<a> Tt (g) )/_OO| (@I dz,
and the statement follows. O

Proof of Proposition 2.2. We will show uniformly over f € C*(R,r,() and f. € D?(R,~) for any
b such that (n A m)b??*! — oo

| [ (@) = @) as] =00 (b1 + Wm)ibwmlﬁ \/(me;bmm).

The third term on the right-hand side is of smaller or of the same order than the second one
if and only if (mb™20+2)~1 < 1. Hence, when o > 1/2 the asymptotically optimal choice b =
(n A m) =Y/ Ret2(BVI/2)+1) vields

}/_qT (ﬁ(iﬂ) - f(:v))dx} = OP((n/\ m)—(a+l)/(2a+2ﬂ+1) vV (n A m)_l/Q)'

Step 1: As usual we decompose the error into a deterministic error term and a stochastic error
term, writting px = F f,

‘ qr __

o) = s@ya] <| [7 Kx p0) - f)

+‘/‘IT 71 %%):?()bu) _@K(bu)gpx(u)} (x)dx‘,

The bias is of order O(b**1) by Lemma A.2. As discussed above, we decompose the stochastic error
into a singular part and a continuous one using a smooth truncation function. Let a. € C*°(R)
satisfy a.(x) = 1 for x < —1 and a.(x) = 0 for 2 > 0 and define as(z) := I(_o g)() — ac(z). Then

[ F ot (22— )| o

—o0 go&m(u)
~ [ a7 [exlbn (w‘jﬁg) —oxw)] (e + g do
+ [ a7 [oxtou) (@‘jﬁg) x| @+ = T+ T (20)

The singular term T will be treated in the next step while we bound the continuous, but not
integrable term T, in Step 3.

Step 2: Recalling the definition (18) of the event B.(b), let us denote its complement by B.(b)°.
Lemma A.1 shows that B.(b)¢ is asymptotically a null set. We obtain for any ¢ > 0 with Markov’s
inequality

c

P(’T5’ - V(n Am)(2P-1v 1)) gP(BE(b) : {‘TS‘ - \/(n/\m)flﬂﬁ*l v 1)}) +P(B5(b)c)

g%\/(n Am)(b2P-1V1)E UTS‘]IBE(b)} +o(1).

To bound E[|T,|15_1)], we first note by Plancherel’s identity

T :% /R]:as(u)ei“ngaK(bu)(szj::?i) - sﬁx(u)) du




1. Dattner, M. Reifs and M. Trabs/Quantile estimation in deconvolution 16

%/R}"as(u)ei“ngpK(bu)(wn(u) ex(u )) du

ve(u)
i . (0)e— iU oK (bu)pn(u) 1 @c(u) _ U —: i
+ 2w /RF S( ) SDE(U) ((PE m( ) 1) d " orm (Ts,x + Ts,s)- (27)

The first term T , corresponds to the error due to the unknown density f while 7 . is dominated
by error of the estimator ¢. ,,. Since a, is of bounded variation and has compact support, there is
some constant A, € (0,00) such that | F as(u)| < As(1+ |u|)~!. We then obtain with Plancherel’s
identity

Var (T, ) = E[|Ts..|?] /]:as wqu()) iuYy du’2}
<;|Ify|\oon_l [ Fas(w) %E ))Hp
1/b
<%||K|%1|fy|m/1//b%du

LKA [ !
<—||K s fy oo/ du.
ol oy A TPl @)

Using the assumption || f|l. < R and f. € D?(R,7), we get

BT S 5 [ Yt du g — Ly L (28)
. — U T — y
R O BT ~ b2l o

To bound T ., we will use the following version of a lemma by Neumann (1997): By the definition
(18) of B.(b) and applying (20) it holds

o o R R R e o R e o )

Pe,m(u) le (u)]?
2E[|pem(u) — 0 (w)®] | 2mE[[0em(u) — e (w)]*]
2 + 2
|pe (u)] |pe (u)|
18
< ——. (29)
m|ee(u)]?
Now, we estimate with the Cauchy—-Schwarz inequality
1/b (u 1/b
12 <k [ e e [ F P £ -
’ 176 | pe(u) 1/b Pe.m(u
1/b | 1/b
on(u) — oy (u)]? 2| pe(u)
<ol (sl + [ au) [ | Fauw) s 1] au
L L 1/b e (u)|? —1/b Pe,m(u

Applying again the Cauchy—Schwarz inequality, Fubini’s theorem, the decay of F as and (29), we
obtain

A ) n w)|? 1/2
[|Tss|]lBE(b)] <\/_||K|L1(|¢X||L2+/l/b HSD (lsp)a(u;T;/( >| ]du)

><(/1/b A? QE{ %() _1’ ]lBEb)]d)m

—ip (L [u)? 7 oo m(u)

VBIKIL A e 1 1/2
PR ok +/ — du
s lexliet || o du)

1/b 1 1/2
. (/1/b (14 Ju|)?|pe(u)|? du) : (30)
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The assumptions || floc <1 and [pe(u)] < (14 |u|)~? yield

1 \1/2 1 1 1 1
- < —
E[|Ts.c[1p. )] S (1 + b26+1) ( =75 v _m) S =Y T

The last estimate follows from the fact that the choice of b as stated in the theorem guarantees
that n='6=26—1 — 0 as n — oco. The last inequality together with (28) and (27) imply the optimal
order
—1/2
B[ 15. )] S ((nAm) @1 A1)
Step 3: Let us define the empirical measures of (Y;) and (ex) as uy,n = %Z?:l dy, and
fem = £ 31" 8, , respectively, where &, is the Dirac measure in = € R. We can write

7. = [ ace) 771 [ 200 (00 - pm (@) (o + )

Pe,m ()
- 7! [% (en(-0) = pem(-w)ex(-w)] * ac(~g-)

— 1 [‘PK(bu)} * (,uy,n k Ac(—e) — e * f* ac(_')) (gr)-

Applying Lemma 2.1, we obtain on B.(b) for any integer s > /8
wK (bu)
Pe,m(u)
< ngMY,n * ac(_°) — He,m * f * ac(_')

T. < H F! [ } * (/,Ly)n k Qe(—o) = flem * [ * ac(—.)> H

oo

CS

=& [y x al) (=e) = pen £+ all (=o)]|
-0

Therefore,

P(Bs(b) N {|Tc| > W(\jﬁbﬁﬁ-l A 1)})

<P(B.0)n{& > (m)m})

(S i 500 e ] > () ) = Pyt

nAm
=0

By Lemma 2.1, more precisely estimate (24), the first probability is of the order 1/c. To bound Pa,
is suffices to show [|py.n * a) — fic.m * f ag)Hoo = Op((nAm)~Y?) forall ] =0,...,s. Denoting
the density of Y; as fy = f * f., we decompose

v * (@0 (=)) = e = £ 5 (@D (=o)]|,
|

livin * (@B (=0)) = fr # (@D (=) || oy + [1F  (F * (@ (=0))) = prem * (f * (@ (=e))|

< [ o= mnttn) - Bl - )|

+ B e =1 = [(7 %)z = pn(d2)

oo

By construction all aé), > 1, have compact support and are bounded. Therefore, ||a£l)|| 1 < 00

and ||(ac * f)P| 11 < Hac I || 1l < oo and thus the functions a.(e — t) and a. * f(e — t) for all
t € R are of bounded variation. Since the set of functions with bounded variation is a Donsker class
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(cf. Theorem 2.1 by Dudley (1992)), the two terms in the previous display converge in probability
to a tight limit with y/n-rate and \/m-rate, respectively. Consequently,

Vienm| v+ (@ (=) = pen * £ # (@ (=), = OP(1)
forall =0,...,s and P; is arbitrary small for ¢ large. O

For the adaptive estimator we will later need the following uniform version of Proposition 2.2.

Corollary A.3. Suppose Assumption 1 holds with | = (a)+1 and let B be a finite set of bandwidths
with by = min B such that mb?ﬁ1Jr1 — o0. For a sequence of critical values (0p)pen satisfying

8 > 3DbFY and for any sequence (xy,), with x, — oo arbitrary slowly we obtain uniformly in
C*(R,r,¢) and D?(R,~)

P(Hb €B: ‘/; (Folz) — f(2)) dx‘ > 5b)

1 281 —1/2 1 Ty
=X (G om0 ) o)

In particular, if |B|] < logn, maxyes b — 0 and mingeg(n A m)b?+1 — oo

ar
igg}/ ol )dx’>5)—>0 Jor all § > 0.

Proof. With the notation of the proof of Proposition 2.2 and applying Lemma A.2, we obtain
qr  __ qr
‘/ (fb(x)—f(:v))dx} < }/ (Kb*f(ac)—f(x)) dl’}—f—Ts—f—Tchba-'rl +T,+ T,

where T and T, are the stochastic errors of the singular part and of the continuous part, respec-
tively, as defined in (26). Since both terms depend on b let us write T5(b) and T¢(b). By definition
by < b implies B.(b1) C B:(b). Then, Step 2 in the previous proof shows

P(EbeB:T,>6/3) <P(3b e B:Ty(b) > 6/3} NB(b1)) + P(B=(b1)°)
<( X PUT®) > 6,/3) N Ba(b1)) + (1)

beB

<( X6 BT 0 s, 0,)]) +o0(1)

beB

(25 (n Am)(b*°~ 1/\1))71/2)4—0(1).
beB

Following Step 3 in the previous proof, we obtain with the random operator norm &, for some
integer s > (8 and for a diverging sequence (z,,)

P(3beB:T.>8/3) <P({3b€B: & > oyn?/(3(xn)"?)} N Be(b1)) + P(Be(b1)°)

P({ S = al? = e £ > (22)})
=0
<3 P& > n'2/(3(x) 2} N Bub)) +o()

beB

S(Z 52n mb2ﬂ+2 A 1)) +oll);

where we have used (24) in the last estimate. O
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A.3. Proof of Proposition 2.3

Without loss of generality we set ¢ = 0. Recall definition (11) of the pseudo-estimator fb which
knows the error distribution. We estimate

sup | fo(z) — f(z)] < sup )Iﬁ(af) — F@)|+ 1fs = follo

2€(—C.0) e€(=¢¢
. 20N e pr (bu)on(u) ( pe(u)
< meifg),o [folz) = f(2)| + H oo (u) (gpg)m(u) 1)‘ Lt

The analysis of the first term is very classical. However, the authors are not aware of any reference
in the given setup. Both terms will be treated separately in the following two steps. All estimates
will be uniform in f € C%(R,r,() and f. € D?(R,7).

Step 1: Let b € (0,1). We will show that there are constants d, D > 0 such that for any
t > d(b* + (nb?P+1)72)

P( sup | folz) — F(z)] > t) < 2Zexp (2 logn — Dnb8+D (¢ A t2)). (31)
2€(=C.0)

)1/2. Let us define zy, := —C + kn~2 for

Then the result follows by choosing ¢t ~ b%* + (nlbﬁﬁl
k=1,...,[2¢(n?] = M as well as

eiqu

pe(u)

Ky« FL [n[fb,lybfl](u) ](x) — Ky* f(z), z€R.

Therefore, f,(z) — E[fy(z)] = L > j—1 x;(z) and thus

T n

sup o) = f ()] < Sup. | Elfo(@)] - f ()] + Sup |fo(x) = Elfy(@)]]

< swp [E[f@)] - f)] + swp min |25 (x(2) = xs(a)|

|z|<¢ |z|<¢ Bt =

1 n
+ [5 te)
=B+ V) + V.

The bias term B can be bounded as in the classical density estimation setup (cf. also Fan, 1991,
Thm. 1 and 2), noting that the constant does not depend on x € (—(, (). Hence, |B| < . Using
a continuity argument and the properties of f. € D?(R,~), the term Vi can be bounded by

eiqu

11 < ,
|Vl|<ﬁHgZXj -
j=1

1 _ o _ _
< %”KIHLI(”]l[—b*l,b*l]‘:os Yo+ [ £llse) S n 207 T2 < (b2 ) ~2,

- %H i(Kg) « (F {ﬂ[fbfl,bfl](u)
=1

Therefore, |B + Vi| < Dy1(b* + (nb?/+1)~2) for some constant D; > 0. We obtain for all ¢ >
d(b® + (nb*T1)=2) with d := 2D,

n

P( sup ‘ﬁ,(m) — f(=z)] >t) < P(k_maxM’%ZXj(xk)’ > %) < iP(’%ZX](:Ek)’ > %)

|z]<¢ =1 k=1 j=1
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Finally, we will apply Bernstein’s inequality. To this end we estimate
—1 — 1
max s (1] < 20Kl |0 -y o < Db+,

with some constant Dy > 0. Using Plancherel’s identity, the variance can be estimated by

Var(s (o) = B [ 7 [20 e ) )] - (1« (a0
)‘ ’

1 wr(—bu
< L]
2m we(—u)
for some D3 > 0. Then Bernstein’s inequality yields

P( sup }ﬁ,(z) —f(x)} > t) < iP(}i)@(xkﬂ > nt/2)
k=1 j=1

z€(—(,0)

< Dyb~ (2841,

2~

nt? )

8D3b—(26+1) 4 %DQb*(ﬁJrl)t
nb(2'8+1)t2

S0y T Duif3)

< 2exp (2 logn — Db+ (¢ A t2)),

<2Mexp(—

< 2exp(10gM—

with some constant D > 0.
Step 2: By the Cauchy—Schwarz inequality we have

[ (e~ Dl

g ) (u)
PelU Pe,m U
) JEIGE, - acsmatol o))

( H %(Z) L1010 (u ‘
1/ | w) — u 1/2 1/b : 1/2
S X DR Y = S IO

- 1 1/2 1 1/2
Slexle: + () ) ()

where we have used (29) for the last step. Therefore, the additional error due to the unknown
error distribution satisfies for any § > 0 by Markov’s inequality and by Lemma A.1

P(ngK(bu)gpn(u)( e (u) _1)HL1 >5) gé [H@K (bu)pn (u )( P (u) _1)HL1]IBE(Z))}

Pe (u) (Ps,m(u) (u) (Ps,m(u)
. ~1/2
+ P( \ufgf/b |0 m(w)] <m )
1 1 1/2
SS (W) + 0(1). (32)

and thus || fo — follee = Op((mb2#+1)=1/2) Note that the second term does not depend on & and
thus o(1) is sufficient. O

A.4. Proof of Theorem 2.4

We start with a lemma that establishes consistency of the quantile estimator and then prove the
theorem. To apply this lemma also for the adaptive result, we prove convergence uniformly over a
set of bandwidths.
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Lemma A.4. Grant Assumption 1 with £ = 1. Let B be a set of bandwidths satisfying |B| <
logn, max B — 0 and minyes(logn)?/((n Am)b*>*+1) — 0. Then

sup sup  P(sup|grp —q-| >6) =0 for all 5 > 0.
feCcx(R,r,C) fe€DA(R,y) beB

Proof. We follow the general strategy of the proof of Theorem 5.7 by van der Vaart (1998)
in the classical M-estimation setting. First, we show that f satisfies the uniqueness condition

inf,,.,—g. > |M'(n)] > 0 for any § > 0 and with M'(n) = [”_ f(z)dz — 7, which is the
deterministic counterpart of Mb defined in (7). By the Holder regularlty M'(n) = fn) =
Flar) = (@) = fm)| = 7 = Rlg- =" > /2 for |g; —n < (F5)™V° Without loss of

generality we can assume 0 < (ﬁ)lvo‘fl, otherwise consider the minimum 6 A (55 )1\/0‘ . Recall
that the true T-quantile ¢, is given by the root of M’ and that M’ is monotone increasing. Hence,
we obtain

or
inf |M'(n)|= inf |M'(¢gr —7n)—M'(g.)| =6 inf M'(n)>—.
n:\n*qr\>5| (77)| ne{—4,0} ‘ (q " (q )‘ n:ln—gq-|=6 (n) 2

Recall that ¢-p is given as the root of the estimating equation (7) on the interval [-U,, U,] for
U, < logn. Therefore,

P(sup|grp — qr| > 5) < P(sup IM'(Grp)| = (5r/2)
beB beB

= P(sup |M'(Grp) — M}(Gr)| = 6r/2)

beB

<P sw M) = N0 > or/2)
beB nel-U,

= P(sup sup ’/ fb )) d:Z?’ > 57“/2), (33)
beB ne[—U,,Uy)

where we have used M;(g,) = 0. Hence, it remains to show uniform consistency of I fo(x) da.
Write,

’/_Zo(ﬁ(x) dx’ <’/ (Ky * f(x dx’—l—’/ (fo(x Kb*f(x))d;p’
=|Kp * F(n) |+‘/ (folx Kb*f(;p))dx‘_

We have |Kp*F(n)

= f F(n—z)—F(n))dz| <b||flls|lzK (2)| 1 by the boundedness
of f. Further note for [ Un,

/_noo(ﬁ(w) — K+ f(x))dx
< /q;(ﬁ(x) — Ky« f(z))dz| + ’ /qqrvn(fb(x) — Ky * f(x))dx’

F A7)

<| [ te) ~ v st s+ VI [ (o) - K sl as)

where we have used the Cauchy-Schwarz inequality for the last step. Hence, together with (33) we
obtain for all § > 6]| fleo||2K (2)||£1 /7 Supyep b

P(iggﬁﬂb —q.| > 5) < (sup sup ‘/ fb (2)) dx‘ > 5r/2)

beB nel[—

sup ‘/ fb — Ky * f(2)) dx‘ > 5r/6)

beB
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+ P(sup/(ﬁ,(m) — Ky * f(x))?dx > 52r2/(72Un)).

beB JR
Corollary A.3 shows under the conditions on B that
sup‘/ fo(x Kb*f(x)d:v‘ >(5r/3) -0
bGB
Hence, it remains to show
P(sup/(fb(ac) — Ky * f(2))?dz > 527“2/(72Un)) — 0. (34)
beB JR

On the event B.(b), (34) follows basically from the work of Neumann (1997). More precisely,
Plancherel’s equality, (29) and the Cauchy—Schwarz inequality yield for any b € B

E {/R(ﬁ(:v) - Ky * f(x))? dw]l&(b)}

1 ©On U
5 [ loxtuypm [| 220 2r \ﬂBEa))}du

m( ) pe(u)

1/b )
/1/b( {wnl@am b)} + Loy (IPE Hcpwlz(u) - cpgl(u)‘ ]IBE(’))D du
< [ (B[O o) )] + S

1

</ 11/; |sas<u)|2(( ['S""“ or 1B [2+ 2m2lpcn() = ee]) 4 XL )

m

1/b 1
< -2/ -1 -1 du < .
N/l/b |908(u)| (n +m ) LN (n/\m)bQﬁ+1

Noting that B.(minB) C B.(b) and applying Lemma A.1, (34) follows then from Markov’s in-
equality

p(sup/(ﬁ,(x) — Ky f(z))?da > 52r2/(72Un))

beB JR

<U,0~ 2ZE {/ — Ky * f(x))? d:v]lBE(minB)] + P((B:(min B))®)
beB R
(logn)” o(1). O

~62(n Am)b2BH
Proof of Theorem 2.4. By a Taylor expansion argument we have
Mi(q:) ST h@de—r [T (file) - f(2)de

qrb — 4r = _Mé,(q:) = 2fb(q7_) B 2ﬁ(Q:)

for some intermediate point ¢ between ¢, and g, ;. By Proposition 2.2, the numerator in the above

display is of order Op(n~(@+1)/(2a+28+1)) for the optimal bandwidth b*. For the denominator we

will show f3,(¢%) = f(¢r) + 0p(1) which completes the proof. Since f(e 4+ ¢-) € C*([-(, (], R), we

obtain | f(z + ¢;) — f(gr)| < t/2 for all |z| < (55 )1\/0‘ A ¢ =: 9 for any ¢t > 0. Therefore,
P(lfb(a‘r,b) - f(Q‘r)l > t) <P( Supé] |fb($ + Q‘r) - f(Q‘r)l > t) + P(la‘r,b - q7'| > 6)

rEe[—

<P( S[ulz(;] |fb(x + Q‘r) - f($ + QT)| > t/2) + P(laﬂb - Q‘r| > 6) (35)

xe|—0,
Checking that the bandwidth satisfies b — 0 and log(n)/(nb?*1) — 0 for n — oo, the first term on
the right hand side above converges to zero by the uniform consistency proved in Proposition 2.3.
The second one vanishes by Lemma A.4. O
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Appendix B: Proofs for Section 3

We start with showing that the construction of B,, from Lemma 3.1 satisfies Assumption 2.

Proof of Lemma 3.1. The deterministic counterpart of by, which is defined in (12), is given by

bimin = min{b eA,:2< (logn)1/2 /1//b e (u)| ! du < 4}.
b

n -1

Noting that for f. € D?(R,~)

logn\1/2 [1/bmin _ logn \1/2
4> ( ) / e (u)|H du 2 (W)

n —1/bmin min

we obtain nb>*1? — 0o and thus it is sufficient to prove the following

min

inf inf  P(bmin < bmin <b*) =1 as n— . (36)
fece(R,r) f-€DP(R,y)

for the optimal bandwidth b* = n~1/2e+2(BV1/2)+1 for convenience we define

1(b) = (logn)1/2 /1/b du fn(b) _ (logn)1/2 /1/b du

n —1/b | (u)|’ n —1/b |Sﬁs,m(u)|'

Assume Emm < bpmin, then monotonicity implies fn(bmm) < fn(gmm) < 1. Combining with
Ly (biin) = 2, we obtain I, (byin) — In(bmin) = 1. Hence,

On the other hand, if b* < by, we get Ly (b*) = Iy(bymin) = 1/2. Since I,(b*) < (%)1/2

converges to zero, I,(b*) < 1/4 for n large enough. Thus,
P(bmin > b*) < P(|L,(0%) — L,(b")] = 1/4). (38)

To show that the right-hand sides of (37) and (38) converge to zero, we first apply the Cauchy—
Schwarz inequality

~ 2 _logn [Y' du VP g (u) 2
|1,(b) — T(b)|* < —/ — 1] du
noJ-1/ e (u)| —1/b Pe,m(u)

logn 1/b e (u) . 2d
~ nbh2B+1 (w) -
—1/b ' Pe,m

By Lemma A.1 we can consider the event B.(b) only and thus Markov’s inequality and (29) yield

~ logn [Y/° e (u) 2 logn
P({Ine - Lo > 3 n80) 5 g [ B[] 2 -1 1e] s

which converges to zero for b € {byin, b* }. Therefore, (36) holds true. O

Before we can prove Theorem 3.2, some preparations are needed. By Lemma A.2 there is a
constant D > 0 such that the bias can be bounded by By, := Db“*!. By the error representation
(8) we have for any b € B

(39)

Tormr] = ’fq;o(fb(x) — @) dz| By + |Vox + Vo + Vil

25(G*) h 2| f5(q*))|
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with some ¢* € [(¢r A @rp), (¢r V Grp)] and where the stochastic error is decomposed in

n

Vix =%Z (&)~ Elg0))  with (40)
&(b) = /_OOO as(a) F! [%} (z + q.) d,

Voo [ 2 [PRORE ( )eanae “

Vi = [ 000 ac(x) F [ipsc ) ::ﬁ‘i —ex ()] @+ 4r) do. (42)

In view of the analysis in Section A.2, the part of the stochastic error which is due to the continuous
part a. will be negligible. Hence, we concentrate on V, x and Vj .. By independence of (&;(b));,
we obtain

0 eiqu

Var(Vix) < Blg 07 = LB [( [ e For [P0

. oo (1) } (x+¢qr) d$)2} =tojx. (43)

To determine the variance of V., it will be helpful again to restrict to the event B.(b), defined
n (18). We apply Plancherel’s identity and the Cauchy—Schwarz inequality to separate Y; and ¢;
from each other since they are not necessarily independent:

1 i bu)p, (u e (u
E[|[Vs| 5. (»)] :_E }/;as(_u)e g, K (bu)on( )(:7( ) _1) du’]lBg(b)}
R e,m

Pe(u) ;m(w)
(1) 12 1/2
E[ /|<pK(bu)| 14 (u)‘ du)
(u) 2 1/2
X (/ |k (bu)|| F as(—u | ’ —1’ du) ﬂBs(b)}
(Pam U
1 gpn w) 1/2
<—E[ b ‘ d )
5B [( [ e tul| 252
]-'as 1/2
X sup  |@em(u) — pe(u) /|ng (bu)| ’ dullp, (b)) } (44)
|u|<1/b
Let us define
1
Op,e = %m_l/zab,s,lgl),sﬂ (45)

with

Gper i= E [(/R |¢K(bu)|\ on(u) ‘2 du)l/z] |

Opeo =K [(/Rkp;((buﬂ‘];jsT’ du)1/2]135(b)}-

With the bounds o3, x and o3 at hand, we obtain the following concentration results.

Lemma B.1. Let B be a set satisfying |B| < logn, (loglogn)/nby — 0 for by = min B as well as
|logbi| < logn. Then we obtain uniformly over f € C*(R,r,() and f. € D?(R,~) for any § > 0:

(i) P(Eb eB: Vyx|=2 0+ 5)\/1oglogn(\/§ab,X +o(n V2 (p P2y 1)))) — 0.

(ii) P(ab €B: Vil > 6(logn)3ab,a) — 0.

(iii) Assuming further mbgwAl)Jr2 =1,

P(Hb € B: Ve > (logn)¥2n=1/2(b=FH1/2y 1)) =0
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Proof. (i) Using Bernstein’s inequality, we start with proving uniformly over f € C*(R,r, () and
f- € D?(R,~) for any positive x,, = o(nb)

P(|Vox| = VEn (V20 x + o(n 267112 v 1)))) < 2e 7. (46)

The assertion follows then from choosing &, = (1 + §)?loglogn for some § > 0 and |B| < logn.
Plancherel’s identity yields the deterministic bound

1/b b uY; ) 1/b
_ u)e Je—zuqf du| < Fas(u i (bu) du
o1 =| [ Fom
pe(u) —1/b Pe(u)
</1/b ;du <P
~Joap A+ ules(u)]

Hence, |¢;(b) — E[&;(b)]| < Cb~F for some constant C' > 0. Since the variance is bounded by (43),
Bernstein’s inequality (e.g. Massart (2007), Prop. 2.9) yields

Ckn
P(|Vb,x| = \/2013,)(/% 3 Izﬂ) < 2e ",

Therefore, (46) follows from /. (nb?) ™! < (n(b**~1 A 1))7Y2(k,/(nb))
(#) Using an estimate as in (44), we obtain

1/2

1 Pn (u) 2 1/2 / 2| Pe Pe,m 1/2
Viel < — b d bu)|| F as( ’—’ du
Wiel < 3= ( [ o225 au) ([ tenteli 7a . )
1 <Pn(u) 2 1/2
<— b ‘ d
2w(/|@K( N oo u)
Fas(— 1/2
<(fora| ZETH @)™ o o -t
lul<1/b
= %51%52 sSup }908 _(ps,m(u)}'
Ju|<1/b

Hence for any ¢ > 0

P({Voel > 6(logn)*anc} N B.(v))
< P(|‘/b,5,1| 2 (logn>l+cab5 1) P({“/b,s,2| 2 (1Ogn)1+cab,s,2} n Bs(b))

+ P( sup ‘Sﬁa (Pa,m(u)‘ > d(log n)172cm71/2) =P+ B+ B3
[ul<1/b

The first two probabilities can be bounded by Markov’s inequality:

(logn) ™'~y ¢ E[Vbe1] = (logn) ™',

—1— —1—c

Oy 2 ElVoelp, ) = (logn)
For P, 3 we will apply the following version of Talagrand’s inequality (cf. Massart (2007), (5.50)):
Let T be a countable index and for all t € T let Zy,,...,Z,+ be an ii.d. sample of centered,
o Kb forallt € T)k =1,...,n, as well as
supgeq Var(d o, _y Zrt) < v < oo. Then for all kK > 0

(sup’ZZkt > [sup’ZZkt

teT teT

} + V20 + lm) < 2", (47)
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Choosing the rational numbers T = Q ﬁ[—%, %] and Zy; = etk — o, (t), Talagrand’s inequality
applies with b = 2 and v = n. As in (17) we use Theorem 4.1 by Neumann and Reiff (2009) to
obtain for any 7 € (0,1/2)

m2E [ sup [pem(t) — ee(1)]] S [1ogh /2.
lul<1/b

Therefore on the assumptions #,, ! (logn)' ™27 — 0 and &, /m — 0
2K 4 K
4E[ sup m(u) — u}—l— Ty Kk, = (V2 +0(1
om0 — el S g = R (VE o)

and thus continuity of ¢, ,, and (47) yield

Pog=P(  swp foem(w) = pe(w)] > (V2+o()/infm) < 267

|u|<1/b,ucQ

With r,, = Z(logn)?~* for ¢ < 1/4 — /2 we obtain P3 < 2n7%/2.
Using by = min B, | log B| < logn and Lemma A.1, we finally get
P(iug Voe| = (V2 + 6)(log ”)30'17,5) < Z (Po1 + Poa + Py3) + P(Bc(b1)°) = o(1).
€

beB

(iii) Corollary A.3 shows for ¢, > 0 and for any sequence (x,), that tends to infinity
P(Ebe B: |V > ) Z PR AT) bw“A 5+ o).

So, choosing &, = (logn)3/?n=1/2(b=+1/2 v 1) and z,, = o((logn)'/?) yields

P(ab €B:|Vhel > (log )3/ 212 (h= B2y 1))
Tn

< 1<
N T AR Ty

+o(1) = o(1).

O

For the denominator in the error representation (39) we need uniform consistency. A uniform
result on the error |gr, — ¢-| follows immediately.

Lemma B.2. Let B be a finite set satisfying |B| < logn, supyepblog(n) — 0 as well as
supycp(logn)?/(nb*+1) — 0. Then we obtain for n — oo and n € (0,1)

sip swp Psup swp o |filed) = fla)| > nflar)) 0. (48)
feC*(R,rC) fe€DP(R,y) beB q:€[gr NG 0,9+ Vr,p)

Moreover, supposing minyep nb# V+2 > 1 we obtain uniformly in f € C*(R,r,¢) and f. €
DB(R,~) for any sequence of critical values (0y)pep satisfying infps & — oo

~ 1
P(Elb € B: |Gy — gr| > 0y (3D6F! 4 M2 (A2 y 1))) <SS = o). (49)
beB 0
Proof. Since f(q;) > r and f € C*([¢r — (, ¢+ + €], R), decomposition (35) implies with x =
(F)" AC

P(sup s 1fi(a) ~ flar)| > nf(ar)

beB gt €lqr NGr 1,4+ Vr,b)
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<P(sup sup |fo(x +q-) — f(z+ )| > nr/2) + P(sup|Grp — a5 > &) (50)
beB ze[—kK, K] beB

Using by = min B, the first probability can be bounded by

S P({ sw 1fletar) = flata)l > m/2} 0 B) + P(Bebr))
beB TE|—K,K

SlognsupP({ sup |ﬁ,(:1c +q:-)— fla+q.) > 777“/2} N Ba(bl)) +o(1) = o(1),
beB zE[—K,K]

since for all b the probability in the last line converges faster to zero than 1/logn owing to the
concentration inequalities (31) and (32) and the conditions on b. To estimate the second term in
(50), we apply Lemma A.4. Therefore, the conditions blog(n) — 0 and (logn)?/(nb??*!) — 0
yield the first assertion.

The estimate (49) follows from the error decomposition (8), (48) and Corollary A.3 with z,, =

o(inf dp)
P(Elb €B: [Grp — | > 0 (3D 4 V2(p B2y 1)))
ar
<P(3b €B: ‘/ Folz) — f(z) dx‘ > L (gr)0y (3D6TY 4 0~ V2 (b2 y 1)))

+P(sup  swp Iﬁ(Qi)—f(qf)l>%f(qf))

beB q:;e[qf/\aﬂ',bv@r\/QT,b]

<Z(5b ) oS 5 O

bGB

The variances oy, x and oy ., defined in (43) and (45), are of course not available in practice.
Instead, they can be estimated by

| [¢x (bu)e™s ~ 2 Lo 122~
bX_n2Z(/ [ ) }(x-l-qr,b)dilf) ’ Ug,a:%m 1/2‘71351 1352

(Pa,m(u

with

e (w |2 e | Fas(u)?
52 :/ bu P ’ du, o2 */ & du.
bt 71/b|901<( )l o) bes2 ) bl@K( u)| P

The following two lemmas show that these estimators are indeed reasonable.

Lemma B.3. Let B be a finite set satisfying |B] < logn, maxyegb®logn — 0 as well as
minye nb?# 12 — co. Then we obtain for allm > 0 as n — oo

sup sup P(Eb €B:|Gyx —opx| >nm VA2 y 1)) — 0.
feCc(R,r,C) f-€DP(R,)

Proof. Note that
1 <& 1 <&
Thx = QZ ﬁz j,2(b)+ﬁz 5,3(0)

+FZ§J1 )62 (b) 2Z§J1 )65 (b) 22@2 )65 (b) (51)

where we have defined

1

6 = [ @) 7 [enbu)e

—00 Pe,m

(u) goal(u) )} (4 grp) da,
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0 u)etYi
&.2(b) ::/ as(x) Fi {M (x + ¢-) dz,

oo pe(u)
0 m eiu}/j e—iuar,b _ e_quT
&3(b) = /_OO as(z) F~! [cpK(b ) Eﬁs(u) ) (z) dz.

We will first study these three terms separately. Applying Plancherel’s identity, the Cauchy—
Schwarz inequality, the Neumann type bound (29) as well as | F a,(u)| < Ag(1 + |u|)~! and the
decay of y., we obtain

0 [ [ FawR [ e (bu)l? 1
ElJg;1 (015,00 <gop / e du [ e e sy S CE)

1 pe(u)] 176 Mpe(u)]?
7zu @K(bu) 1uY 2
Bl 200 =E [|3- [ Fafwe ]
72 905( )
K AQ 00R2 1/b
” HLI J;fyH / (14 [u))?#~2 du =: S} (53)
~1/b
as well as the deterministic bound
2 42 ,1/b
_ o—iudr er (bu) .y, ‘2 < ||K|L1As/ 28 3, —. 2
1€),2(b ‘27/]:(15 o) e“Yidul < 42 71/b(1+|u|) du =:d;. (54)

Hence, Var[¢; 2(0)%] < E[¢;2(0)*] < diSp. and |€5 5(b) — E[£25(b)]| < 2d, so that an application of
Bernstein’s inequality yields for any b > 0 and z > 0

P(|3 Y€)= B > =) < 2000 = gt

j=1

Setting z = S2 and noting S2 < (b=28F1 v 1),d? < b=28, we see that

1< 9 2 2 Spn 26A1
P(’E ;( 52(0) — E| j,2(b)])‘ 2 Sb) <2exp ( - E) S 2exp ( — Cnb**" ) (55)
for some constant C. The right-hand side of (55) tends to zero with polynomial rate since nb?%"* >
log n.

Finally, we use suppas C [—1,0] to write ;3 as

_ _ bu)eivYi
i3(b) = as(x — qgr —asx—T}"ledx
§90) = [ (oo = 70) — an(o =) 7 [
_ qr,bVar B bu)etvYi
< sup [a)0)Gs ] For [EEPET ) ge
te(—1,0) (@ .0ngr)—1 @e(u)

The Cauchy—Schwarz inequality and Plancherel’s identity yield

_ _ Gr,pVar B bu)etYi 2
a0 Sldcno e — P+ =) [ [ [P ) an

Gr,b\Gr ) — 905(u)
||a./s]l(—1 0)||§o ~ 2 ~ or(bu)|?
S—— s — "1 +|Grp — ¢~ / ‘ du
L RS Ut U A v oy

,SWT,b - q7'|2(1 + |§T,b - q7'|) b2t

By Lemma A.4 supycp |qr,p — qT| = op(1). Applying (49), we conclude for some constant C' > 0,
for &, = (bo+t(1/2=B)+ 4 n=1/2p=B=1/2))=1 and for any n > 0

P(Hb € B:lg5(0)| > n(b=P+1/2y 1))
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N

P(3 € B+ |G — ar > nCbPM/2H12) 4 o(1)

gP(Hb € B |Grp — qr| > nC8&(0OT + 02 (P2 y 1))) +o(1)

(X)) +or)

beB

A

logn

W + 0(1) = 0(1) (56)

<sup b logn + sup
beB bes

Combining the variance bounds (52), (53) and (56), we apply Markov’s inequality, the Cauchy—

Schwarz inequality and the concentration result (55) on the decomposition (51) to obtain

n

> ((b) ~ EE5(0) +op(1) = 0p(1),

j=1

(bw_l Al

sup (n(*7 "1 A 1)I5Ex — o x|) =sup
’ ’ be n

beB

O
Lemma B.4. Let B be a finite set satisfying |B| < logn as well as supyep 1/ (nb?*+1) — 0. Then
we obtain uniformly over f € C*(R,r,¢) and f. € D?(R,~) for alln >0 as n — oo
P(Eb € B:[Gy. — ope| > nllogn)ym= /2 (b=F+1/2y 1)) — 0.

Proof. We start by showing for b; = min B that

sup %’ =1+ o0p(1). (57)

lul<1/bs

To this end, recall w(u) = (log(e + |u|))™*/27" for some n € (0,1/2). Markov’s inequality,
Lemma A.1 and Theorem 4.1 by Neumann and Reif§ (2009) yield for any § > 0

e (u) ‘ 1o
—1]=29)<P( sup m ) — e m(u)| = 0] logb
e,m(u) ) (\u|<5b1 |pe (1) = ¢e,m(u)| > 6] log 1|)

—l—P( inf m(u <m71/2 log b )
|u‘@/bll%, (u)] | log b1 |

<Ol1ogbi) B[ sup m!jp.(u) = pem(w)]] +o(1)
lu|<1/b1

P( sup

lu|<1/b1

1
<W E [supml/Zw(u)ka(u) - cpg)m(u)ﬂ +o(1)

u€eR
:O(l)v

which is (57). Note that [—1/b1,1/b1] is the maximal interval for all b € B and thus (57) holds
uniformly in B.
Now, we consider g 1. The uniform consistency (57) implies

du.

= [ 55

Chebyshev’s inequality yields for all n > 0

P(sup (/RWM%@)”_E[(/}RWW%M)”QH > nlogn)
ok

<trtogn) > SB[ [ len(bul 22 ad]

beB
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Yo Bl (u)]?]
_ PP 4 _
St togn) ! [ du S (nlogm) ",
S le-@)P

where the last estimate follows from E[|¢,, (u)|?] < oy (w) [ +E[|on (u) — oy (u)|?] < |ey (w)[?+1/n,
f- € DP(R, ), || flloo S 1 and nb2 1 5 0. Hence, we obtain uniformly in B

Open = (1+ 0p(1))(ob,871 + 0p(logn)) = ope1 +op(logn). (58)

Concerning oy, . 2, we write with use of (57)

e as(u 1/b .
5?,5,2=/1/b|¢K(bU)IMdu=(1+op(1))/ ore () 2 WE

|pe,m (u)]? ~1/b |pe(w)]?

Moreover, the triangle inequality for the L?-norm and Lemma A.1, applied on B.(b;) which is
defined in (18), yield

/b | Fas(u)|? | \1/2
bu)|m— 2 du — Ope
([, ool ) - s

1/b as 1/2 1/b as(u)|? 1/2 2
<la[(( ], leron TR ) - ([, oo a) s )|

1/b as(u 2_
+2P((B5(b1))c)/1/b|¢K(bu)|%

1/b — PelU
gm[(/l/ |pre (bu)|| F as(u )|2|<T;j(( )20875(515)32

2 1/b |.T-a(u)|2
<——E / SRR AR mcpgmu—cpgu2du +o(1) (b2t v 1

=o(1)(b= 2P v 1),

2

du

| 2

o] ot [ L

where o(1) is a null sequence which does not depend on b. Consequently,

1/6 Fas(u)|? 1/2
sup| ([ o200 00) " - o

b b |s0 (u)|2 £.2 (bﬁ*l/2 A 1) = 0(1)
_ e

We get

Gbeo = (1+0y(1))(0pe2 +0(bPT2V 1)) =gy 0 +o0p (b7 7TV 1), (59)

where the last estimate follows from 057512 < b28+1 v 1 by the analysis of the convergence rates.

Since 031 < 1and 0y .2 < b~ #F/2V1, it remains to combine (58) and (59) to obtain uniformly
in B

~ 1 0 = 1 _
Ope = %m 1/20'b15710'b1572 = %m 1/2 (Ub,s,l + OP(IOg n)) (Ub,s,2 +op (b B+1/2 Vi 1))
=0pe + 0p((logn)m*1/2(b’ﬁ+1/2 vV 1)) 0

Proof of Theorem 3.2. As seen in error decomposition (39), there are three stochastic errors
Vb, x, Vb,e and V3. which were treated in Lemma B.1. This motivates the following definition.
For §; > 0 let

Spx = (1401)\/2loglogn max o, x, Spe:= (0 logn)® max Opye-
pEB:u=b pHEB:pu=b
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Note that on the assumption |¢. (u)| > (1+|u|)~” we obtain for o - = %m_l/Qob,&l Op,e,2, defined
in (45), that
1/b

1/b
0Py /1/b|}'as(—u)|2(1+ ) du > /1/b(1+ )22 dus ~ b2y 1

and thus oy . > m~/2(b=#*+1/2 v 1). Therefore, Lemma B.1 yields

P(3 € B |Vix + Ve + Viel > Shx + She )

Sb,s
3

) +P(3b €B: |Viel > Sbﬂs)

gP(HbEB:|‘/l,7x|>Sb,X+%Sb,s)+P(3b€B:|‘/b£|> 3

=o(1).
Hence, the probability of the event
Ayi={¥b € B: [Vox + Vi + Vool < Sox + Sic |

converges to one. The variances Sy x and Sy . can be estimated by

§b,x = (14 01)y/2loglogn max 7, x, §b75 := (61 logn)® max Ope-
peEB:u>=b pEB:p>=b

We apply Lemmas B.3 and B.4 and the triangle inequality of the /*°-norm to obtain uniformly in
beB

~ ~ 1
— < — =
|IE§Z< Op, X IB;? oux| < rﬁlgl)f 0. x — o x| Op(ml/z(b3—1/2 A 1))’

logn )

o — < o — =
|ma’g( UM7€ Iggi( UH;5| ~ rﬁ;’g{ |0H;5 UN7€| op (m1/2(bﬂ_1/2 A 1)

>

Using again o3, . > m~/2(b=#*+1/2 v 1), we thus obtain for all > 0 that the event

~

A ={ b € B |(Shx +5c) = (Shox + Sb)| <nlShx + Sh.0) |

has asymptotically probability one. The same holds true for the events

A3 Z:{Vb (S B . sup |,ﬁ(q*) - f(Q‘r)| < nf(QT)}u

¢ €[(q+NGr )V (47 AGr b))

Ay={WeB: sup Fola") = Fo(@a)| <0l Fol@0))}

a* €[(gr NG )V (4 A7 )]
by (48). Therefore, it is sufficient to work in the following on the event
A ::Al n A2 n Ag n A4.

We now show that the adaptive estimator ¢, mimics the oracle estimator defined as follows.
Recalling the estimate of the bias B, = Db®T! let the oracle bandwidth be defined by

by :=max{b € B: By, < Spx + Spe} (60)

Note that b, is well-defined and unique since B, is monoton increasing in b while (Sy x + Sp.c) is
monton decreasing. We get the oracle estimator grp, .
Since on Ay for all b € B and ¢* € [(¢r A @rp) V (¢r A Grp)]

o) = 1fo(@s)l = | Fola™) = Fol@rp)| = (1 = )| fo(@rp),
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we have for any b € B on the event A; N A4 by (39)

- By 4+ Vox +Voe+ Vool  Bo+ So.x +Sbe
|Q‘r,b - C]7’| < T . < ~ .
2| fo(q*)] 2(1 = n)[fo(qrp)]

Furthermore, by the definition of b, we have on the event A for any b < b,

Sh,x + Sp e
(1 =) fo(Grp)l

|21V‘r,b - q7'| g

On A, we can estimate §b,x + §b,5 > (1= n)(Sp,x + Sp,e). In particular, we have on the event A
for any b < b,

§b,X + §b,a
(1 =n)*fo(Grp)]
Since for any § > 0 we find §1,n7 > 0 such that ((1 —n)"2(vV2+61) — v2) V (1 —n)~261) < 6,
we obtain |g-, — ¢-| < Xp with X as defined in (13). As a result one has ¢, € Uy, and ¢, € U,

for all b < b, and p < by, implying U, NU, # 0. By the definition of the procedure, b* > b, and
U; NUp, # 0 on the event A. This leads to

|§T,b - qT| <

.5 — ar| <|Grp. — e+, 5. — Grp| < Do, + (Bo, +X5.)
On Ay N Az we have f)b < Spx + Spe since f(gr) = r. Using additionally the monotonicity of
(Sp.x + Sb.e) as well as b* > b, this implies

|?JVT75* —qr| S (Sp, x +5b.e) S ( loglogn + (1ogn5)3) (b;ﬂ+1/2 vV 1)n*1/2.

It remains to note by the definition (60) of the oracle b, and by the assumption bj+1/b; < 1 that

~

b, ~ n~ 1/ Cat2(BV1I/2)+1) gy oo, O
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